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PREFACE. 


Xn  the  year  1808,  I  published  a  treatise  on  the 
Doctrine  of  Interest  and  Annuities,  wherein  I  entered 
into  a  full  investigation  of  all  the  principles  relative  to 
that  science ;  together  with  its  application  in  the  va- 
rious questions  arising  from  any  commercial,  political,, 
or  financial  inquiries.  In  the  preface  to  that  work  I 
signified  my  intention  of  prosecuting  the  subject  still 
further,  so  as  to  take  in  the  whole  Doctrine  of  L'fe- 
Annuities  and  Assurances :  the  present  treatise,  there- 
fore, must  be  considered  as  a  contiiiuntion  of  ihe  \roy\ 
above  alluded  to;  and  wili,  IbcVicvc,  coi.iuiii  \J'\  iiJJt 
is  useful  or  interesting  on  tli2  .science.  Tlic  molivjs, 
which  induced  me  to  subiTiit  i\\o  former  work  to  the 
public,  were  there  fully  explained  ;  and  wiil  equally, 
if  not  more  forcibly,  apply  to  ih^pi^esent  treatise. 

The  importance  of  the  subject,  at  the  present  day, 
cannot  be  doubted;  since  the  greater  part  of  the  pro- 
perty of  this  kingdom  is,  in  one  shape  or  another, 
connected  with  this  science.  The  present  possessors 
of  entailed  estates  vii  j,  in  the  comiuun  law,  justly 
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called  tenants  for  Life;  and  the  same  appellation  may 
be  given  to  those  who  hold  by  curtesy  or  by  dower  ; 
marriage  settlements  also,  and  wills,  generally  deter- 
mine the  possession  and  reversion  of  estates  to  par-- 
ticular  lives:  and  to  these  contingencies  every  freehold 
estate  in  the  kingdom  is  liable.  If  to  these  we  add 
the  immense  number  of  copyhold  estates  determinable 
on  lives,  and  the  estates  possessed  by  ecclesiastical 
persons  of  every  description  (all  of  which  will  probably 
be  ever  subject  to  the  same  tenure),  we  shall  find  that 
the  value  of  the  greater  part  of  the  re«/  estates  in  this 
country  will  be  determinable  upon  the  principles  laid 
down  in  the  present  work. 

The  incomes,  likewise,  annexed  to  all  places,  civil 
and  military ;  all  pensions,  and  most  charitable  dona- 
tions ; — these,  and  others  of  a  like  kind,  are  annuities 
for  life.  Moreover,  the  dividends  arising  from  a  great 
part  of  the  capital  in  the  Public  Funds  are,  by  the 
wills  of  the  donors,  and  from  other  causes,  rendered 
of  the  same  nature.  Besides  which,  many  life-an- 
nuities have  been  granted  by  Individuals,  by  Parishes, 
by  Corporate  Bodies,  and  by  the  Government  itself. 
So  that  a  great  part  of  the  personal  estate,  also,  of  this 
country  is  involved  in  a  consideration  of  this  subject. 

In  additon^  however,  to  the  cases  above  alluded  to^ 
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there  are  various  other  circumstances  in  which  this 
science  will  be  found  highly  interesting  and  useful. 
There  are  many  parents,  at  the  present  day,  who  are 
desirous  of  providing  Endowmoits  for  their  children^ 
against  they  arrive  at  particular  periods  of  life,  when 
a  sum  of  money  is  most  frequently  wanted  :  such  as 
the  time  of  their  apprenticeship,  or  when  they  come 
of  age,  &c.  Several  of  the  Assurance  Offices,  lately 
established  in  London,  have  published  the  rates  at 
which  they  will  guarantee  such  sums :  and  the  present 
work  will  enable  the  public  to  determine  bow  far  it 
may  he  prudent  to  accept  them.     See  page  361, 

Another  interesting  part  of  this  subject  is  connected 
with  the  various  establishments  in  this  country,  under 
the  two  general  divisions  of  Societies  for  the  benefit 
of  Old  Age,  and  Societies  for  the  benefit  of  Widows. 
These  establishments,  when  founded  and  conducted 
cm  a  true  and  proper  basis,  ought  always  to  be  en- 
couraged :  and  can  only  be  objected  to  when  the 
management  of  their  concerns  is  likely  to  fall  into  the 
hands  of  ignorant  or  designing  men,  who  may  be  in- 
duced to  sacrifice  the  permanent  interest  of  the  society 
to  their  own  immediate  benefit  and  advantage.  The 
ruin  of  most  of  these  societies  may  be  attributed  to 
their  ignorance  or  neglect  of  the  true  mathematical 
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principles  upon  which  they  ought  to  proceed ;  and, 
without  an  attention  to  which,  no  establishment  of 
this  kind  can  possibly  flourish. 

But,  the  most  important  branch  of  this  scieTice  is 
that  o(  Assura?ice :  which  is  still  more  extensive  than 
either  of  those  above  mentioned.     For,  independent 
of  the  different  classes  of  persons  holding 'property 
under  the  several  tenures  alluded  to  in  ihe  beginning 
cf  tl;is  j^reface,  and  whose  incomes  v/ill  consequently 
detennaic  v/ith  their  lives,  there  is  an  immense  num- 
ber of  other  persons,  in  the  diffeient  (!e:^artments  of 
society,    subject  to  the  same  contingency.     Every 
man  engaged  in  either  of  the  three p?'ofessioj2s,  whose 
emoluments  arise  from  his  own  personal  abilities  and 
and  exertions, — every  one  pursuing  a  naval  or  viilitary 
life,  whose  income  will  cease  at  his  death, — every 
person  engaged  in  manufactures y  co7?imerce,  or  any 
other  employment,  whose  own  immediate  exertions 
arc  the  support  of  the  concern  in  which  he  is  engaged, 
— these  and  many  others,*  too  numerous  here  to  insist 
on,  will  often  be  desirous  of  sacrificing  some  part  of 
their  present  emoluments  and  profits,  not  only  with 

• 

B  view  to  secure  a  suitable  provision  for  their  families 

at  their  decease,  but  likewise  to  render  their  own  liyes 

mar-^  easy  and  comfortable,  under  the  pleasing  con- 
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solation  that  they  have  guarded  against  one  of  the 
great  evijs  of  a  premature  death. 

Independent,  however,  of  this  general  view  of  the 
subject,  there  are  various  other  purposes  for  which 
Assurances  are  effected.  Persons  holding  Leases  on 
lives y  and  a  paying^we  on  renewal,  are  often  times  in- 
duced to*  insure  a  sum  of  money  upon  those  lives,  in 
order  that  they  may  be  enabled  to  pay  such  fine  when 
it  becomes  due.  Some  consider  it  a  good  method  of 
securing  a  dubious  or  protracted  debt,  by  assuring  the 
life  of  the  debtor.  Others,  again,  may  be  entitled  to 
an  estate,  or  to  a  sum  of  money,  at  the  end  of  a  given 
term,  or  on  the  happening  of  a  particular  event,  pro- 
vided  they  be  then  aliv^e  to  receive  it :  and,  in  order 
'-  to  secure  such  sum  to  their  families,  may  be  desirous 
0  insuring  their  lives  for  such  terrriy  or  against  such 
contingency. 

These,  and  a  thousand  other  cases  of  daily  occur- 
rence,  render  this  branch  of  the  science  interesting  to 
very  class  of  the  community,  Numerous  Offices 
have  lately  sprung  up,  in  the  metropolis,  for  the  pur- 
pose of  granting  Assurances  on  every  possible  contin- 
gency  amongst  lives  in  general;  and  it  therefore 
becomes  every  one,  engaged  in  tlie  public  business 
of  life,  to  study  this  subject  with  attention,    . 
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But,  notwithstanding  the  importance  and  utility  of 
these  enquiries,  it  is  not  much  more  than  a  century 
that  they  have  been  conducted  in  a  proper  and  sci- 
entific manper*.  The  celebrated  Dr.  Halley  led  the 
way  in  England ;  and  in  his  paper,  inserted  in  the 
Philosophical  Transactions  for  1693,  pointed  out  ^le 
true  method  of  calculating  the  value  of  Annuities  on 
Lives.  In  the  pursuit  of  this  object,  he  assumed  the 
rate  of  human  mortality  for  five  years,  as  observed  at 
Breslaw ;  and,  from  these  data,  formed  ili^Jirst  correct 
table  of  the  value  of  Life- Annuities.  That  table,  how- 
ever, being  adapted  only  to  every Jifth  year  of  human 
life,  and  calculated  at  only  one  rate  of  interest,  was 
consequently  very  limited  in  its  application  and 
utility. 

The  illustrious  De  Moivre  improved  on  what  Dr. 
Halley   had  begun  f.     He  carefully  examined  the 

*  Soon  after  the  Revolution  in  this  country  manyof  the  loans,  for  the 
serTice  of  Gevemmcnt,  were  raised!upon  Life-Anhuities  :  and  nothing  can 
show  more  forcibly  the  low  state  of  the  science,  at  that  period,  than  the 
vague  manner  in  which  the  values  of  such  annuities  were  estimated. 

t  Abraham  De  Moivre  was  born  at  Vitri,  in  Champagne,  in  1667.  The 
revocation  of  the  Edict  of  Nantz,  in  1685,  determined  him,  with  many 
others,  to  take  shelter  in  England ;  where  he  perfected  his  mathematical 
studies,  the  foundation  of  which  he  had  laid  in  his  own  country,  and  which 
have  rendered  him  so  great  an  ornament  to  the  age  in  which  he  lived.  In 
the  latter  part  of  his  life  he  subsisted  chiefly  by  giving;  answers  to  questions 
in  Chances,  Annuities,  &c  :  and  it  is  said  that  most  of  these  solutions  wer« 
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.  table  of  observations  given  by  that  celebrated  phi- 
losopher :  and,  finding  that  for  several  years  together 
the  decrements  of  life  were  uniform,  and  that  it  was 
only  in  youth  and  in  old  age  that  any  considerable 
deviation   occurred,  he   founded  his  ingenious  hy- 
pothesis that  the  decrements  of.  life  are  equal  and 
uniform,  from  birth  to  the  utmost  extremity  of  human 
life.     He  was,  at  first,  inclined  to  compose  a  Table  of 
the  values  of  Life-Annuities,  by  keeping  close  to  the 
table  of  observations ;  that  is,  by  dividing  the  whole 
extent  of  human  life  into  several  intervals,  according 
to  the  difference  of  the  decrements  during  those 
periods.     But,  before  he  undertook  this  task  he  tried 
what  would  be  the  result  of  supposing  those  decre- 
ments uniform  ivora  the  age  of  twelve  to  the  utmost 
extremity  of  life :  and  was  satisfied  that  the  excesses 
arising  on  one  side,  would  be  compensated  by  the 
defect  on  the  other.      For,  on  comparing  his   cal- 


delivered  at  a  coffee-house  in  St.  Martin's-Lane,  where  he  spent  the  greatest 
part  of  his  time.  His  merit  and  abilities  were  so  well  known  and  esteemed, 
that  the  Royal  Society  of  London  judged  him  a  fit  person  to  decide  the 
famous  contest  between  I^wton  and  Leibnitz^  concerning  the  invention 
of  Fluxions.  He  was  highly  esteemed  by  the  first  of  these  celebrated 
philosophers  :  and  it  is  reported  that,  during  the  last  ten  or  twelve  years  of 
Kbwton's  life^  when  any  person  came  to  ask  him  for  an  explanation  of  any 
part  of  his  works,  he  used  to  say  <<Go  to  M.  De  Moivre ;  he  knows  all  these 
things  better  than  I  do!'*    He  died  at  the  advanced  age  of  eighty-seven. 
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culation  with  that  of  Dr.  Halley,  he  found  the  con- , 
elusions  to  differ  so  very  little,  tliat  he  thought  it 
superfluous  to  join  together  several  different  rules  in 
order  to  compose  a  single  one. 

The  first  edition  of  his  Atinuities  on  Lives  was 
printed  in  octavo,  in  1724.  By  the  most  simple  and 
elegant  formulae  he  pointed  out  the  method  of  solving 
all  the  most  common  questions  relative  to  the  value 
of  Annuities  on  single  and  joint  lives,  Reversions  and 
Survivorships.  In  the  subsequent  editions  of  that 
work*  he  not  only  corrected  the  errors  into  which  he 
had  fallen  in  the  first  edition,  but  also  greatly  enlarged 
the  boundaries  of  the  science,  and  encouraged  other 


*  The  wconcf  edition  appeared  in  1743;  and  the  third  in  1750.  Since 
which  time,  I  believe  there  have  been  other  editions  :    but  the  most  im- 
proved copy  is  that  wliich  is  inserted  at  the  end  of  his  Doctrine  of  Chances 
3rd  edit.  1766 

In  the  preface  to  the  second  edition,  here  alluded  to,  he  made  an  illiberal 
and  unjustifiable  attack  on  Mr.  Simpson  ;  and  charged  him  with  mutilating 
his  propositions,  obscuring  his  demonstrations,  and  pirating  his  rules.  But 
Mr.  Simpson  effectually  refuted  these  charges  (in  the  same  yQ^J^  in  an 
Appendix  to  his  Doctrine  of  Annuities  :  at  the  close  of  which  he  exclaims, 
in  the  language  of  conscious  rectitude,  *'  I  appeal  to  all  mankind,  whether, 
in  his '*' treatment  of  me,  he  has  not  discovered  an  air  of  self-sufficiency, 
"  ill-nature,  and  inveteracy,  unbecoming,  a  gentleman."  Here  the  con- 
troversy appears  to  have  propped.  For,  M.  De  Moivre  published  the  third 
edition  of  his  book,  without  any  further  notice  of  Mr.  Simpson  :  but 
omitted  the  offensive  reflections  which  had  bcon  inserted  in  the  preface  to 
the  preceding  edition. 
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matbeniatics.  This  treatise,  however,  (although  con- 
sisting  of  more  than  700  quarto  pages)  goes  no  further, 
in  the  analysis  of  the  subject,  than  the  first  two  pro- 
blenis  in  the  present  work :  but  its  value  is  greatly 
enhanced  by  containing  a  variety  of  new  Tables  of  the 
value  of  Annuities  on  Single  lives  and  on  two  Joint 
lives  of  different  ages,  deduced  from  the  probabilities 
of  living  as  observed  by  M.  De  Parcieux  amongst  the 
Governriient  anniiitants  in  France ;  these  being  justly 
considered  by  the  learned  author  as  the  most  proper 
data  whereon  to  found  the  value  of  Life-Annuities*. 
Therfedre,  moreover,"  iii  that  treatise  several  inter- 
esting observations  on  the  l)est  method  of  providing 
Annuities  for  Old  Age,  and  on  various  subjects  of 
finance  and  political  economy;  which  render  it  par- 
ticularly valuable  to  those  who  are  desirous  of  in- 
formation  on  these  important  questions,  and  will  per- 
petuate  the  name  and'  abilities  of  this  truly  public- 
spirited  writer. 
Soon  after  the  publication  of  the  fourth  edition  of 


*  These  tAbles  (with  the  exception  of  those  on  single  lives,  cit  the  several 

..■•"  .■.->■ 

rates  of  2,  2^,  7,  8, 9,  and  10  ner  cent  interest)  are  inserted  at  the  end  of 
the  present  wt)rk  ;  being  Tables  V  to  XIII.  The  original  tables,  however, 
are  carried  to  ij#  plaices  of  decimals  i^Vk  dubious  efK)rt  I 
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Dr.  Price's  Observations  (m  Reversionary/^  Payments, 
(wJbich  contained  jLh^  valuable  collection  of  Tables  of 
Life- Aonuitiet,  clediice^  froai  the  observations  made 
a|;^  jPj[pir|)!taQ(iptoa  and  in  Swede;n)  Mr.  IVfprgan  was  en- 

« 

abW  tq  4^te<^  Ibe  i^acc^raQy  of  tbos^  Bules  which, 
not  Pl}ly  Mr.  Sinipi^on  s^djother^  bad  given  for  deter 
miqiinigftbQ  v$Jiue  of  contingent  finnuitie^  and  assuran- 
c(^  ^t  alaq^  wbicb  be  bicguself  bad  dedi^ced  from  the 
saipe  <pri!9cipl.e§i.  in.bis  trea|i^  above  n^entioned :  and 
bc)  JAwedi^telj  aet  about,  .^o  correct  them.  His  la 
bftwfp^  aaMtbis  3«l]9ect,  igre  contaiiied  in  the  several 
j>^j|aeri^;):iDSjerted  by  him  in  the  Philosophical  Tran- 
sifctms  for  1788^  11789^  1 791, 1794  and  1800.    In  the 

I. 

first  voluQie^  here  alluded^p,  he  has  coi^sidered  those 
fifties  only  in  which  :|tt;(>liv;es;  are  concerned :  in  the 
]|esst4wo  volumes  his  object  was  to  deduce  the  value  of 
contingent  assurances  ip  all  those  cases  where  three 
Uv^  jan$  cpncernedf  and  which  admit  of  a  correct  an- 
8Yt^:.aild  in  the  last  two  volumes  he^pi^posed  to 
dQt^rmine  tb«  value  of  contiagent  annuities  and  as* 
sufimces  in  all  the  remaining  cases  of  three  lives. 

V Whbeirer^  will  take  the  pains  to  read  over  those 
p&pii^  %i<h  s(tte&tidh,  ttiiist  be  ^ti'uck  with  sui'prise 

•  i  ' 

and  tegret  at  the  strange  and  confused  manner  which 
Mr«  Morgan  has  puvsued,  in  order  to  obtain  the  so 
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Intion  of  the  several  jproblems  under  consideration. 
Ifo  one,  at  the  present  advanced  state  of  the  science 
(with  so  many  models  of  simplictty  and  elegance  bei 
fone  htm),  could  expect  to  see  any  tnathemattea!  in- 
quiries conducted" in  so  loose,  so  obscure,  aiafd  so  ex- 
traordihary  a  manner.    The  investigations  are  te^ 
diiMfely  and  unnecessarily  prolix ;  crowded  with  use- 
less repetitions,  and  a  variety  of  unme&ning  qnantt- 
ties.    An  which  might,  indeed,  be  eatcused,  if  the  re* 
sulting/ome^/es  had  been  at  once  simple  and  correct  :- 
instead  of  which,  we  find  the  grossest  errors  commit* 
(ed,  tiot  only  as^  to  their ybrm,  but  as  to  their  (uxHr- 
mry.^  They  are,  mostly  uniUcessarily  lon^;  abound^ 
Jog  with  lf^fe5#  quantities,  (which  render  their  numer- 

rcal  solution  exceedingly  intricate  and  difficult)  ^  and 

1. 

efien  times  at  variance  with  the  particulars  mentioned 
in  the  investigation :  which,  together  with  the  em^ 
neoM  manner  in  which  they  are  printed,  renders  them 
of  little  or  no  use  to  the  public*  Most  of  his  preb*^ 
lema  are  investigated  in  tu>o  different  ways,  and  are 
solved  by  the  means  ofliew  distinct  formotse;  but,  not* 
WitiMStanding  the  similarity  of  these  methods  is  sta- 
diously  kept  from  the  observation  of  the  reader,  and 
altboiigh  these  double  formulae  are»  in  each  problem, 
totally  different  in  appcaratice  ;  yet  they  will  be  fouiki 


in  all  cases  to  be  precisely  the  same  disguised  under 
different  symbols !    A  curious  and  interesting  brancli 
of  the  science  has  been  thus  strangely  distorted  aad 
enveloped  in  mystery ;  a  depraved  taste  in  mathe  - 
matical  reasoning  has  been  introduced;  and  (wha-t 
is,  by  far,  of  the  greatest  importance)  vmny  false  sc^/- 
lutions  have  probably  resulted  from  too  great  a  de> -- 
pendance  on  the  general  formulae*. 

Mr.  Morgan  and  myself  are  the  only  persons  whc:^ 
have  ever  yet  attempted  to  give  correct  solutions  itx 
the  several  cases  of  Contiiigent  Annuities  and  Assu-^ 
ranees.     These  cases  have  been  fully  investigated  iix 
the  fifth  and  eighth  Chapters  of  the  following  treatise- 
But,  in  conducting  those  investigations,  I  could  not 
avoid  a  frequent  reference  to  the  preceding  labour* 
of  Mr.  Morgan  on  this  subject :  not  only  with  a  view 
of  censuring  the  culpable  method  which  he  has  adopt- 
ed, in  pursuing  his  inquiries ;  but  also,  in  order  to  ob- 
viate any  objection  that  might  be  made  to  my  formulae, 

■  .     -         ■    ■  * 

became  they  do  not  correspond  with  his.     It  is  need- 

*  The  Philosophiool  Transactions  not  being  within  the  reach  of  every 
porsooi  Mr  Morgan  has  inserted  hiBformukB^  for  the  solution  of  the  setrtfraf 
problems  here  alluded  to,  in  the  last  edition  of  Dr.  Price's  Obs.  on  i^« 
Pay.  note  (P).  But,  the  errors  of  the  original  are  multiplied  in  the  copy : 
•ad  Mr*  Moigan,  if  he  studies  bis  own  reputation  as  n  mathematician,  lidd^ 
better  expunge  them  altogether  in  future,  than  suffer  them  to  remain. ui^ 
their  present  tfor^c  than  tt$elcss  state. 


\  less,  however,  in  this  place,  for  me  to  A(J4  t^;.  the  qomr 
meats  which  I  have  already  made  in  tbe:tw>  cbapter$ 
al?Qve  allude(i[  to*.    .      ..•    ,    .  ■;.:, 

Tbeatbove  are  the -principal  finglisht  autbom  thdl 
hare  written: da. the  s^ubject  of  iLife- Aiiniiities  and 
Assurances.  They  are  few  in  number;  and  the 
whole  of  their  productions,  taken  collectively  by  no 
ineans  contain  a  complete  yiew  of  the  science.  And, 
moreover,  the  late  improvements  have  retidefedthemv 


:  I 


*  See  the  Obget^aiUms  !H  pc^d  195,  214^  and  241 ;  also  the  seV^al 
Notetk  paj:e8  186, 187,  210, 257,  269,  261,  263,  273,*  279,  288' and  «08 ;' 
vherethe  charges^  above  insisted  on,  are  fttlly  explained  and  demonetnAeii. ' 
See  likewise  the  Notes  in  pages  iLi,  118,  .126  and  137*    .     .     ::.... :.« 

t  With  respect  to  ibe  /bfetgH  writem  On  this  science,  their  prodacftlons' 
are  more  numerous  than  ours,  but  their  enquiriea  are  not  «oe^ten9!Te.  The 
subject  of  Life- Annuities  was  treated  by  Van  Hndden  of  Amsterdam  ;'and 
likewise  Ifj  the  celebrated  Jean  de  Witt,  in  his  treatise  entitled  De  vardye 
van  de  lif  renten. S^c  (1671)*  M«  Struyck  also  inserted^  in  the  Introduction 
to  his' tJniyersa)  Geography  (1740),  some  conjectures  on  the  state  of  human 
mortality ;  and  a  long  treatise  on  the  method  of  calculating  the  value  of 
Life^Annmtiefi.  But  M.  K'erseb'ooni  carried  his  researches  mucli  f^urlHer/in 
ibis  trmtise  pabiished  in  1748 ;  and  aftefvrards  lA  1752. 

Whilst  ih^se  inquiries  were  pursuing  in  Holland,  M«  DeTarcieux  was 
Occupied  with  the  same  subject  in  France.  In  his  Essai  sur  la  ProbabiiUe 
iehl>nrte  de  Id  VieSumaine  (1746)  he  has  cnd'eavotfted  'to  establish 
tiierate  of  -mortality  which  exists  amotigst  Life- Annuitants  only\  and  hds 
adopted  it  as  a  proper  standard  for  determining  the  valu^  of  Life- Annuities.' 
But  besides  this  important  point,  he  has  discussed  a  number  of  otliet  in- 
teresting subjects  connected  with  this  science :  and  his  work  will  be  read 
with  much  profit  and  advantage.    In.  1779  M.  St.  Cjran  published  his  - 


blems  fot"  the  solution  of  all  casc^  of  zhsolilte  Rever^ 
sionary '  annuities :  and  at  the  end  of  that  chapter  t 
have  selected  all  the  possible  cases  of  two*  and  tiirde 
lives,  in  order  that  they  may  be  more  easily  referred 
to.     The  formulae  there  given  will  be  fotind  of  con- 
siderable utility  also  inenabKtfg  us  to  determine  the* 
value  of  the  Fines  that  ought  to  be  paid  for  the  Re- 
nev)al  of  Leases  held  on  two  or  three  lives :  "^s  I  have  ^ 
fully  explained  in  the  Examples  given  in  page  397.  ' 
The  fourth  chapter  comprehends  various  cases  of 
annuities  depending  on  Survivorships  -  between  two 
and  three  lives.     These  cases  might  have  been  con- 
sider^bly-  aagmehtedybut  without  ahy  real  benefit : 
si  lice  the  most  frequent  ones  are  there  inserted;  and 

any^'other  (which  may  arise)  is  easily  solved  by  the  " 

■      ••'  '■  .        .'  ^' 

same  mfethod  of  proceeding.  -  -^ 

'The  Fifth  chapter  relates  to  such  cases  of  Contin-- 

gent  RevePSioiiOfy  Annmties  as  could  notj- for  want  ' 

of  some*  previous  information',  be  iaserted  in  the  two  ^ 

pr^oeding  chapters :  and  I.believe  that  the  method  of 

sohrtidB^  which  I  have  there  adopted,  will  come - 

nearer  to  Jhe  correct  value  than  any  that  has  hitherto  - 

beeaoip^uWished.  - 

*  The  )SSp«ctmen,  inserted  in  page  86,  is.not  tbe=$mis&a  Jt))^  giycn  by    • 
Br.  Price  in  his  Obs,  on  Eeo^Faff.^  but  an  improved  mctho4  deduced  (tw 
the''ft)mui& there  alluded  to, •     '"  '  '      '.         . 
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The  Sixth  chapter  treats  of  Assurances :  a  subject 
of  great  importance  aud  extensive  utility  at  the 
present  day.  A  full  explanation  of  the  doctrine  is 
given  in  the  two  problems  inserted  in  that  chapter. 

The  Serenth  chapter  contains  the  method  of  deter- 
mining the  value  of  annuities  on  Successive  lives;  the 
value  of  lines  in  Copyhold  estates  held  on  lives ;  the 
value  of  Presentations^  Advowsons,  and  things  of  a 
like  kind.  It  likewise  enables  us  to  determine  the 
value  of  the  Fines  that  ought  to  be  paid  for  Renewing 
or  Exchanging  any  lives  held  on  a  lease  originally 
.  granted  for  three  lives  and  afterwards  for  a  number 
of  years  certain:  a  practice  pursued  by  several  cor- 
porations in  this  country*. 

The  Eighth  chapter  is  devoted  to  an  investigation  of 
the  value  of  Contingent  Assurances;  wherein  I  have 
considered  every  possible  case  in  which  not  more  than 
three  lives  are  concerned.     In  this  branch  of  the 
science  I  flatter  myself  that  I  have  made  considerable 
improvements.     I  have  divested  the  subject  of  all  ex- 
traneous matter ;  have  not  introduced  more  cases 
than  were  absolutely  necessary ;  have  exposed  the 
singular  formulae  given  by  Mr.  Morgan  (the  only  per- 

*  ^  some  singular  errors  and  absurdities,  into  which  the  Corporation 
dlAvefpocH  had  faUen  upon  this  subject,  pointed  out  in  page  418. 
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son  whQ  has  preceded  me  in  these  inquiries) ;  and 
have,  for  the  most  part,  introduced  more  correct 
expressions  for  the  value  of  the  several  cases  there 
alluded  to. 

The  three  remaining  chapters  complete  the  analysis 
of  the  science,  and  relate  to  such  subjects  as  could 
not  properly  be  introduced  into  either  of  the  pre- 
ceding ones.  The  Ninth  is  confined  to  an  ex- 
planation of  the  celebrated  hypothesis  of  M,  De 
Moivre :  wherein  its  great  utility  and  convenience, 
in  many  obvious  cases,  is  defended  against  the  recent 
attacks  of  Dr.  Price  and  Mr.  Morgan.  The  Tenth 
treats  of  the  method  of  determining  the  value  of  life- 
annuities  payable  Half-yearly^  Quarterly,  &c :  also 
of  the  value  of  life-annuities  ifecwrefii' ij^  Land:  and  of 
the  value  of  Assurances  of  sums  of  money  payable 
immediately  on  the  extinction  of  any  given  lives.  The 
Eleventh  shovtrs  the  method  of  finding  in  Annual  Pay^ 
ments  the  value  of  any  assurance  or  of  any  Deferred 
Annuity :  problems  which  will  be  found  of  very  ex- 
tensive  use  in  practice. 

The  Twelfth  chapter  contains  a  variety  of  very 
useful  Questions  connected  with  this  subject:  to 
which  are  added  the  Rules  for  the  solution  of  the 
same ;  and  a  numerous  collection  of  Examples.    These 


are  thrown  together  into  one  chapter  for  two  obvious 
reasons :  in  the  first  place,  by  being  separated  from 
the  body  of  the  work,  they  do  not  interrupt  the 
aualytical  investigations  ;  and  secondly  they  may  be 
used  (together  with  the  Tables  which  follow)  by  such 
persons  as  are  not  acquainted  with  mathematics* 
Consequently,  the  present  work  will  be  accommo- 
dated to  the  use  of  both  classes  of  readers ;  and 
(although  some  repetition  is  unavoidably  occasioned 
thereby)  may  be  thus  rendered  doubly  valuable. 
The  questions  in  this  chapter  .are  such  as  most  fre- 
quently occur :  but,  others  of  less  public  utility,  or 
the  solution  to  which  could  not  be  conveniently  ex- 
pressed in  words  at  length,  are  to  be  met  with  in  the 
body  of  the  work,  subjoined  to  the  respective  pro- 
blems. 

The  Thirteenth  chapter  shows  the  direct  applica- 
tion of  the  sixth,  thirteenth  and  eighteenth  questions, 
in  the  preceding  chapter,  to  some  of  the  most  useful 
and  important  concerns  of  life :  namely,  to  the  me- 
thod of  forming  the  best  Schemes  for  providing  annu- 
ities for  the  benefit  of  Old  Age,  and  for  Widows. 
These  observations  are  brought  together  under  one 
head,  in  order  that  they  might  not  interrupt  the  re- 
gular arrangement  of  the  questions :  and  because  it 
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gives  me,  thereby,  an  opportunity  of  enlarging  more 
fqlly  on  this  very  interesting  subject. 

The  Last  chapter  contains  an  account  of  the  various 
Societies  or  Companies  that  have  been  formed  in  this 
metropolis  for  the  purpose  of  granting  Annuities, 
Assurances  and  Endowments ;  togetjier  with  a  review 
of  their  several  plans  and  constitutions.  By  this 
statement  the  world  maybe  enabled  to  judge  of  their 
comparative  merits,  and  will  easily  decide  on  their 
respective  claims  to  public  patronage.  This  ad- 
ditional chapter  cannot  be  considered  foreign  to 
the  nature  of  the  present  work.  For,  after  ex- 
plaining the  principles  of  the  science,  and  after 
entering  at  large  into  the  value  of  such  subjects,  it 
becomes  me  not  only  to  show  where  a  person  might 
apply  who  is  desirous  of  negotiating  for  such  things, 
but  likewise  to  point  out  those  OflSces  at  which  he 
may  do  it  with  the  greatest  security  and  advantage  to 
himself.  And  I  am  the  more  induced  to  do  this,  as 
I  have  lately  observed  several  mean  attempts  to  mis- 
lead and  deceive  the  public.  Uninterested  in,  and 
unconnected  with,  any  of  these  Societies,  I  have 
been  anxious  only  to  give  a  clear  and  unprejudiced 
account,  deduced  from  their  own  plans  and  proposals, 
as  submitted  by  them  to  the  public*.    At  the  end  of 
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this  chapter  I  have  also  inserted  a  brief  account  of 
the  recent  plan,  adopted  by  Government,  for  con- 
verting the  3  per  cent  stocks  into  Life-Annuities. 
The  propriety  and  advantage  of  a  measure  of  this 
kind,  I  had  suggested  in  my  Doctrine  of  Interest  and 
Annuities. 

Respecting  the  Tables  of  observations,  and  of  Life- 
Annuities  deduced  therefrom,  which  are  inserted  at 
the  end  of  this  work,  I  can  only  observe  that  they  are 
a  collection  of  all  that  have  hitherto  been  published, 
in  this  country,  on  the  subject ;  and  that  they  are 
here  carefully  reprinted  from  the  authorities  men 
tioned  in  the  note  in  page  41.     The  necessity  of 

*  Whilst  the  present  work  was  at  the  press,  I  struck  o£f  dOO  copies  of 
this  Fourteenth  Chapter,  which  I  published  as  a  pamphlet,  in  a  seperatc 
form,  under  the  title  of  An  Account  of  the  several  Li/e-Aseurance 
Companies  established  in  London,  The  whole  impression  has  been  already 
sold :  but  I  may  probably  reprint  it  at  some  future  opportunity. 

From  the  tenor  of  that  pamphlet  many  persons  have  imagined  that  I 
have  given  an  unqualified  approbation  of  the  plan  and  constitution  of  the 
Equitable  Society :  whereas  my  intention  was  merely  to  represent  it  as  the 
most  equitable  and  advantageous  Society  now  existing.  The  exclusion 
(except  in  very  rare  instances)  of  persons,  assured  for  a  term  of  yeara, 
from  the  benefits  of  the  Society,  as  well  as  the  use  of  disproportionate  rates 
for  a  particular  class  of  the  assured,  are  not  eonscmant  to  the  original 
views  and  intentions  of  the  Society.  Moreover,  the  long  interval  between 
each  division  of  profits,  as  well  as  the  mode  of  dividing  those  profits,  are 
not  such  as  (in  my  opinion)  ought  to  be  adopted  by  any  new  society  : 
although  we  might  justly  pause  before  any  alteration  could  be  safely 
proposed  for  the  adoption  of  the  Equitable  Society  in  its  present  state. 
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i^her  tables  I  have  often  had  occasion  to  mention ; 

but  I  fear  it  will  be  long  before  I  shall  be  able  to 
congratulate  the  public  on  this  point.   It  consequently 

becomes  the  more  necessary  to  have  all  those,  which 
do  exist,  brought  in  one  view,  in  order  that  they  may 
be  more  conveniently  consulted.  The  Tables  of  the 
value  of  Assurances  for  Single  and  Joint  Lives,  ac- 
cording to  the  observations  made  by  M.  De  Parcieus 
and  in  Sweden,  have  been  calculated  expressly  for 
this  work ;  and  will  be  oftentimes  found  extremely 
useful. 

It  now  remains  only  to  explain  and  to  justify  the 
method  of  notation  adopted  thoughout  the  present 
work :  and  (since  it  is,  for  the  most  part,  novel  in  its 
nature)  to  obviate  any  objections  that  may  be  made 
to  its  introduction  into  the  analytical  science.  It  is 
needless  for  me,  at  the  present  day,  to  point  ont  the 
great  aflvantage  attending  a  convenient  and  simple 
notation :  since  it  is  notorious  to  every  one,  conversant 
with  mathematics,  that  some  of  the  greatest  improve* 
ments  in  the  science  (and  in  the  most  abstruse  parts 
of  it,^too)  have  arisen  from  this  very  source.  The 
expressions  for  the  probabilities  of  life,  inserted 
in  §  23,.  are  an  improvement  on  the  method  adopted 
by  Mr.  Simpson.     For,  he  denotes  the  probabilities 
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of  the  life  A  continuing  1,  2,  3,  &c,  years,  by  the, 

characters  a^  a,  a,  &c :  whereas  I  make  a,  a,  a,  &c, 
to  denote  the  number  oi  persons  living  at  the  end  of 
those  years,  whereby  the  probabilities  of  the  life  A 
continuing  1,  2,  3,  &c  years,  will  be  represented  by 

ihe  fractions  ±  ^  ±  &c.     This  method  of  denoting 

a      a     a 

those  quantities  keeps  the  several  parts  distinct,  which 
will  be  found  of  considerable  use  in  many  of  the  in- 
vestigations which  arise  in  the  progress  of  the  work. 
In  the  next  place,  I  have  selected  the  Greek  characters 
a,  p,  7,  to  denote  the  number  of  persons  living  at  an 
age  n  years  older  than  A,  B,  C,  respectively ;  whereby 
the  solutions  of  all  cases  relative  to  Deferred  or  Tem- 
porary annuities  are  rendered  extremely  simple,  and 
easily  to  be  remembered :  all  the  investigations  of  such 
cases,  by  preceding  authors,  being  rendered  ex- 
tremely confused  and  unscientific,  for  want  of  some 
general  principle  of  this  kind*.  I  cannot  anticipate 
any  objection  to  this  measure. 

Throughout  the  whole  of  this  work  I  have  uni- 
formly represented  the  lives,  which  are  the  subject 
of  discussion ,  by  the  iJom^w  capitals  A,  B,  C,  &c; 
reserving  the  Italic  capitals  A,  B,  C,  &c,  to  denote 
the  value  of  an  annuity  on  those  lives.    This  improve- 

*  See  particularly  the  methods  pursued  hy  Dr.  Price  and  Mr.  Morgan  in 
Obi,  an  Eev,  Pay,  notes  (B),  (C)  and  (D). 
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ment,  though  apparently  trifling,  is  however  more 
correct  than  the  uniform  practice,  hitherto  pursued, 
of  making  the  same  letters  denote  two  different 
quantities  in  the  same  investigation.   J  have  also 
adopted  a  more  accurate  mode  expression,  when 
•peaking  of  the  value  of  annuities  on  lives,  than  has 
hitherto  been  followed  by  preceding  authors.    I  never 
use  the  ambiguous  phrase  the  value  of  a  life,  when  I 
mean  to  express  the  value  of  an  annuity  on  such  life  : 
neither  do  I,  when  speaking  of  more  than  one  life, 
leave  it  doubtful  whether  the  expression  alludes  to 
ihQ  joint  lives,  or  to  the  longest  of  such  lives.    These 
vague  and  equivocal  expressions  ought  to  be  banished 
from  all  true  science ;  and,  they  would  scarcely  have 
been  considered  worthy  of  refutation,  had  they  not 
been  so  generally  adopted  by  every  author  who  has 
hitherto  written  on  this  subject  (not  excepting  even 
the  accurate  Simpson  himself) :  whereby  a  vicious 
and  corrupt  mode  of  expression  has  been  introduced, 
without  any  corresponding  advantage  to  compensate 
for  so  gross  an  error. 

Since  every  series  which  expresses  the  value  of  an 
annuity  on  the  wh(rfe  continuance  pf  life,  may  be  di- 
vided into  two  parts,  which  (separately  taken)  denote 
the  value  of  a  Deferred  and  Temporary  annuity. 
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and  since  those  cases  are  of  frequent  occurrence,  it 
becomes  exceedingly  desirable  to  be  enabled  to  ex- 
press such  partial  series  by  some  general  character. 
The  method  which  I  have  adopted  has  been  to  enclose, 
in  a  parenthesis,  the  value  of  an  annuity  on  the  given 
toes ;  and  to  aflSx  the  Roman  letter  d  or  t  (according 
as  the  annuity  is  Deferred  or  Temporary),  in  order 
to  show  that  the  series,  represented  by  the  quantity 
within  such  parenthesis,  is  not  complete.  This  plan 
I  have  found,  in  a  variety  of  cases,  extremely  useful 
and  convenient.     See  pages  43  and  45. 

In  deducing  the  value  of  Deferred  annuities,  how- 
ever; in  any  practical  questions,  it  is  always  requisite 
to  know  the  value  of  similar  annuities  on  the  same 
number  of  lives  older  by  the  given  term  than  such 
lives :  it  is  therefore  useful  to  be  enabled  also  to  de- 
note the  value  of  such  annuities  by  some  convenient 
expression ;  as  well  in  order  to  avoid  circumlocution 
as  to  render  the  resulting  formulas  more  simple  and 
elegant.     Such  values  I  have,  throughout  the  fol- 
lowing work  denoted  by  affixing  the  small  Italic  let- 
ter '*  to  the  characters  denoting  the  value  of  annuities, 
on  the  given  lives.    Whereby  these  new  values  may 
be  easily  distinguished  from  the  values  of  annuities 
on  the  original  lives;  and  their  meaning  may  be 
easily  retained  in  the  memory.    See  page  43. 
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With  respect  to  the  new  characters  introduced  in 
the  twenty-seventh  and  twenty-ninth  Problems,  (see 
pages  186,  189, 190,  and  211)  they  are  adopted  more 
for  the  sake  of  a  convenient  reference  than  for  any 
analytical  purpose.  With  this  view,  I  have,  in  the 
use  of  them,  chosen  such  as  will  most  readily  assist 
the  memory :  the  life  on  which  the  assurance  is  made 
being  always  expressed  by  the  largest  letter:  the 
smaller  ones  being  added  merely  to  denote  the  num- 
ber and  value  of  the  lives  on  which  the  contingency 
depends.  Thus,  the  value  of  an  assurance  on  the 
life  A,  provided  he  dies  the  first  of  two  lives  A  B, 
is  denoted  by  %oL  :  but  if  it  depends  on  his  dying 
the  first  of  ^Aree  lives  A  B  C,  it  is  denoted  by  %a,^^ 
In  like  manner,  the  value  of  an  assurance  on  the  life 
B,  provided  he  dies  the  first  of  two  lives,  B  C,  is 
denoted  by  JK  :  but  if  it  depends  on  his  dying  the 

first  of  three  lives  A  B  C,  it  is  denoted  by  jtS  , 
For  a  similar  reason  also  I  have,  in  the  thirty-fifth 
Problem,  (see  page  240)  denoted  the  value  of  an 
assurance  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  first  that  dies  of  three  lives  A  B  C,  by 
the  character  ^^.  It  will  be  found  that  many  of 
the  problems  in  the  eighth  chapter  may  be  expressed 
in  a  very  simple  manner  by  means  of  these  syqibols ; 
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which  can  be  my  only  apology  for  introducing  them. 
Mr.  Morgan  (who  is  the  only  person,  besides  myself, 
that  has  attempted  to  give  correct  solutions  to  such 
problems)  has  arbitrarily  adopted,  in  his  formulae,  the 
unmeaning  letters  E,  Z,  M,  Q,  &c.  to  denote  the 
values  here  alluded  to.'  But,  when  compound  quan- 
tities are  represented  by  more  simple  expressions, 
those  characters  ought  to  be  preferred  which  will, 
most  readily  and  with  the  least  effort  of  memory, 
bring  to  our  recollection  the  original  quantity  intended 
to  be  expressed* :  and  I  should  have  been  much  bet- 
ter satisfied  if  I  could  have  pursued  the  same  plan  in 
the  thirty-ninth  and  subsequent  Problems. 

Such  is  the  nature  of  the  present  work,  which  will 
most  probably  terminate  my  labours  on  this  subject. 
Much  of  my  time  is  taken  up  in  answering  ques- 
tions, which  are  laid  before  me  for  solution,  rela- 
tive to  Annuities  and  Assurances.     Those  solutions 

*  This  principle  has  guided  me^in  the  choice  ^of  the  characters  inserted 
in  the  Scholium  to  the  first  Lemma  in  the  fifth  chapter  (see  page  116).  I 
mention  these  things  merely  to  obviate  the  objections  of  some  hyper- critics, 
who  may  probably  complain  ef  the  work  as  being  disfigured  by  Greek 
tharacters,  and  uncouth  eymboU. 

Ill  "         '      ■  Si  forte  necesse  est 

Indiciis  monstrare  recentibus  abdita  rerum, 
Fingere  cinetutis  non  exaudita  Cethegis 
Contingetj  dabiturque  lioentia  lamta  pudtnter. 
I  Hot   *  \ 
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are  oftentimes  different  from  such  as  arise  from  the 
ordinary  rules  and  methods  laid  down  by  preceding 
writers :  and  it  is  on  this  account  that  I  have  been 
more  particular  in  my  inquiries  on  this  subject;  as 
well  as  desirous  of  explaining  the  cause  of  the  differ- 
ence,  in  order  to  remove  any  doubt  as  to  their  accu- 
racy or  propriety.     The  theorems,  from  which  my 
practical  rules  are  deduced,  are  strictly  and  mathe- 
matically demonstrated  in  the  course  of  the  present 
work  :  and  in  the  numerical  enunciation  of  those  rules 
(when  applied  to  the  solution  of  such  cases  as  are 
submitted  to  my  consideration)  I  discard  the   ««- 
discriminate  use  of  the  Life-Annuity-Tables,  deduced 
from   the  Northampton  Observations;  so  generally 
adopted  by  the  different  Assurance  Offices,  and  sp 
much  recommended  by  their  immediate  supporters, 
The  motives,  which  have  influenced  me  to  this  deter- 
mination, it  is  unnecessary  here  to  enter  into :  since 
they   are  fully  explained  in  the  course  of  present 
work.     And  1  can  only  add  that  they  will  continue 
to  be  my  rule  of  conduct,  as  long  as  I  am  appealed 
to,  by  the  public,  as  an  arbiter  on  these  subjects. 

FRANCIS  DAILY. 

Qfficey  No*  13,  Angel  Courts 
Throgmorton-Street, 
Tcb.  12, 1810. 


TABLE    OF    CONTENTS. 


CHAP.  Page 

1 .  On  the  Laws  of  Chance^  and  Probability  of  Life  1 


•••  •••  • • • 


•• t  « •  • 


•  •• 


•••  ••«  ••• 


•  •• 


••  • 


•  •  • 


•  •  • 


2.  On  Life  Annuities  in  general 

3.  On  Reversions 

4.  On  Survivorships ..^ 

5.  On  Contingent  Annuities 

6.  On  Assurances 

7.  On  Successive  Life- Annuities,  S^c 

8.  On  Contingent  Assurances  , , , 

9.  On  M.  De  Moivre's  Hypothesis 

10.  On  Half-yearly  S^c  Annuities,  Sgc 

1 1 .  Annuities  and  Assurances  in  Annual  Payments  348 

12.  Practical  Questions 355 

IS.  Schemes  for  the  benefit  of  Old  Age  8^  Widows  462 
14.  On  the  several  Life-Assurance  Companies...  479 
1Aj3L£S    ,,»     .«•     ••«     ^9.     •,«     •••     •••     •••  521 


.  «• 


... 


... 


25 
63 
74 
106 
142 
163 
181 
313 
331 


THS 


DOCTRINE 


OF 


LIFE   ANNUITIES, 


S^c. 


CHAPTER  I. 


On  the  Laws  of  Chance;  and  the  Probability  oj 

Human  Life. 

%  1.  Xt  is  not  my  intention  here  to  enter  into  a 
full  investigation  of  the  nature  and  laws  of  chance, 
but  merely  to  explain  those  principles  of  the  doctrine 
which  are  more  essentially  connected  with  the  sub- 
ject of  the  present  work ;  in  order  to  prevent  any 
misunderstanding  in  the  terms  which  are  occasionally 
made  use  of. 

\  2,  JThe  prohabilitif  of  the  happening  of  any 
event  is  to  be  understood  as  the  ratio  of  the  chances, 
by  which  that  event  may  happen,  to  all  the  chances 
by  which  it  may  either  happen  or  fail :  and  it  may 
be  expressed  by  a  fraction  whose  numerator  is  the 
number  of  chances  whereby  the  event  may  happen, 
and  whose  denominator  is  the  number  of  chances 
whereby  it  may  either  happen  or  fail.    Thus,  if 

4  B 
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their  be  a  chances  for  the  happening  of  any  < 
and  b  chances  for  its  not  happening;  then  wi 
probability  of  such  event  takin«'  place  be  tru 


a 


presented  by  a +6 

§  8.  In  like  manner,  the  probability  of  any 
failing  (or  of  its  not  happening)  may  be  expi 
by  a  fraction  whose  numerator  is  the  numl 
chances  whereby  it  may  fail,  and  whose  denom 
is,  as  before,  the  whole  number  of  chances  wh 
it  may  either  happen  or  fail.  Thus,  the  probe 
ol  tlie  above  event  failing  will  be  truly  exp 

by  a+6. 

§  4.     Since  the  sura  of  the  two  fractions, 
senting  the  probabilities  of  the  happening  and 
failing  of  any  event,  is  equal  to  unity ;  it  follow 
one  of  them  being  given,  the  other  may  be  fou 
subtraction.     Thus,  the  probability  of  an  even 


a 


pening  being  denoted  by  a +6,  the  probability 
same  event  failing  will   be  truly  represent 

1  —  jijij  —  ^ipt ;  and  vice  versd. 

§  5.     If,  upon  the  happening  of  an  event, 
son  be  entitled  to  a  given  sum  of  money,  his  e, 
tion  of  receiving  that  sum  has  a  determinate 
before  the  happening  of  the  event ;  and  such  v 
ascertained  by  multiplying  the  present  value 
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sum  expected  by  the  fraction,  which  represents  the 
probability  of  obtaining  it.  Thus,  if  a  person  has  a 
chances  of  obtaining,  and  b  chances  of  losing  a  cer- 
tain sum  of  money,  the  present  value  of  which  is 

equal  to  s,  then  will  s  X  ^qjg  denote  his  expectation 

of  receiving  such  sum,  and  will  be  the  true  value  of 
his  interest  therein*. 


*  These  principles  may  be  more  familiarly  explained  by  the  following 
example.    Suppose  that  a  person  has  3  chances  in  5  to  obtain  £100,  the 
present  value  of  his  expectation  is  the  product  of  £100  by  the  fraction  4, 
and  consequently  it  is  worth  £60.    For,  supposing  that  an  event  may 
equally  happen  to  any  one  of  5  different  persons,  and  that  the  person  to 
whom  it  does  happen  should,  in  consequence  of  it,  obtain  the  sum  of  £100^ 
it  is  plain  that  the  right  which  each  of  them  in  particular  has  upon  the  sum 
expected  is  ^  of  £100  ;  which  right  is  founded  on  this  principle,  that  if  5 
persons  concerned  in  the  happening  of  the  event  should  agree  not  to  stand 
the  chance  of  it,  but  to  divide  the  sum  expected  among  themselves,  then 
each  of  them  must  have  X  £100  for  his  pretension.     Now,  whether  they 
sgree  to  divide  that  sum  equally  among  themselves,  or  rather  choose  to  stand 
the  chance  of  the  event,  no  one  has  thereby  any  advantage  or  disadvantage, 
>inee  they  are  all  upon  an  equal  footing :  and  consequently  each  person's 
^ifpectatton  is  worth  ^  of  £100.    Let  us  further  suppose  that  two  of  ihe 
five  persons  concerned  in  the  happening  of  the  event,  should  be  willing  to 
resign  their  chance  to  one  of  the  other  three  ;  then  the  person  to  whom  these 
two  chances  are  thus  resigned  has  now  3  chances  that  favour  him,  and  con* 
sequently  he  has  now  a  right  triple  of  what  he  had  before,  and  therefore  his 
expectation  will  in  such  case  be  worth  .|.  of  ^100.    Now,  if  we  consider  that 
the  fraction  A  expresses  the  probability  of  obtaining  the  sum  of  £100,  and 
that  ^  of  100  is  the  same  as  |.  -|-  .100,  we  must  naturally  fall  into  the  con- 
clusion laid  down  in  the  text,  that  the  expectation  of  receiving  any  sum  is 
determined  by  multiplying  such  sum  by  the  probability  of  obtaining  it : 
•od  though  this  method  of  reasoning  is  deduced  from  a  particular  ease^  it 
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§  6,     The  probability  of  the  happening  of  several' 
events,  that  are  independant  of  each  other,  is  equal  to 
the  product  of  the  probabilities  of  the  happening  of 
each  event  considered  seperately.     Thus,  if  the  pro- 
bability of  the  happening  of  the  first  of  any  number 

of  independant  events  be  denoted  by  —j^;  that  of  the 
second,  by  ^x^j;  that  of  the  third,  by  jri-;   &c,  &c : 

then  will  —rj  ^  ^x^  X  TZ/  X  &c,  denote  the  pro- 
bability of  the  happening  of  all  those  events.  And 
this  expression,  multiplied  by  the  present  value  of 
the  given  sum,  will  denote  the  value  of  the  ea'pectation 
of  receiving  such  sum  on  the  happening  of  all  those 
events*. 


irill  easily  be  pereeived  that  it  is  general,  and  applicable  to  any  other  case. 
See  D^Moivre's  Doctrine  of  Chances ^  p.  3. 

*  For  example :  Suppose  that,  in  order  to  obtain  £100,  two  events  mast 
happen^  the  first  whereof  has  3  chances  to  happen  and  2  to  fail,  and  the  se- 
cond whereof  has  4  chances  to  happen  and  6  to  fail :  the  value  of  the 
expectation  will  in  such  case  be  A  X  -^^  X  100  =  24  pounds.  TJbe  demon- 
stration of  which  will  be  very  easy  if  it  be  considered  that,  supposing  the 
first  event  had  happened,  the  expectation  (then  depending  entirely  upon 
the  second)  would,  before  the  determination  of  the  second,  be  worth 
^  X  100  =  40  pounds.  We  may  therefore  look  upon  the  happening  of 
the  first  as  a  condition  of  obtaining  an  expectation  worth  £40 :  but,  the 
probability  of  the  first  event  happening  has  been  supposed  |,  wherefore  the 
expectation  sought  for  is  to  be  estimated  by  |.  X  -^^  =  100 ;  that  is,  by  the 
product  of  the  two  probabilities  of  happening,  multiplied  by  the  sum  expeo* 
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rj  §  7.  By  a  similar  method  of  reai^oning  it  will  be 
evident  that  the  probability  of  the  failing  of  any 
number  of  independant  events  is  equal  to  the  product 
of  the  probability  of  the  failing  of  each  event  consi- 
dered seperately.  Thus,  if  the  probability  of  the 
failing  of  the  first  of  any  number  of  independant 

events  be  denoted  by  ^-r^ ;  that  of  the  second,  by 
^;  that  of  the  third,  by  -^^;  &c,  &c  :  then  will 

h  A  f 

jjTj  X  jqj^  X  -jTTf  X  &c>  denote  the  probability  of 
the  failing  of  all  those  events.     And  this  expression, 
multiplied  by  the  present  value  of  the  given  sum, 
will  denote  the  value  of  the  expectation  of  obtaining 
such  sum  on  the  failing  of  all  those  events. 

§  8.  Moreover,  the  probability  of  the  happening 
of  either  of  any  number  of  independant  events  is  de- 
noted by  the  difference  between  unity  and  the 
expression  mentioned  in  the  last  article.     For,  since 

jXft  ^  THTi  ^  747/  X  ^^>  denotes  the  probability 
that  any  given  number  of  events  shall  fail,  it  follows 
(from  §  4)  that  1  -^  X  ^  X  -^^x  &c,will  de- 
note the  probability  that  they  shall  not  all  fail ;  but 
that  some  one  or  other  of  them  will  happen.     And 


ted.  The  same  method  of  reasoning  may  he  applied  to  the  happcnfng  of 
three,  or  any  other  numher  of  events,  as  may  be  seen  more  at  large  in  the 
muthori  who  hayt  treated  on  this  subject. 
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this  expression,  multiplied  by  the  present  value  of 
the  given  sum,  will  denote  the  value  of  the  expecta-- 
tion  of  receiving  such  sum,  on  the  happening  of  either 
of  those  events. 


§  9.  In  like  manner,  if  the  expectation  of  re- 
ceiving any  sum  depends  upon  the  happening  of  any 
number  of,  independant  events,  and  upon  the  failing 
of  any  number  of  other  independant  events,  its  value 
will  be  equal  to  the  present  value  of  such  sum,  mul- 
tiplied by  the  probability  of  all  the  former  happening, 
and  also  by  the  probability  of  all  the  latter  failing. 
And  from  these  principles,  we  may  determine  the 
value  of  an  expectation  depending  on  the  happening 
or  failing  of  as  many  independant  events  as  may  be 
assigned. 

§  10.  Hitherto  I  have  considered  only  such  events 
as  are  independant  of  each  other :  but,  if  we  wish  to 
determine  the  probability  of  the  happening  of  two 
events  that  are  independant  on  each  other*,  we  must 
multiply  the  probability  of  the  happening  of  one  of 


Two  events  are  independant,  when  they  have  no  connection  with  each 
other,  and  the  happening  of  one  neither  forwards  nor  obstructs  the  happen- 
ing of  the  other :  as  the  continuance  or  failure  of  any  given  lives.  On  the 
other  hand,  two  events  may  be  considered  as  dependant,  when  the  proba- 
Dihty  of  cither's  happening  is  altered  by  the  happening  of  the  other ;  as  the 

continuance  or  failure  of  the  same  life  in  different  periods  of  its  duration : 
•ee  §  2. 
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them,  by  the  probability  which  the  other  will  have 
/i  of  happening  when  the  first  is  considered  as  hav- 
f\     ing  happened  :  and  the  same  rule  will  extend  to  the 

happening  of  as  many  events  as  may  be  assigned. 

§  11.     If  there  are  several  expectations  upon  se- 
veral sums,  it  is  evident  that  the  expectation  upon 
the  whole  will  be  equal  to  the  sum  of  the  expectations 
upon  each.     But  if  only  one  sum  is  to  be  received 
on  the  happening  or  failing  of  the  given  events,  the 
method  of  determining  the  value  of  the  expectation 
will  be  somewhat  altered.     The  process,  however, 
which  is  to  be  pursued  in  such  cases  will  be  more 
fully  explained  in  the  course  of  the  present  work : 
what  has  been  already  said  being  merely  introductory 
to  the  various  probabilities  and  contingencies  that 
ocQur  in  the  following  sheets. 

§  12.  Now  with  respect  to  the  probability  that  a 
person  of  a  given  age  will  or  will  not  live  to  any 
other  given  age,  or  till  a  certain  sum  of  money  gran- 
ted him  becomes  due,  it  is  obviously  in  all  cases  a 
matter  of  very  great  uncertainty,  and  will  be  often 
very  different  in  different  persons  of  the  same  age. 
The  chance  which  a  man  of  thirty  years  of  age,  who 
is  in  good  health  and  lives  a  temperate  and  quiet 
life  in  the  country,  has  to  live  twenty  years,  or  till 
he  is  fifty  years  of  age,  is  evidently  much  greater 
than  that  of  another  man  of  the  same  age,  and  of  the 
same  degree  of  health  and  vigour  of  body,  who  lives 
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in  a  great  city  and  in  scenes  of  riot  and  dissipation ; 
and  it  is  likewise  greater  than  that  of  another  man 
of  the  same  age  and  of  the  same  degree  of  health  vi- 
gour, but  who  is  going  into  an  unhealthy  climate  to 
which  he  has  not  been  accustomed:  and  still  more 
evidently  it  is  greater  than  that  of  another  man  of 
the  same  age  who  is  of  weak  and  sickly  constitution, 
or  who  by  his  daily  occupation  is  exposed  to  many 
dangers  of  his  life  from  which  the  generality  of  man- 
kind is  exempt;  as  is  the  case  with  soldiers  and 
sailors  in  time  of  war  or  actual  service.  These  are 
circumstances  beyond  the  reach  of  calculation ;  and 
all  that  can  be  done  by  any  general  rules  upon  this 
subject  is  to  estimate  the  degree  of  probability  with 
which  it  may  be  reasonably  expected  that  a  person 
of  any  given  age  will  live  to  any  other  given  age, 
upon  a  supposition  that  herbas  neither  a  better  nor  a 
worse  chance  of  so  doing  than  the  majority  of  other 
persons  of  the  same  age.  This  medium  or  average 
chance  of  living  is  determined  by  tables  that  exhibit 
the  number  of  persons  which,  out  of  a  certain  num- 
ber of  children  born  (usually  not  less  than  a  thousand), 
are  found  by  a  long  series  of  observations  to  be  living 
at  the  end  of  every  subsequent  year  of  human  life  to 
its  extreme  period  :  which  period  in  some  of  the  ta- 
bles is  carried  to  86,  and  in  others  to  more  than  90 
years.  The  instances  of  the  prolongation  of  human 
life  to  100  years,  or  more,  are  so  few  that  they  are 
not  thought  to  be  worth  attending  to  in  forming  any 
general  rules  on  this  subject. 
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§  13.  Various  observations  on  the  mortality  of 
human  life  have  been  made  by  different  persons,  and 
in  different  places ;  and  several  tables  of  the  kind 
above-mentioned  have  been  calculated  and  formed  by 
the  dij9ferent  writers  on  this  subject,  such  as  Dr. 
Halley,  Mr.  Thomas  Simpson,  M.  Kersseboom,  M. 
DeParcieux,  Dr.  Price,  M.  Susmilch,  M.  Wargentin, 
M.  Muret,  and  others.  But  the  same  table  of  the 
probabilities  of  life  will  not  suit  every  place :  for,  long 
experience  has  shown  that  all  places  are  not  equally 
healthy;  or  that  the  number  of  persons  who  die  an- 
nually is  different  in  different  places.  Dr.  Halley 
formed  his  table  from  observations  on  the  births  and 
burials  of  the  inhabitants  of  the  city  of  Breslaw  (the 
capital  of  the  duchy  of  Silesia  in  Germany),  during 
aseries  of  five  years;  viz.  from  1687  to  1691.  Mr. 
Thomas  Simpson,  from  observations  on  the  bills  of 
mvtdilhy  in  London  for  ten  years,  from  J  728  to  1737*. 
M.  Kersseboom,  from  the  registers  of  certain  assign- 
able annuities  for  lives  in  Holland,  which  had  been 
kept  there  for  one  hundred  and  twenty-five  years, 
and  in  which  the  ages  of  the  several  people  dying  in 
that  period  had  been  truly  entered.  M.  De  Parcieux. 
from  a  similar  use  of  the  lists  of  the  tontines  in  France, 


*  In  Table  T,  at  the  end  of  the  present  work,  the  column  denoting  the 
probabilities  of  Life  in  London,  is  not  the  one  here  mentioned ;  but  a  more 
correct  one  formed  by  Dr.  Price,  from  the  bills  of  mortality  for  ten  year?, 
from  1759  to  1768.  The  same  author  likewise  formed  one  from  the  bills 
of  mortality  for  ten  years,  from  1771  to  1780. 

C  > 
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the  numbers  of  which  were  verified  by  the  Nicrolog^^ 
or  mortuary  registers,  of  several  religious  houses  ^ 
both  sexes*.  Dr.  Price,  from  a  register  of  mortalil:; 
kept  at  Northampton^  for  forty-six  years,  from  173^ 
to  1780:  the  same  author  has  also  formed  a  tabli 
from  a  similar  register  kept  at  Norwich  for  thirty 
years,  from  1740  to  1769 :  another  from  a  similar 
register  kept  by  Mr.  Gorsuch  at  Holy  Cross  near 
Shrewsbury,  foE;  thirty  years  from  1751  to  1780: 
another  from  a  similar  register  kept  by  Dr.  Aikin 
at  Warrington  in  Lancashire,  for  nine  years,  from 
1773  to  1781 :  another  from  a  similar  list  kept  by  Dr. 
Haygarth  at  Chester,  for  ten  years,  from  1772  to 
1781  :  another  from  the  register  of  mortality  at 
Vienna,  for  eight  years :  another  from  the  register  of 
mortality  at  Berlin,  for  four  years,  1752  to  1755: 
another  from  a  similar  register  at  Brandenburgh,  for 
fifty  years,  from  1710  to  1759:  each  of  the  last  three 
being  from  tables  given  by  M.  Susmilch :  also  an- 
other from  the  tables  of  mortality  at  Stockholm,  ioi 
nine  years,  from  1755  to  1763,  as  given  by  M.  War- 
gentin :  and  another  from  seven  difierent  enumera* 


*  In  the  table  alladed  to  in  the  last  note,  the  column  denoting  the  pro- 
babilities of  life  in  France^  is  not  the  one  given  by  M.  De  Moivre  and  Mr 
Ferguson  ;  but  a  more  correct  one  published  by  M.  Florencourt  at  the  end 
of  his  Treatise  on  Political  Arithmetic.  Referring  however  to  the  last  note^ 
it  may  be  necessary  here  to  remark  that  in  Tables  III  and  XLV,  I  hafc 
pi^servedthe  original  values  as  given  by  M.  De  Parcieux  and  Mr.  Simp" 
aon ;  because,  the  Life  Annuity  Tables  being  deduced  therefrono,  I  con* 
tider  them  as  the  most  proper  to  be  used  in  coi^unctioa  therewith* 
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tkms  of  the  whole  population  of  the  kingdom  ofSwc- 
den,  each  repeated  at  the  end  of  three  years,  viz.  in 
1757,  1760,  1763,  1766,  1769,  1772,  and  1775. 
M.  Muret  formed  his  table  from  registers  kept  in 
forty-three  parishes  in  the  district  of  Vaud  in  Switj^er- 
land,  for  tea  years,  from  1756  to  1765. 


§  14.     All  these  tables  differ  from  each  other ;  and 
in  many  cases  so  materially  as  to  leave  us  in  great 
doubt  whether  the  subject  has  attained  that  degree 
of  accuracy  and  correctness  to  which  it  is  capable  of 
being  carried.     It  should  be  observed  that  there  are 
two  sorts  of  data  for  forming  tables  of  the  probability 
of  the  duration  of  human  life:  one  is  furnished  by 
the  registers,  or  bills  of  mortality,  which  show  the 
numbers  dying  at  all  ages  ;  the  other,  by  the  propor- 
tions of  deaths  at  all  ages  to  the  numbers  living  at 
those  ages,  as  discovered  by  surveys  or  enumerations. 
Those  tables  which  are  deduced  from  the  former  of 
these  data  are  correct  only  when  there  is  no  consider- 
able fluctuation  among  the  inhabitants  of  a  place,  and 
when  the  births  and  burials  are  equal :  for,  when 
there  are  more  removals /ro/»,  than  to  a  place,  and 
the  births  exceed  the  burials  (as  is  almost  always  the 
case  in   country  parishes  and  villages)   tables   so 
formed  give?  the  probabilities  of  living  too  low :  and 
when  the  contrary  happens  (as  is  generally  the  case 
in  cities  and  large  towns)  they  give  the  probabilities 
of  living  too  high.     But  tables  formed  from  the  latter 
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of  these  data  are  subject  to  no  errors  :  they  must 
correct  whatever  the  fluctuations  are  in  a  place,  a 
how  great  soever  the  inequalities  may  be  betwe 
the  births  and  the  burials. 

§  15.  Most  of  the  tables  above  mentioned  hi 
been  deduced  from  the  former  of  these  data ;  and 
most  of  them  due  allowance  have  been  made,  as 
as  circumstances  would  admit,  for  the  fluctuatic 
arising  from  emigfration  &c.  But  I  believe  there; 
no  observations  extant  which  will  enable  us  to  fo 
tables  from  the  latter  of  these  data,  except  thi 
published  by  M.  Wargentin*of  the  population  of  i 
kingdom  of  Sweden :  and  it  is  much  to  be  regret 
that  similar  observations  are  not  made  in  other  coi 
tries. 

§  16.  It  is  a  singular  circumstance  that  not  o 
Ao  females  live  longer  than  males ^  but  married  won 
live  longer  than  single  women.  All  the  tables  of 
servations  intimate  this :  but  the  fact  has  been  m 
fully  confirmed  by  the  observations  made  by  \ 
Aikin  at  TFJarmwg-^ow,  and  by  Dr.  Haygarth  at  G 
ter;  each  of  whom  kept  distinct  registers  of  the  i 
of  mortality  amongst  males  and  females,  Sim 
registers  also  were  kept  at  Stockholm:  and,  in 
enumeration  of  the  whole  population  of  the  kingd 
of  Sweden,  this  circumstance  was  particularly  atl 
ded  to      These  latter  observations  therefore  be 

.  *  In  the  Memoin  of  the  Academy  of  Sciences  at  Stockholm,  in  177 
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formed  on  such  unerring  principles,  furnish  sufficient 
data  for  calculating  distinct  tables  of  the  value  of  an- 
nuities on  lives  among  males  and  females,  taken  se- 
parately or  conjunctly :  and  which  tables  might  be 
applied  with  good  effect  in  determining  the  value  of 
•  annuities  or  assurances  where  the  lives  odvidows^re 
concerned*. 

.  §  17.  The  tables  of  observations  most  used  in 
this  country  at  present,  are  those  which  were  formed 
by  Dr.  Price  from  the  bills  of  mortality  at  North- 
ampton: but  they  derive  their  importance  principally 
from  those  numerous  tables  of  the  value  of  annuities 
on  single  and  joint  lives,  which  are  computed  there- 
from; and  which  afford  great  facility  to  the  solution 
of  the  various  cases  connected  with  this  subjectf. 
In  every  other  point  of  view  it  must  appear  ex- 
tremely incorrect  to  take  the  rate  of  mortality  in  one 
particular  town,  as  a  criterion  for  that  of  the  whole 
country.  The  observations  ought  to  be  made  on  the 
kingdom  at  large,  in  the  same  manner  as  in  Sweden ; 
more  particularly  as,  in  the  real  business  of  life,  the 
calculations  are  general  and  uniform,  and  adapted  to 
persons  in  every  situation.  But  till  the  legislature 
thinks  proper  to  adopt  some  efficient  plan  for  fur- 
nishing these  dataj,  we  must  rest  contented  with  the 

*  See  Tables  XIV  to  XLIV. 

t  See  Tables  XXV  to  XLIV. 

{  By  virtue  of  an  Act  of  Parliament  which  passed  in  1800,  a  survey  was 
made  of  the  population  of  this  kingdom  in  the  following  year :  but,  from 
the  manner  in  which  that  survey  was  formed  and  condueted,  it  1^  afforded 
little  or  no  information  respecting  the  subject  of  the  present  work. 
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principles,  without  reference  to  the  particular  situa- 
tion of  the  parties :  and  therefore,  were  it  on  this 
ground  only,  it  would  be  extremely  desirable  to 
ascertain  the  rate  of  mortality  in  the  kingdom  at 
large.  It  would  enable  us  to  determine  how  far  the 
tables,  now  in  use,  might  be  depended  upon ;  and 
furnish  the  basis  for  others  more  numerous  and 
comprehensive. 

§  21,  For  the  information  of  the  reader  I  have 
inserted  acomparitive  view  of  all  the  principal  tables 
that  have  been  given  of  the  rate  of  mortality  in  dif- 
ferent parts  of  the  world;  being  Table  I.  at  the  end 
of  this  work.  The  first  column  shows  the  ages,  and 
the  other  columns  the  number  of  persons  living  at 
those  ages,  out  of  1000  born*  at  the  different  places 
mentioned  at  the  head  of  each  column :  and  these 
places  are  arranged  according  to  their  degree  of  mor- 
tality amongst  them.  London  and  other  cities  are 
therefore  placed  first ;  and  the  rest  in  their  order,  as 


♦  The  origii:al  tables  commence  with  numbers  diflfering  from  each  other  ; 
but  are  here  reduced  to  the  same  number  at  the  beginning,  via.  1000 :  by 
which  mean  we  are  enabled,  by  inspection,  to  compare  the  numbers 
together  at  any  age,  and  immediately  perceive  the  relative  degrees  of  mor- 
tality at  the  several  places  given.  The  reader  will  observe  that  1  have  given 
other  tables  of  the  probabilities  of  life  for  France,  Sweden,  Northampton 
and  London,  together  with  the  decrements  or  number  of  persons  dying  an- 
nually ;  which,  being  on  a  more  enlarged  scale,  may  be  used  with  greater 
•comraoy  m  the  solution  of  the  several  problems  which  occur  in  the  present 
work.    Thest  Tables  are  III,  XIV,  XXV,  and  XLV. 
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D^^ly  as  possible,  to  the  most  healthy,  which  are 
the  country  provinces.     This  table  will  consequently 
serve  to  illustratei  in  a  striking  manner,  the  great 
difference  between  the  duration  of  life  in  large  cities 
aftd  ia  the  countr,y  :■  for  it  will  be  seen  that,  in  pro- 
portion as  we  recede  from  the  former,  the  probability 
of  life  is  greater,  and  the  chance  of  arriving  at  old 
age  is  considerably  increased.     Thus,  it  appears  that, 
out  of  a  thousand  persons  born  at  Vienna,  not  half 
of  them  live  to  be  two  years  of  age ;  whereas  at  Nor- 
wich, that  number  will  live  to  be  eight  years  of  age ; 
and  at  Holy  Cross,  they  live  to  be  above  twenty- 
seven  years  of  age ;  whilst  in  the  province  of  Vaud 
m  Switzerland,  they  live  to  be  forty-one  years  old.    It 
will  also  fully  confirm  the  observation,  which  has 
been  made  in  §  18,  respecting  the  probability  of 
living  amongst  those  persons  who  purchase  annuities 
on  their  own  lives:  for  it  appears  from  the  obser- 
vations of  M.  De  Parcieux  that  the  chance  of  living 
amongst  a  set  of  government  annuitants  is  in  almost 
every  period  of  their  existence  much  greater  than 
aimongst  an  equal  nu-mber  of  indifferent  persons 
living  in  the  most  healths/ part  of  the  globe :  and  which 
consequently  ©hows  that  the  Northampton  tables  are 
I  wry  inaccurate  in^ex  of  the  rate  of  mortality 
amoQgi^t  a  set  of  persons  who  purchase  annuities  on, 
their  owfl  lives. 

§  22.    But,  however  inaccurate  these  tables  of  ob- 
seFVationfs  ma^^  be^:  or  however  inapplicab]^.  to  ei^sisti^ 
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ing  circumstances,  the  subject  of  the  present  work  is 
not  at  all  affected  thereby.  For,  since  the  principles 
here  laid  down,  and  the  rules  thence  deduced,  are 
all  treated  generality  without  allusion  to  any  parti- 
cular table  of  observations,  the  reader  may  apply 
them  to  any  of  the  tables  above  mentioned ;  or  to 
any  others  which  may  be  hereafter  found  to  be  more 
correct,  or  more  suited  to  any  given  circumstances. 

§  23.  In  any  table  of  observations,  therefore, 
which  expresses  the  number  of  persbns  living  at  every 
age  of  human  life>  let  the  number  of  the  living  at  the 
age  of  A  be  denoted  by  a ;  and  those  answering  to 

the  next  succeeding  ages  m  the  table,  by  a,  a,  a,  Scc^ 
respectively.  Further ;  let  the  number  of  the  living 
at  the  age  of  B  be  denoted  by  b ;  and  those  answer- 

ing  to  the  next  succeding  ages  m  the  table,  by  b,  b,  6, 
&c,  respectively.  Again;  let  the  number  of  the  living 
at  the  age  of  C  be  denoted  by  c ;  and  those  answer- 

ing  to  thie  next  succeding  ages  in  the  table,  by  c,  c,  c, 
&c,  respectively.  In  like  manner,  let  the  number  of 
persons  living  at  the  end  of  n  years  from  the  age  of 
A  be  denoted  by  a ;  and  thosQ  answering  to  the  next 

succeeding  ages  in  the  table,  by  a,  a,  a,  &c.  Also  let 
the  number  of  persons  living  at  the  end  of  n  years 
from  the  age  of  B  be  denoted  by  j3 ;  and  those  an- 
swering to  the  next  succeding  ages  in  the  table  by 

/^i  /3>  Pi  &C.    Moreover,  let  the  number  of  pei;Mns 
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living  at  the  end  of  n  years  from  the  age  of  C  be 

denoted  by  7 ;  and  those  answering  to  the  next  sue- 

•  I    ti  III 

ceedmg  ages  m  the  table  by  7,  7,  7,  &c.    And  so  on 

for  any  other  lives.  Then  considering  that,  out  of 
a  persons  alive  at  the  age  of  A,  only  a  of  them  will 
be  alive  at  the  end  of  the  year,  it  is  evident  that  the 
number  of  chances  for  the  life  of  A  continuing  one 
year  will  be  a;  and  that  the  whole  number  of 
chances  for  its  living  or  dying  will  be  a;  conse- 
quently the  probability  that  A  will  live  to  the  end 


of  the  first  year  will  be  denoted  by  -j-.  And  by  a  simi- 
lar method  of  reasoning  it  will  be  seen  that  the  pro- 
bability of  his  living  to  the  end  of  the  second  year 


a 


will  be  denoted  by  •- ;  and  of  his  living  to  the  end  of 


the  third  year,  by  ^ ;  and  so  on :  for,  a^  a,  8cc,  will 

be  respectively  the  number  of  chances  for  the  life 
continuing  2,  3,  &c,  years,  and  a  will  still  be  the  to- 
tal number  of  chances  for  his  living  or  dying  in  any 
year.  In  like  manner,  the  probability  of  the  Ufe  B 
continuing  1,  2,  3,  &c,  years,  will  be  respectively 

represented  by  y  -^  -^,  &c :  and  that  of  the  life  C, 


//     /// 


by  y,  -^,  -J,  &c,  respectively :  (See  §  2).  By  a  simi- 
lar method  of  reasoning  it  will  be  found  that  the  pro- 
bability of  the  life  A  continuing  n,  (n  +  l),  (w+2), 
(ii+8),  &c  years  will  be  respectively  denoted  by 


T*  7»  ~j  -^,  &c :  and  that  the  probability  of  the  life 
B  continuingthe,^aBie  Deripds  will  be  respectively 

denoted  by  ^,  j,  y,  y,  &c  :  and  that  the  proba- 
bility  of  the  life  G  continuing  the  same  periods  will 

be  respectively  denoted  by  X,  -L,  JL,  jL,  &c. 

■  •...■.'      .  .  0    .^    c    ^"    J 

.  §  34.    Morepv-er,  the  probability  of  any  two  lives, 
A  and  B,  continuing  in  being  together  for  1,  2,  3,  &c, 

years,  will  be  respectively  denoted  by -^,  -Jy,  -^, 


itef :  stad  that  of  three  lives  A,  B,*©,  by  f 


li/  y//  */ 


/   /  /        u  o  4J 

a pc  !  .^  p  c 
be*    ab  c* 

^^j,  respectively:  (See  §  6).     Further,  the  proba- 

^^iUty^^  any  two  joint  lives  A  and  B  eontinuibg  in 
being  together  for,  n,  (^+1),  (n+2),  (n+3),  ficc^ 

years,  will  be  respectively  denoted  by -ff;  ^,  ^l 

///     /// 

•  -^,  &t :  and  that  of  three  lives  A,  B,  G,  for  fhfe 

:   I   I   »  ■  ■  ^ 

same  terms,  by-;^^,  "■^,  -^,  -^,  &c.* 


*  I  would  here  observe  l^t,  when  several  Uvds  are  iorclved  in  a  qu^- 
tioD,  A  is  generally  supposed  (unless  otherwise  expressed)  to  be  tjbe 
youngest;  B  the  older  than  A  ;  0  older  than  B ;  and  so  on.  This  rule, 
however,  is  dispensed  with  in  tbfe  fifth  and  eighth  chapters  of  the  present 
work. 


§  25.  This  bmg  premised,  it  is  evideat  (from  §  4); 
that  the  probability  of  A  dying  before  the  end  of  the 

/ 

first  year  will  be  denoted  by  1 — 2_.     p^r,  since— 


a 
a 


denotes  the  probability  of  his  living  to  the  end 
of  that  period,  if  we  substract  this  value  from  unity 
it  wifl  give  the  probability  of  his  not  living  so  long. 
And  by  a  similar  method  of  reasoning  it  will  be 


ff  /// 


found  that  (1 2^),  (1-,-^),  &c,  will  denote  the 

litobabHity  of  the  same  life  dying  before  the  '6nd  bf 
the  secoodj  third,  &c,  year,  respectively.  In  lik^a 
manner  Jtbe  probability  of  the  life  B  or  C  ftflibg*  itt 
1,  2,  3,  &c,  years,  will  b6  respectively  *ef*eseritei4 

'^y  0—)'  (1-4).  (1-4).  &c :  or  (1^1),  (1^), 


(1 — ~),*  &c.     Moreover,  the  probability  that  pither  of 
of  two  lives  A,  B,  or  of  three  lives  A,  B,  C,  will  fail 


7    / 

a  h 


in  1,  2,  3,  &c,  years,  will  T^e  denoted  by  (I— ^^\ 

*'  'I  III  III  *  III  II II  ii 

(^-■-il)'  (i-vr).  &<^  i  or  (i-4|f),  <i-^p, 

(1— ^-^-j^  &c,  respectively.    And  universally,  if  w^ 

subtract  from  unity  the  probability  of :  tl»^  lives  con> 
tinuing  together  to  the  end  of  the  giVcn  term,  the 
remainder  will  express  the  probability  that  they  shall 
not  aU  contiiuie  together  to  the  end  of  ttiat  period; 
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be  aenot«fd  by  tiLz2±L  x 


/    /    '  '  ,'    '  n  'I  I* 


tit 
abc 


a  b  0 


a  b  $ 


m 


II II  II  III  III  ti,      II II II       II II II  III  III  1,1 
the  third  year,  by  "''-"*  '  x-^"  -  "-^^^  *  *' 


//   //  // 

abc 


abc 


a  b  o 


^  SO  on  to  the  n^y  (»+l>^  (n+2)°d,  (72+3H  &c, 
year}  vfr'henthe  probabilities  of  the  lives  failing  in 


PI/ 


afty-^a^j 


in^(i^  years  respectively  will  be  — j^gy — » — j^j^ 


-J  L   '      'I  il  I'       'I  II  "     '"  'i'  '// 
b/g  y-— g  /3  y       a  j3  y     a  *p  y 


»  &c:  and  where  ajSy  denote 


(  /  / 


abc  abc 

the  number  of  persons  living  at  the  of  n — 1  years, 
frooi  the  ages  of  A,  B,  C,  respectively. 


'I  . J/ .  ' 


«  . 


•    « I 


<  / 


.  y  i 


\.'  I     I  .     .  t    I 
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CHAPTER  II. 

On  Life  Annuities  in  general* 

^  28.  jPhE  method  of  determining  the  present  value 
of  any  annuity  is,  to  find  the  present  value  of  each 
year'srentas  it  becomes  due ;  and  thesum  of  all  these 
will  be  the  total  present  value  of  the  annuity  required. 
Such  value  will  in  all  cases  depend  on  the  annual  rate 
of  interest  concerned;  and  throughout  the  whole  of 
the  present  work  I  have  denoted  this  annual  rate  by  , 
J* :  consequently  the  6r;?i6>^;^^  of  £1  at  the  end  of  a 
year  will  be  denoted  by  (I+g);  and  the  present 
value  of  £1  certain  to  be  received  at  the  end  of  1,  2, 
3, &c,  years  will  be  respectively  denoted  by  (I  +g)"\ 
(•+)'"%    (l  +  8)^%&c.t      The  sum  of  which  con- 


*  The  annual  rate  should  in  all  cases  of  compound  interest, 
fcc  carefully  distinguished  from  the  nominal  rate  :  but  such  annual  rate 
Oiy  always  be  expressed  in  terms  of  the  nominal  rate,  as.  I  have 
distinctly  shown  in  another  work.  See  Doctrines  of  Interest  andk 
Annuities,  p.  IG. 

t  As  we  shall  often  have  occasion  in  the  course  of  this  treatise  to 
find  the  present  value  of  £1  certain  to  be  rectiveJ  at  vhe  end  of  any 
riumber  of  years,  and  also  the  present  value  of  £1  per  annum  foi  any 
number  of  years,  at  different  rates  of  int^-est;  I  have  (in  order  to  avoid 
the  necessity  of  referring  to  any  other  work)  inserted  at  the  end.  two 
tables,  which  show    the  values  here  alluded  to  ;   being  Tables  LVIII   and 

LIX,  at  the  end  of  this  work. 

B 
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tinued  to  n  terms,  or  (l+8r+(l+S>*+(l+8y* 
^  (1  ^  g)"^:::3Lz(l±in!*,    will     denote    the 

present  value  of  an  annuity  of  £1  per   annum  for  n 
years :  and  if  this  series  be  continued  to  infiniiy,  the 

sum  of  it,  or—,  will  express  the  present  value    of  the 

perpetuity  of  the  same  annuity.  The  principles,  on 
which  these  observations  are  founded,  have  been  fully 
explained  in  my  treatise  on  the  Doctrine  of  Interest 
and  Annuities ;  but  I  have  thought  it  necessary  to 
mention  themhere,in  order  to  prevent  circumlocutioa 
in  the  investigation  of  the  following  problems. 

§  29.  In  life  annuities,  however,  the  rent  of  each 
year  is  to  be  received  only  on  certain  contingencies; 
consequently  the  present  values  above  mentioned 
must  be  diminished  in  proportion  to  the  probability  of 
receiving  them :  and  the  sum  of  such  values,  for  each 
successive  year,  will  be  the  total  present  value  of  the 
life  annuity  required.  Throughout  the  whole  of  this 
work  I  have  supposed  the  annuity  to  be  £l  per 
annum ;  in  which  case, the  present  value  deduced  will 
denote  the  number  of  years  purchase  that  such  annuity 
18  worth  :  and  which  being  multiplied  by  any  other 
annuity,  will  give  the  present  value  of  such  other  an- 
nuity accordingly. 


frSt.  oir  Litm  jkjxnvmm,  tf 

PROBLEM  L 

§  30*.  To  find  the  valuef  of  an  annuity  granted 
upon  any  number  of  lives  ;  that  is,  for  as  long  as  they 
shall  all  continue  in  being  together. 

BOLUTION. 

.  Let  A,  B,  C,  8cc,  be  the  lives  upon  which  the  an* 
nuity  is  granted  ;  and  let  the  probability  of  each  life 
continuing  1»  2»  3,  &c,  years,  be  as  denoted  in^  23; 
then  it  will  follow,  from  what  has  been  said  in  §  24, 
that  the  probability  of  all  the  lives  continuing  to  the 

end  oC  the  first  year  will  hel^SJl'   :    which,    being 


*  This  fhr.damental  proposition^  upon  which  thd  whola  doctrine 
of  BOoniUtft  Ia  a  great  measore  depends,  maybe  found  in  mott  authors 
vbo  have  treated  on  this  subject.  In  tho  investigation  of  the  sub* 
equent  Problems  &  their  Corollaries,  I  shall  refer  to  the  similar  propositions 
in  the  works  of  the  five  following  authors  ;  viz.  Simpson's  Doctrine  of  An" 
ntutie9  and  Revergione  1775  /  nnd  \m  Supphmeni  to  the  same,  1791. 
De  Motvere's  Doetrin§  of  Chancef^  Srd  edit*  1750.  Dod8(.n's  Matke" 
matieal  Repoititory,  Dr.  Price's  Observations  on  Reversionary 
Payments^  Gth  edit.  1803  Moro^an's  Doctrine  of  Annuities  and 
Assurances  Philosophicai  Transactions  ttst  1788,  1789,  I791>  1794,  and 
:  1600.  Whereby  the  reader  may  the  more  reaxJily.  cc^pnre  tbepi  together, 
aad  judf  e  of  the  respective  merits  of  the  rules  wjiich  they  have  given  for 
the  solution  of  the  same. 

t  By  the  term  va^iie,  I  mean  the  number  of  years  purchase 
that  the  annuity  is  worth,  agreeable  to  what  I  have  just  observed. 
This  mode  of  expression  will  be  used  throughout  the  present 
werlu 


28  0»    URE   iJCNUITIES.  Ch.^ 

multiplied  byO+g)   s  or  the   present  value  of  fl 
certaia  to  be   received  at  the   end  of  one  year,  will 


III 

a  b  c  &c. 


produce-^j  ^  ^^abc  Ac.for  the  present  value  of  the  first 
year's  rent  ;  or  the  expectatio)i^  of  receiving  such 
sum  on  the  contingency  that  all  the  lives  continue 
to  the  endof  the  first  year.  In  like  manner,  since  the 
probability  that  all  the  lives  will  continue  to  the  end 


//  //  // 

ah  c  &c. 


of  the  second  year  is  a  take. ,  if  this  expression  be 
multiplied  by  (1 +§)-«,  or  the  present  value  of  £1 
certain  to  be  received  at  the  end  of  two  years  it  will 

"  'I "  It, 

ah  c  &c, 

produce  (ThF^JT^TTSTc-  for  the  present  value  of  the 
second  year's  rent;  or  the  expectation  of  receiving 
such  sum  on  the  contingency  that  all  the  lives 
will  continue  to  the  end   of  the   second   year.     By 

the  same  method  of  reasoning  it  will  be  found   that 

///  ///  /// 

a  h  c  &c. 

("1+^)3  a6c&c..w^'^  denote  the  present  value  of  the 
third  year's  rent ;  or  the  e.vpectatmi  of  receiving  such 
sum  on  the  contingency  that  all  the  lives  will  continue 
to  the  end  of  the  third  year.  And  in  this  manner 
we  must  proceed  for  all  the  subsequent  years  of  hu- 
man life,  the  sum  of  all  which  termsf,  or  -ttT'&c + 

*See  Ch.   1   6  and  6. 

t  When  the  sum  of  this  series  is  to  be  determined  in  numbers,  the  terms 
of  it  must  be  carried  to  the  extinction  of  the  oldest  life  C,  involved  in  the 
combination;    at  which  period  nil   the  subsequent  terms   vanish  because 

y,  7,  &c,  become  equal  to  nothing.  This  observation  will  apply  to4dl  oases  of 
iombined  lives.  \ 
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III  nun  'III  III  III  ^— ^ 

ab  e  S(c      ^.      a  b  c  8^c  a  b  c  S^c    ^^  a  P  y  S^o    \       •li 

~-fW  "^  Th^  "^  TT-FT)"^  + (T+7?  j 

be  the  total  present  value  of  the  annuity  :  where  n 
m  this  case  denotes  the  number  of  years  between  the 
age  of  the  oldest  of  the  given  lives,  and  tbe  age  of 
the  oldest  life  in  the  table  of  observations. 


COROLLARY.    I. 

§31.    Tfow,  when  only  one  life  A  is  concerned,  this 

ri  II  III  "~i 

a  a  a  «        I 

series  Will  oe-— ^'(i  +  ?  +7Ti^ +(i-f  ^:)3*  +  ^^J 
when  two   lives,    A   and  B  are  concerned,  it  will 

become^  (Tqi^X  +  jITiF  +  7^3 
Hence,  if  we  make  the  italic  capitals  A,  i?,  C,  &c, 
to  denote  the  value  of  an  annuity  on  any  single  life  A, 
B,  C,  &c;  and  AB,  AC,  BC,  &c,  to  denote  the 
value  of  an  annuiii/  on  any  two  joint  lives  AB,  AC, 
BC,  &c;  and  ABC,  &c,  to  denote  the  value  of  an 
annuity  on  any  three  joint  lives  ABC,  &c :  then  in 
the  case  of  a  single  life,  we  shall  have 


//  /'/ 


II  II  III 

—  *  6  h  . 


=  B 


II  III 


"^     &c  &0  &e  &c. 
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and  in  the  case  of  two  joint  lives,  we  shall  have 


ab 


II II  III  III 


oTT)  +   ul^.  +  (T^  +  *cj  =  AB 


r 


*    !         a  c  a  c  .  a  c 

ao 


&c  &c  &c  &c: 

and  in  case  of  two  joint  lives,  we  shall  have 

rt    I    I  II  II  II  III  III  III  I 
2±±,  +  ^-L^  +  ±^'     +  &c     =:  ABC 

&c  &c  &c  &c. 

COROLLARY    II. 

§  32.  Although  there  is  no  method  of  summing  up 
these  terms,  or  of  abridging  the  general  expression 
above  given  for  finding  the  value  of  annuities  on  sin- 
gle and  joint  lives,  but  each  respective  term  must  be 
actually  reduced  to  numbers,  and  the  whole  of  thent 
added  together  in  order  to  determine  the  total  value 
of  the  annuity ;  yet  in  finding  the  valne  of  annuities 
on  a  number  of  single  or  joint  lives,  that  is  on  lives 
of  several  successive  ages,  the  process  may  be  con- 
siderably abridged  by  deducing  the  value  of  an  an- 
nuity on  the  next  younger  life  from  the  value  of  an- 
nuity on  a  life  or  lives  each  one  year  older.  For, 
let  ABC  denote  the  value  of  annuity  on  any  nunnber 
of  joint  lives  A,  B,  C* ;  and  A  B  C  the  value  of  aa 


-J'       ^  ^.i  «■ 


*  In  the  inToetigation  I  qball  eoofine  tbe  eose  to  tftrM  Joint  IhH :  iJiU 
it  ii  tasy  to  ««•  that  tht  mtthod  is  general,  whatm)$r  jmmhn  bf -ta^a. 


on  thj5.,s2ime  number  of  joint  lives   each  one  year 

younger  than  A,  B,  C ;  and  lei  a  b  c  &c  be  the  num- 

f  f  / 

her  of  persons  living  at  the  ages  of  those  younger 
lives,  as  found  in  any  table  of  observations:   then, 

for  the  very  same  reason  that—r--  ^11^  .4.  _*Al    4. 
1^J_  +  &c    =  ABC,  we  shall  have-i-     -^±i   + 

a'b&'  4.  ah%     +  &c     =  ABC.     Wherefore,  mul- 

tiplying  the  first  equation  by  ^  i  c,  and  the  latter  by 
(I+o)  abc.vfe  have 

JlL+yjXr  +  &c  =  ABC  X  abc 

..liL  +J±^  +8cc  =  ABC  X  (I  +  2)  a  b  c—abc: 


whence  i4£C(l  +^)  abc  —  abc  =  ^BC  x  abc.     Con- 


#  #  /         "    1 1 1 


a  h  c     .        .  ..J 


sequentIyi4BCzz(l+4BC)X  ^r^Tkl +8)     whence 


'  '   '  /  , 


the  following  rule  for  finding  the  value  of  an  annuity 
on  any  single  life,  the  principle  of  which  it  is  easy  to 
apply  to  the  case  of  auy Joint  lives.  Begin  with  the 
oldest  life  in  the  table  of  observations ;  add  unity  to 
the  value  of  an  annuity  on  that  life  (usually  equal  to 
0)  and  multiply  the  sum  by  the  expectation  of  ^  ii/e 
one  year  younger  receiving  £1  at  the  end  of  a  year; 
the  product  will  be  the  value  of  an  annuity  on  the 
life  one  year  younger:  this  value  being  substituted 
for  the  value  of  an  annuity  on  the  oldest  life,  and 
the  proeefcs  repedled,  will  give  the  value  of  an  an- 


.33  oijj'|#Wi-.4Jf«VlTiiifc  Cfts-i. 

.guity  oni^fBg^t  your^sUifttjaodqsosbtsaliHi^i^fe 
come  to  the  age  of  the  given  life.  Now,'  thougH  tHe 
method  of  deducing  the  value  of  an  annuity  on  any 
^/t;e»  life  by  meana  of  tbis/forijula  is  rather  niore 
iaboria^is  than  finding  the  numerical  value  of  each 
■term  of  tl)e  series  given  in  the  last  corrollary ;  yet 
the  present  formula  has  this  advantage^  that  tht 
several  steps  of  the  process  give  the  values  of  aiiv 
Tuiities  onlivesof  all  the  ages  between  the  given  Jife 
^^d  the  oldest  life  in  the  table  of  observations: 
v^^hence,  the  calculation  of  the  value  of  an  annuity 
gfi  lives  of  all  those  ages  becomes  scarcely  more 
troublesome  than  the  calculation  of  the.  value  of  an 
annuity  on  the  youngest  life.         .  .^ 

^^  ^  33.  Example  1.  Let  it  be  recjuired  to  find  tfie 
value  of  an  annuity  on  a  life  aged  90  yearfe,  aUowifli^ 
interest  at  the  rate  of  5  per  cent  per  annum,  and  ac- 
coYding^o  the  probabilities  of  life  in  general  as 
observed  in  Sweden. 

The  value  of  d.n  annuity  on  a  life  aged  96  is  evi- 
dently equal  to  0 : 

„^ged95,=:      (1+0)      +1  x 
94,  =  (l  +  -4762)x4 


7 
"  '     f' 


6 

'  93,  =:(I+-5624)V^ 
92,i=(l  +  -6764)Xj-| 
9I,  =  (H-83G3)  x| 
90,=:(h+l'.H29"xf 


X 

•9524  =  -4762 

X 

•9524  =  -5624 

X 

•95-24  =:  -6764 

X 

•9524  =  -8303 

X 

•9524  =  1-1129 

X 

1 

•9524  :i^  1-4129^ 

i4ieiice  it'  appears  that  the  value  required  is  equal 
to  M129*. 


§  34.  Example  2.  What  is  the  value  of  an  an- 
nuity  on  the  joint  lives  of  a  man  aged  90,  and  a  wo- 
man  aged  84 ;  reckoning  interest  at  4  per  cent  and 
the  probabilities  of  living,  among  males  and  females 
respectively  as  observed  in  Stvhdeui 

By  beginning  with  the  oldest  life  in  the  table   of 

observations,  joined  to  another  whose  difference  of 

age  is  6  years,  it  will  be  found  that  the  value  of  an 

annuity  on  two  similar  joint  lives  aged  95  and  89  is 

equal  to  0: 

1   X  76 
94  and   88=       ("I+O)     xTl^"9r'x-6916=-1846 

4   X    99 

93  and    87=  Cl+*1846)Xio  xi29  X'9615=*3496 

10  X  129 

92    and   86=  (l  +  -3496)xi7  x  iw  X-9616=-5827 

17  X   169 

91    and    85=  (l+-5827)x26  x  224   x  •9615=7507 

26    X  224 

90    and    84=(l+-7507)x38  x299   x'9616=*8629 

Whence^  the  value  of  the  annuity  required  is  equal 
to*8629,t 

*  Dr.  Price  has  given  inearrpet  Ttloet  for  annuities  on  Uva  in 
ff€n§raly  according  to  the  table  of  observationa  for  Sweden*  See 
Ms.  on  Bf«.  Pay*  vol.  ii.  p.  422*  He  has  taken  a  mean  between 
Uie  ?alae  of  annuities  on  male  and  female  lives,  which  is  evidently 
erroneous. 

It  la  Tables  XVII  to  XXIV  at  the  end  of  this  work,  the  values 
aie  d(sdaee4    from    the    probabilities    of    Uviiig    amongst  '{BaSes    and 
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xjs:vB  or  cjUNCiB,  8c,q, 


GA.  1* 


III        It  ti  It 

be  ^eiidtf^  by  — ^""^        X 

/  /  / 

ab  c 


III        III        II  II  II 
a  b  9 a  bo  —  a  b  c 


a  b  0 


a  b  $ 


in 


II II  II   til  III  II,      II II  ii 
the  third  year,  by  — X 


II  It  II 

a  b  c 


a  b  c 


//  //  //  ///  ///  /// 
a  b  c — a  b  ^e 

a  b  c 


i^  SO  on  to  the  n^\  (w  +  l>f,  (n+2>d,  (/2+3><i,  &c, 
year;  >*'h^n  the  probabilities  of  the  lives  failing  in 


iMixo^ years  respe(?tively  will  be  - — ^j^- — '     a^y 


II  II  II  III  III  III 

afi  y     g  >j8  y 


'  &c:  and  where  ajSy  denote 


i  I  I 


ab  c  ab  c 

the  number  of  persons  living  at  the  of  n — 1  years 
fipoi  the  ages  of  A,  B,  C,  respectively. 


ii 


u 


'.     f  *  .  :         i  I 
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CHAPTER  11. 

On  Life  Annuities  in  general* 

§  28.  jPhE  method  of  determining  the  present  value 
of  any  annuity  is,  to  find  the  present  value  of  each 
year's  rent  as  it  becomes  due ;  and  the  sum  of  all  these 
will  be  the  total  present  value  of  the  annuity  required. 
Such  value  will  in  all  cases  depend  on  the  annual  rate 
of  interest  concerned ;  and  throughout  the  whole  of 
the  present  work  I  have  denoted  this  annual  rate  by  , 
8*:  consequently  the  amount  oi  £1  at  the  end  of  a 
year  will  be  denoted  by  (I+g);  and  the  present 
value  of  f  I  certain  to  be  received  at  the  end  of  1,  2, 
3,  &c,  years  will  be  respectively  denoted  by  ( I  +  g)^  ^ , 
(1.+)"%    (1+8)"%  &c.t      The  sum  of  which  con- 


*  The  annual  rate  should  in  all  cases  of  compound  interest, 
be  carefully  distinguished  from  the  nominal  rate  :  but  such  annual  rate 
may  always  be  expressed  in  terms  of  the  nominal  rate,  as.  I  have 
distinctly  shown  in  another  work.  See  Doctrines  of  Interest  andi 
Annuities,  p.  IG. 

t  As  we  shall  often  have  occasion  in  the  course  of  this  treatise  to 
find  the  present  value  of  £1  certain  to  be  rcciived  at  Uie  end  of  any 
number  of  years,  and  also  the  present  value  of  £\  per  annum  foi  any 
number  of  years,  at  different  rates  of  int^est ;  I  have  (in  order  to  avoid 
the  necessity  of  referring  to  any  other  work)  inserted  at  the  end.  two 
tables,  which  show    the  values  here  alluded  to  ;   being  Tables  LVIII   and 

LIX,  at  the  end  of  this  work. 
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§  37..  In  taking  out  these  logarithms  from  the 
Tables,  the  decimal  parts  only  are  to  be  retained  :  and 
the  same  observation  will  apply  to  the  addition  and 
subtraction  of  the  logarithms  in  the  specimen.  No 
error  is  likely  to  arise  from  thus  omitting  the  index, 
because  in  the  last  logarithms  resulting  from  the  pro« 
cess  (and  which  are  the  logarithms  of  the  values  of 
the  annuity  required  in  line  L)  the  index  when  posi 
tive  never  exceeds  1 ;  and  when  negative  it  cannot 
well  be  mistaken. 

In  every  column,  the  number  in  the  lines  D,  £,  F, 
G,  H,  I,  K,  L,  show  the  process  for  finding  the  value 
of  the  annuity  :  and  are  all  that  are  required  (or  that 
purpose.  The  last  line  L  shows  the  logarithms  of 
such  values :  and  the  natural  numbers  corresponding 
to  those  logarithms  (that  is,  the  true  values  of  the 
annuity  required)  are  set  down  in  the  line  S.  Th6 
reason  for  their  being  thus  kept  detached  will  appear 
in  the  sequel ;  when  I  come  to  notice  the  subsequent 
lines  M,  N,  O,  P,  Q,  R  ;  and  which  for  the  present, 
we  must  suppose  not  to  be  in  existence. 

§  38;  This  specinien  may  be  accommodated  to 
the  calculation  of  the  values  of  annuities  on  ^mgk 
lives,  by  striking  out  the  logarithms  in  the  liiie  £  and 
F.  Or,  it  may  be  accommodated  to  the  calculation 
of  the  valnes  of  annuities  on  any  three  joint  lives 
ABc,  if  to  the  logaridims  in  the  lines  D  and  E  v^ 
add  (in  ofder  to  obtain  the  line  F)  the  logarithms  of 
the  nuttibi9f,iQ|r ^persg^t  living at-tbe.end  of  (n — &\ 


%%  <wc  LIFE  Annuities.  €h.2^. 

(>^_8-^l),  (;i_8_2),  &c  years  from  birth  :  "8  dc^ 
noting  the  difference  between  the  age  of  A  and  C. 
Hence  it  is  evident  that,  by  this  method  the  conipii- 
tations  of  the  values  of  annuities  on  any  two^  three^ 
ovfour  joint  lives,  are  nearly  as  easy  as  the  compu- 
tations of  the  values  of  annuities'on  any  single  lives  : 
and  that  the  principal  labour  vsrill  consist  in  taking  out 
the  logarithms  of  the  number  of  persons  living  at  this 
respective  ages  ;  and  in  finding  the  natural  numbers 
corresponding  to  the  values  in  the  line  L. 

§  39,  It  is  obvious  that  an  error  in  any  one  of 
the  numbers  will  cause  an  error  in  all  the  subsequent 
numbers  :  and  therefore  since  the  detection  of  an 
^ror  at  the  end  of  the  process  might  be  attended 
with  infinite  trouble,  it  would  be  a  great  satisfaction 
to  bp  enabled  to  prove  the  accuracy  oi;  the  numbers, 
in  each  column,  as  we  go  on.  A  method  ;of  doing 
this  has  been  pointed  out  by  Mr.  Morgan^  in  his-, 
Doctri?2e  of  Afinuiteis,  8CC9  p?Lge  58,  from  which  I. 
have  deduced  the  following  rule. 

§  40.     In  the  horizontal  lihe   M  write  down -the 
logarithms  of  (l+8)-(» i),(1.4.8)  -n  — *—2); 

(l+8)*°""^^^)»  &c* :   8  denoting   the    difference    of 

*  !  "  ■ 

•  '  ■  r  •  * 

*    Tie  best  and  most  cxpeditioiis    method  of   fiftdio]gp  the    irablie-^- 
aa«»A.JogwHhm8  vof    these   qoantitiei^  after  haying  jobtf^iiied  Uhe  lo- 
gwithm  of  (I  ^iy(^  r  -  "•  ^  )*     *■    ^®  '  *^*     thereto,    the . .  l<iguithoif 
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between  the  oldest  and  the  youngest  life  involved 
Add  these  to  the  logarithms  in  the  lineK  and  set  down 
the  sum  of  them  in  the  line  N  ;  add  them  also  to  the 
logarithms  in  the  line  I,  and  set  down  the  sum  of 
these  in  the  line  O.  Next  take  out  the  natural  num- 
bers* to  the  logarithms  thus  set  down  in  the  lines  N 
and  O  ;  and  place  these  in  the  lines  P  and  Q  respec. 
tively.  Then  if  the  natural  number  in  the  line  Q,  in 
any  column,  is  equal  to  the  sum  of  the  natural  num- 
bers in  the  lines  P  and  Q,in  the  preceding  column, 
all  the  values  thus  farhave  been  correctly  determined. 
But,  if  the  first  5  or  6  figures  of  such  number  in  Q 
donot  agree  with  the  first  5  or  G  figures  of  the  num- 
ber in  the  line  R,  in  the  preceding  column,  it  will 
show  that  there  is  some  inaccuracy  in  the  numbers 
employed  ^/V?ce  Me /^^*  proof :  and  consequently,  a 
revisioa  of.the  process/rom  that  'point  becomes  ne- 
cessary .f.. 


of    (1^;)   for    each    succeeding     year.      Thus,    in      the     preceding 

specimen,  the  logarithm  of  ( I  -|- j)""!**  ^  ^J»  or  [104-1®^,  is  equal 
to  *552 1  66 1  ;  and  the  logarithm  of  1 .04  is  equal  to  .0 1 70333  ;  therefore 
•Ql  703da  edited  continually  to  .552 1 66 1,  wiB  give  all  the  subsequent  values 
in  the  line  M. 

..  *  In  order  to  take  out  these  logarithms  in  a  proper  manner,  it  might 
seem  necessary  to  retain  ths  indices  of  the  logarithms  throughout  the  whole 
process  :  but,  after  a  short  trial,  the  computist  will  find  that  he  is  not  likely 
to  be  led  into  any  error  by  omitting  them,  and  that  it  will  save  much  time 
lA^^kbour  if  he  reject  them  altogether* 

i*  Iff  refiafog  tiie  process  hereslhtded  to^  it  will  be  necessarf  td  ezamfh^ 
4nrinuaber8«iB'the']fiies-  N,  F,>R,  S,  in  the  preceding  column  ;  the  num^. 
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§  41.  Now  though  the  labourof  coiiputiag  tlie 
values  of  annuities  on  any  lives  is  somewhat  increased 
by  this  method  of  proceeding,yet  the  additional  trouble 
is  more  than  compensated  by  the  satisfaction  which 
results  from  a  knowledge  of  the  accuracy  of  the  value^ 
obtained  ;  as  well  as  by  the  time  and  labour  which 
are  saved  in  consequence  of  detecting  every  error  as 
it  arises. 

§  42.  I  have  entered  thus  fully  into  the  best 
method  of  deducing  the  values  of  annuities  on  single 
and  joint  lives,  because  we  are  still  in  want  of  many 
accurate  tables  upon  this  subject,  not  only  to  complete 
those  we  are  already  possessed  of ;  but  more  particu- 
larly some  neurones  founded  on  the  probabilities  of 
life  in  this  country  as  observed  amongst  annuitants 
oniy,  and  also  on  the  probabilities  of  life  as  observed 
in  the  kingdom  at  large.  Such  tables  would  be  ex* 
tremely  valuable  for  general  use  ;  but  the  trouble  of 
calculating  them,  even  with  the  aid  of  logarithms,  is 


bera  in  tbe  lines  Z>,  E,  F,  in  the  subsequent  column  ;  and  the  *  numhen  in 
the  lines  O,  H,  I,  K,  L,  M,  0,  Q,  in  the  column  where  the  proof  Is  found 
to  fail.  « 

Dr.  Price  observes  (Obs,  on  Rev*  Pay,  vol.  i.  p.  218}  that  in  calculating 
the  Uut  value  (that  is,  when  weeome  to  the  age  of  the  youngest  life  in  the 
table  of  observations)  this  proof  will  change  into  a  new  proof,  verifying  all 
the  precedii;g  values.  Tiiis,  however,  is  not  the  case  :  the  rule  which  he 
has  given  for  this  purpose  ii  still  the  same  proof  differently  worded  ;  and, 
in  common  foith  each  proof  in  its  respective  column,  verifies  i^  the  pieced- 
ing  ndnet« 


sb  great  that  few  individuals  (^tre  they  possessed  of 
sufficient  data,  whereon  to  proceed)  would  be  dis- 
posed to  undertake  so  laborious  a  task :  audit  unfor- 
tunately happens  that  those  Societies,  whose  province 
it  seems  more  peculiarly  to  be  to4)atronize  an  under- 
taking of  that  kind,  would  find  little  interest  in  giving 
(Be  public  iany  additional  information  on  this  subject. 

§  43.  At  the  end  of  the  present  work  I  have  in- 
serted a  collection  of  all  the  tables  of  the  values  of 
annuities  on  single  and  joint  lives^  that  have  hitherto 
been  published* :  from  which  the  computist  may 
sei^t  such  as  appear  to  relate  more  particularly  to 
the  cases  laid  before  him.  Or^  be  may  occasionally 
make  use  of  them  all,  according  to  the  condition, 
situation,  and  circumstances  of  the  parties  concerned. 
The  use  and  application  of  these  tables  will  be  more 
fully  explained  in  the  last  chapter. 

'      COROLXARY    ni.f 

§  44.     By  means  of  the  general  expression  in  the 

ptoblerft,  fbr  finding  the  value  of  an  annuity  on  any 

'  '     ..        .        . 

*  Tables  V  to  XIII  are  (by  permission  of  Barron  Maseres)  taken  from 
hir  taloaUe  Treatise  on  Annuities :  Tables  XVI  to  XXIV,  and  from 
XXVII  to  XLIV  are  taken  from  Dr.  Price*s  Observations  on  Rev,  Pay. 
Tok  Si.  edit.  1803:  Tables  XLVII  and  XL VIII  are  taken  from  Mr. 
Simpson's  Treatise  oh  Annuities.  Table  XLIX  is  taken  from  Mr. 
T^^isoWs  Mathematical  Repository,  vol.  ii :  and  Table  L  is  taken  from 
Dii'MeeV  woiiLiiBove  mentioned;   -     •  ' 

t  Price,  Note  (B).    Simpson's  Sup.  Prob.  13. 

G 
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given  lives,  we  may  determine  the  value  of  a  Deferred 
life  annuity;  that  is,  of  an  annufty  which  is  not  ta 
Commence  till  the  end  of  a  given  number  of  years 
(nw)  provided  the  given  lives  are  then  in  being,  and 
to  continue  frbm  that  period  to  the  extinction  of  such 
given  lives.     For,  let  A,  B,  C,  &c,  be  the  given  lives ; 

A"  i     II    ill  *   M    A'  „        '    **  ■  '" 

and  let  a,  o,  a,  a,  &c ;  jS,  /3,  p,  jS,  &c ;  7,  7,  7,  7,  &c;  &c 
denote  the  number  of  persons  living,  according  to  any 
table  of  observations,  at  the  end  of  w,  (w  +  1),  (w+2), 
(w  +  3),  &c,  years,  from  the  several  ages  of  A,  B,  C, 
fifc,  respectively,  as  explained  in  §  23  :  then  will  the 
value  of  an  annuity  of  the  lives  ABC  &c,  be  ex- 


pressed by  the  following  series  ^^^^^^    x 

//    //    //  ///  ///  ///  I    L  I 

a 


lit 
ab  eS(e     . 

L  (1 +«)■'? 


II  It  III  III  III  III  If  9i  ** 

0  c  S^e   ^.     a  b  c  S^c     ^^  apyS^c        .     a  p  y  S^i 


+  "^^1^^+ :^^^^:?^   + 


/,/  ///  /// 
(1  +  ^)' 


+  a^Lnrz  +  &c  J ;  where  the  first  part  is  to  be 

continued  to  n  terms,  and  where  the  latter  part  (or 
that  which  is  deferred)  is  to  be  continued  to  the  ut- 
most extent  of  human  life.     Consequently  this  latter 

part,  or  the  series  Thn^T  ^  [  ^^y  +  (1^.^)7'.+ 

///  111  HI  1 

^^37~^3+&c  I  will  express  the  value^of  an  annuity 
to  be  entered  on*  at  the  end  of  ;a  years ;  and  the  sum 

*  The  first  payioent  of  which,  however,  will  not  take  place  till  the  eiid 
•if  the  (n  T  lY  y^w.  See  my  Doctrine  0/ Interfii  and  Anniiittii,  p.  6^, 
Bete. 
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of  which  I  shall  denote  by  (il-BC&c)^.*  Now,  if 
we  have  tables  of  the  values  of  annuities  on  single 
and  joint  lives  of  all  ages^  we  may  easily  deduce  the 
value  of  this  series  (without  the  actual  calculation  of 
each  separate  t^tm)  from  the  value  of  an  annuity  on 
the  same  number  of  lives  each  n  years  older  than  the 
given  lives.  For,  if  this  latter  value  be  denoted  by 
-4*J5*C*&c.,t  we  shall  have,  according  to  the  prin- 


*  Care  should  be  taken  not  to  mistake  the  new  eharaeter,  here  introdueed 
for  the  iffide»  of  the  quantity  within  the  Tincalum.  In  the  doctrine  of 
annuities,  the  notation  is,  in  several  instances,  diffe  rent  from  that  of  the 
common  analysis  of  quantities  :  for  instance,  the  juxtaposition  of  the  letters 
ABOttc^  does  not  denote  the  multiplication  of  the  quantities  represented  by 
those  letters,  because  those  letters  jointly  represent  but  one  quantity ; 

neither  does  A  ,  as  used  by  Mr.  Morgan,  denote  the  4Pth  power  of  an 
annuity  on  the  life  of  A.  These  new  methods  of  notation,  after  a  proper 
explanation  do  not  cause  any  ambiguity  ;  as  will  be  readily  felt  by  those 
who  are  acquainted  with  the  Differential  and  Integral  Calculus  :  and  with 
respect  to  the  symbol  here  introduced,  I  would  observe  that  (similar  to  the 
like  character  in  the  Differential  Calculus)  it  does  not  altogether  represent 
a  quantity  but  merely  an  operation.  This  operation  consists  in  substi- 
tuting, for  th)  value  of  an  annuity  on  the  given  lives  within  the  vinculam, 
the  value  of  an  annuity  on  the  same  number  of  lives  each  older  by  the 
given  term,  and  in  multiplying  the  same  by  the  expectation  that  the  original 
lives  win  I'cceive  £\  at  the  end  of  that  term. 


t  I  would  here  sbserve  that  I  denote  the  value  of  an  annuity  on  a  life  n 
years  older  than  A,  B,  C,  Acc,  by  the  characters  ^^,  <^»  (7%  &o. :  and  on 
^wo  joint  lives,  each  n  years  older  than  AB,  AC.  BC,  &q  ;  by  the  charae- 
im  A^J^'  -^^0%  ^C»  &o :  and  on  three  joint  lives,  each  si  years  older  than 
ABC,  *c,  by -A^i'C^,  *c.  ' 


:  therefore. 
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ciples  laid    down    in    the    problem,  A'B'O  ^c  = 

///  tif  m 

^v    f^    ^/    JC*^ 

multiplying  both  sides  of  this  equation  by     ^^^^ 
(1  +2)^,  we  produce  ^'B^C  &c  X  1^+3)"""= 
(4J5C&c)^  :  whence  the  following  general  rule. 


§  45.  i^iwrf  the  value  of  an  annuity  on  the  same 
number  of  lives,  each  as  many  years  older  than  the  given 
Uves  as  are  equal  to  the  number  of  years  during  which 
the  annuity  is  deferred  ;  find  also  the  expectation^  of  the 
givgn  lives  receiving  £\  at  the  end  of  that  term :  the 
product  of  these  two  quantities  will  be  the  value  re- 
quired.'\ 


*  The  ejppefitdtion  of  receiving  any  sum  of  inoney  at  the  end  of  any 
given  term  is  equal  to  the  present  value  of  such  sum  multiplied  by  the  pro- 
bability that  the  given  lives  will  continue  in  being  so  long  :  that  is,  equal  to 

-^4^  X  (l+S)  "^    Soe  Chap.  1.  §  5  and  6. 

t  The  periods  for  which  any  annuity  may  be  deferred,  and  the  variety 
of  ages  with  which  the  same  may  be  combined,  would  render  it  an  endless 
labour  to  compute  a  table  of  the  value  of  deferred  life  annuities  to  suit  every 
case,  Mr.  Baron  Maseres  has  given  a  partial  table  of  this  kind,  which 
shows  the  present  value  of  aniiuities,  on  single  lives,  to  commence  at  the 
end  of  thirty  years,  adapted  to  every  age  from  3  to  64  years,  founded  on 
M.  De  Parcieux's  tables  of  observations,  and  at  thesgf^f^  rates  of  3^,  4. 
4^  add  6  per  cent  interest.    See  hrs  ^oc^jjjff^^^^nnuitieBy  p.  283  to  287. 

/ 

t 

J 
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For  examples  of  the  use  and  application  of  this  co- 
rollary, see  question  VI  in  Chapter  XII. 


COROLLARY    IV.* 


§  46.  By  the  help  of  the  series  in  the  last  corollary 
we  may  determine  the  value  of  a  Temporary  life 
annuity ;  that  is,  of  an  annuity  which  is  to  commence 
immediately,  but  to  continue  only  for  a  given  number 
of  years  (=:w)  which  is  less  than  that  to  which  it  is 
possible  that  the  given  life  or  lives  may  extendf,  and 
then  to  cease.  For  supposing  every  thing  to  remain 
as  in  the  last  corollary,  it  is  evident  that  the  first  n 


terms  of  the  series  there  given,  or 


III 

ab  c  S^c 


abcS^c       L  (1  +  ?) 

//  //  //  ///  ///  ///  g  p  y  ofc 

a  b  e  ^e    ^   a  b  c         ^  ^ 


f -77^47^  + 


will   be  the 


value  of  the  temporary  annuity  required,  and  which 
I  shall  denote  by  (ABC&cf'X     ^^^  ^Y  ™eans  of 

*  Simpson's  Sup.  Prob.  6.  De  Moivre,  Prob.  26.  Morgan,  Prob.  4. 
Dodson,  vol.  iii.  Qucs.  2,  7>  and  10. 

f  This  is  always  understood  in  cases  of  this  kind  :  and  it  may  be  here 
useful  to  remark  that  the  term  during  which  it  is  possible  any  given  life 
may  be  prolonged  is  equal  to  the  difference  between  the  age  of  that  life, 
and  the  age  of  the  oldest  life  in  the  table  of  observations.  In  the  case  of 
joint  lives,  it  is  equal  to  the  difference  between  the  oldest  ofsuch  joint  lives,, 
and  the  age  of  the  oldest  life  in  the  table  of  observations.  ^ 

X  Agreeably  to  what  has  been  said  in  the  iK>te  in  page  43,  the  reader 
must  be  careful  not  to  mistake  this  character  for  the  indea  of  the  quantity 
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the  tables  above  mentioned,  we  may  easily  deduce  the 
value  of  this  series  without  the  actual  enumeration  of 
its  several  terms :  for,  it  is  evident  on  inspection  that 
the  value  of  the  first  n  terms  of  the  series  in  the  last 
corollary  is  equal  to  the  value  of  the  whole  series 
minm  the  sum  of  all  the  terms  after  the  n^^  terra. 
But  the  sum  of  all  the  terms  after  the  w^^  term  has 
been  found,  by  the  last  corollary,  to  be  equal  to 

(-4  JSC&c)    :  consequently  the  sum  of  the  first  ;i  terms 

is  equal  to  ABCkc—{ABCSiQ)'^ ;  whence  the  fol- 
lowing rule. 

§  47.  Find  the  value  of  an  annuity  on  the  given 
lives  deferred  during  the  given  period,  and  deduct  this 
valm  from  the  value  of  an  annuity  on  the  given  lives : 
the  difference  will  be  the  value  required. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  VII  in  Chapter  XII. 

COROLLARY   T. 

.  §  48.  By  a  similar  method  of  reasoning  we  may 
find  the  value  of  a  Deferred  and  Temporary  life  an- 
niiity ;  that  is,  of  an  annuity  which  is  not  to  com- 
mence till  the  end  of  a  given  number  of  years  (=»,) 

witbin  the  vinculum.    For,  the  symbol  here  introduoed  denotes  ako  nillidr- 
BncpertUi^n  to  he  performed ;  and  whioh  operation  consists  in  sahstituting,; 
for  the  original  quantity,  the  difference  between  8ueh  quantity  and  the  new 
•ne  found  by  the  method  laid.down  in  the  note  *bo?e  alluded  to. 
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and  then  to  continue  only  during  another  period  f  ziv,) 
which  is  less  than  that  to  which  it  is  possible  the  given 
lives  may  then  be  prolonged.  And,  from  what  has^ 
been  said  in  the  third  corollary,  the  truth  of  the  fol- 
lowing rule  will  be  evident, 

§  49.  From  the  value  of  an  annuity  on  the  given 
lives,  deferred fo  the  term  n,  subtract  the  value  of  the 
same  annuity  'on  such  lives,  defei^ed  for  the  term 
(w  +  v):  the  difference  ivill  be  the  sum  of  the  required 
v  terms  of  the  series,  or  the  value  of  the  annuity 
proposed. 


COROLLARY    VI.* 

§  60.  If  the  annuity  is  to  be  enjoyed  for  a  term  cer- 
torn  (=w),  and  after  that  during  the  continuance  of 
any  given  lives,  its  value  will  be  expressed  by  the  fol- 
lowing series  (~j  +  ^-j^  +  (TT^  +••  (T^+ 

But,  the  first  n  terms  of  this  series,  or  (^i^^) "^  (1+2) 


or 


.      ^   ,  +  ^  ■■ ,  are  equal  to  ^"^^  +  g>      , 

to  the  present  value  of  an  annuity  of  £1  per  annum 
for  n  years ;  and  the  remaining  part  of  the  serie^s  is. 


*  Morgftn^^Prob.  15. 
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by  the  third  corollary,  equal  to  (ABCScc)    :  whence 
the  following  rule. 

§51.  To  the  present  value  of  an  annuity  certain 
for  the  given  term,  add  the  value  of  an  annuity  on  the 
given  lives  deferred  for  that  term :  the  sum  will  be 
the  answer  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXII  in  Chapter  XIL 


COROLLARY    VII. 

§  52.  If,  in  the  general  expression  for  the  value 
of  an  annuity  on  a  single  life  A,  we  suppose  g  to 
vanish,  or  that  money  does  not  bear  any  interest ; 
then  will  such  expression  be  reduced  to  the  series 

^{a+a+a+  &c),  and  which  is  the  value  of  an  an- 
nuity on  the  life  A  considered  as  a  yearly  annuitant 
without  interest  of  money :  whence  the  following  rule. 
Divide  the  sum  of  all  the  living,  at  every  age  after  the 
age  of  the  given  life,  by  the  number  of  persons  living 
at  that  age  ;  and  the  quotient  will  be  the  value  re- 
quired. 

In  a  subsequent  chapter  I  shall  show  that  we  must 
add  ^  or  I  to  the  value  thus  found,  in  order  to  obtain 
the  value  of  a  similar  annuity  on  the  life  A  considered 
as  a  half  yearly  or  quarterly  annuitant*  :  but  when 

*  See  Chapter  X. 
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tbe  life  is  considered  as  a  momently  annuitant^  we 
must  add  \  to  such  value.  In  this  last  case  the  re-* 
quired  value  coincides  with  the  sums  of  the  probabi- 
lities that  such  life  will  attain  to  the  end  of  the  pt,  2»<^, 
S*"*!,  &c,  moments  from  the  present  time  to  the  end  of 
its  possible  existence  :  and  is  the  same  with  what  is 
denominated,  by  writers  on  this  subject,  the  Expecta^ 
tionofLife;  or,  the  number  of  years,  which,  taking 
lives  of  the  same  age  one  with  another,  any  one  of 
those  lives  may  be  considered  as  sure  of  enjoying ; 
those  who  live  beyond  that  period,  enjoying  as  much 
more  in  proportion  to  their  number,  as  those  who  fall 
short  of  it  enjoy  less.  Consequently  the  rule  for 
finding  the  Expectation  of  Life  will  be  as  follows. 

^  53,  Divide  the  sum  of  all  the  livings  at  every 
age  after  the  age  of  the  given  life;  by  the  number  of 
persons  living  at  that  age  :  half  unity  added  to  the 
quotient  will  be  the  value  required. 

§  54.  As  we  may  sometimes  have  occasion  to  deter-» 
mine  this  value  in  order  to  compare  the  probabilities  qf 
life,  or  the  values  of  annuities,  according  to  different 
tablesof  observations,  as  well  as  for  various  purposes  of 
aproximation  to  be  explained  hereafter,  I  have  here  in- 
serted the  rule  for  finding  such  values  according  to  any 
table  of  observations.  But  in  Table  II  at  the  end  of 
the  prei^ent  treatise,  I  have  given  the  Expectation  of 
Life  for  every  ffth  year  as  deduced  from  the  several 
tables  of  observations  nientioned  in  page  9  :  and  in 

H 
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Tables  IV,  XV,  XXVI  and  XLVI,  I  have  given  the 
Expectations  of  Life  for  every  year  as  deduced  from 
the  tables  of  observations  immediately  preceding.* 

PROBLEM  ILt 

§  65.  To  find  the  value  of  an  annuity  granted 
upon  the  longest  of  any  number  of  lives  ;  that  is,  for 
as  long  as  any  one  of  them  is  in  existence. 

SOLUTION. 

Let  A,  B,  C,  &c,  be  the  lives  upon  which  the  an- 
nuity is  granted,  and  let  the  probability  of  each  life 
continuing  1,2,3,  &c,  years,  be  as  denoted  in  ^  23  : 
then,  the  probability  that  some  one  or  other  of  these 
will  live  to  the  end  of  the  first  year  will  (by  §  26)  be 


expressed   by    1 — (1 — — )  x  (1 — A  x  (1 — ^x  &c 


a       0        c  ah        a  o        be  'a  6c* 

&c  ;  which,  being  multiplied  by  (I+2)  S  or  the  pre- 
sent value  of  £1  certain  to  be  received  at  the  end  of 
one  year,  will  give  the  present  value  of  the  first  year's 
rent  or  the  expectation  of  receiving  such  sum  on  the 

*  I  would  here  observe  that  according  to  the  hypothesis  of  M.  De  Moivre 
which  will  be  explained  hereafter,  the  expectation  of  any  single  life  is 
equal  to  half  the  complement  of  that  life  :  consequently  the  CoDoplement 
efany  life  is  equal  to  twice  the  Expectation  of  that  life.  This  mode  of  ex-> 
pression  is  sometimes  used,  even  when  speaking  of  values  dedttced  from 
real  obseivations* 

t  Simpson,  Frob.  2.  De  Moivre,  Prob.  4  and  5.  Dobson,  vol.  iit 
Ques.  76  to  86  :  vol.  iii.  Ques.  14. 
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contingency  that  any  one  of  the  lives  continues  to  the 
e|id  of  the  first  year.  In  like  manner,  since  the  pro- 
bability that  some  one  or  other  of  the  lives  will  live 

4o  the  end  of  the  second  year  is  1 — (I —  ^  )  ^  (^  y  ) 

X  ( 1—  i.)  X   &c  =-^  +  |+-^c  —iL-J'-^—p. 

■  ^  o  '  a  b        c  ab      ae      W c 

II  U  II 

—  &c  -r-  -^^  +&c  ;  it  follows  that  if  this  expres$ion 

be  multiplied  by  (1  f  g)  ^,  or  the  present  value  of  £1 
certain  to  be  received  at  the  end  of  two  years,  it  will 
give  the  present  value  of  the  second  year's  rent,  or  the 
es^ectation  of  receiving  such  sum  on  the  contingency 
that  some  one  or  other  of  the  lives  will  live  to  the  end 
of  the  second  year.     By  the  same  method  of  reason- 

ing  it  will  be  found  that  1  —  (1  —  ^  )  x  (1—  j) 

(1— i.)  X  &C  =  ±  +  i.  + -L  +  &C-24-^^-T7- 
^  9  '  a  b  c  a  b     ae     b  c 

III  III  III 

-.Sec  +  ^  +  &c,  —  being  mulitipled  by  (1  +2)"', 

will  give  the  present  value  of  the  third  year's  rent,  or 
the  expectation  of  receiving  such  sum  on  the  contin- 
gency that  some  one  or  other  of  the  lives  will  live  to 
the  end  of  the  third  year.  And  so  on  for  all  the  sub- 
sequent years,  to  the  utmost  extent  of  human  life  : 
the  sum  of  all  which  expectations,*  or  the  series. 

•  When  the  ages  of  the  given  lives  differ,  the  number  of  terms  €om- 
posJDg  those  several  series  will  also  differ  :  but,  I  would  here  observe,  once 
for  all,  tKat  in  every  case  of  combined  lives  the  terms  must  be  continued  to 
the  extinction  of  the  oldest  life  in. 
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/  /        /  /  ' .'  / 


rn  II  II  II  II         II  II         II  II  "  *'  II  I 

I    ///      ///      ///  /;/  ///     ///  ///    ///  ///  III  III  lit  ~n 

(1+  ^>^  o*6^c'  flftacac  ahc  '  J 

&c  &c  &c 

will  be  the  total  present  value  of  the  annuity  required. 

4  56.  But,  the  first  collateral  collumn  in  this  ge- 
neral expression  denotes  the  value  of  an  annuity  on 
the  life  A  ;  the  second  denotes  the  value  of  an  an- 
nuity on  the  life  B  ;  the  third  denotes  the  value  of  an 
annuity  on  the  life  C  ;  &c.  In  like  manner,  the  fourth 
fifth  and  sixth  collateral  columns  denote  the  values  of 
an  antiuity  on  the  joint  lives  AB,  AC,  BC,  &c,  re- 
spectively :  and  so  on.  Whence,  if  we  substitute  for 
these  respective  values  the  characters  mentioned  in 
Prob.  I.  cor.  1,  the  whole  expression,  or  the  sum  of  all 
the  terms  in  the  above  series,  will  become  equal  to 
^+jB+C+&c  — ^B  — iiC— jBC— &c  +ABC^ 
&c  :  consequently,  the  value  of  an  annuity,  to  continue 
ias  long  as  any  one  of  the  given  lives  is  in  existence,  is 
equal  to  the  sum  of  the  values  of  an  annuity  on  all 
the  siti^e  lives,  minus  the  sum  of  the  values  of  ati 
annuity  on  all  the  joint  lives  combined  two  and  two, 

volved  in  the  combination  ;  or  universally,  'each  series  must  be  continued 
till  the  terms  vanisli,  which  will  bappcn  when  either  of  the  lives  involved 
m  jsuch  series  luis  arrived  at  the  extremity  «f  human  Itfcb 
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plus  the  sum  of  the  values  of  an  annuity  on  all  .the 
5oint  lives  combined  three  and  three,  minus  the  sun 
of  the  values  of  an  annuity  on  all  the  joint  lives  com- 
bined four  and  four  ;  and  so  on.  Therefore,  when 
the  values  of  an  annuity  on  the  single  and  joint  lives 
are  given,  the  value  of  an  annuity  on  the  longest  life 
liiay  be  very  easily  determined  :  and  for  the  sake  of 
a  more  convenient  reference,  I  shall  take  L  to  denote 
the  value  found  by  this  rule  ;  the  number  of  lives, 
which  it  is  intended  to  represent,  being  always  ex- 
plained when  the  character  is  used. 

For  examples  of  the  use  and   application  of  this 
problem,  see  Questions  VIII  and  IX  in  Chapter  XIL 

COROLLARY  I.* 

§57.  If  the  lives  are  all  equal,  or  of  the  same 
age  A,  and  their  number  be  represented  by  n  ;  then 
the  probability  that  some  one  or  other  of  such  lives 
will  continue  to  the  end  of  the  first,  second,  third, 
&c,  years  respectively,  will  be  severally  denoted  by 
/  //  /// 

an  an  an 

1-(1-— )  .  1  -(1-— ),1-(I-— ),&c.  Let 
these  quantities  be  severally  expanded  by  ,  means  of 
the  binomial  theorem,  in  order  to  reduce  them  to 
simple  terms,and  then  be  respectively  multiplied  into 
the  present  value  of  £1  due  at  the  end  of  those  years ; 
the  sum  of  them,  or  the  series 

*  Dodson,  vol.  ii.  Ques.  78,  85  and '86  : — Vol.  iti.  Ques.  11. 
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It  -.  '  '  ' 


1     ^^r  a        n.(fi— 1)  g  o-|,n.(n— 1)    n— 2  aaa — StcH  . 

(1-^5)    ^-"T" — ""1      '~aa  2       •     3     aaa  P" 


(1+0 


1 


'n.    «  n'(n— l)oa      n.(n— )^n— 2    ooo — &c   |, 

a  2      '00+  3         3  •     J7^  + 

(1+^*1      '   o  2     *  aa  2  3*     aoa  1"^ 

&C  &C  &C 

will  be  the  total  present  value  of  the  annuity  required. 

§  68.  Whence  (if  we  take  AA^  AAA,  &c,  to  de- 
note the  value  of  an  annuity  on  two,  three,  &c,  equal 
joint  livesj  it  is  manifest  that  the  value  of  an  annuity 
on  the  longest  of  any  number  of  lives,  all  equal  to  A 

n.(n — 1)  n,{n — 1)  ^n — 2 

will  be  nA — — 2 AA+    2 — '"1    AAA — &c. 

Therefore  if  the  number  of  lives  be  two,  this  ex- 
pression will  become  2A — AA  ;  if  three,  it  will  be- 
come ^A — ^AA+AAA  ;  if  four,  it  will  become 
AA — &AA+AAAA — A  AAA  ;  and  so  on. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  VIII  in  Chapter  XII. 

COROLLARY  II** 

§  69.  If  we  wish  to  determine  the  value  of  an  an- 
nuity on  the  longest  of  any  number  of  livest,  J^^errerf 

*  Dodson,  T0I.  ill.  Qnes.  18  15. 

t  The  investigations  in  the  present  corollary  are  confined  to  the  case  of 
three  lines  :  but  it  is  easy  to  apply  the  sams  method  of  reasoning,  whatever 
4>e  the  number  of  lives  involved. 
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for  a  given  term  Tir  n)y  it  will  be  evident  (from 
what  has  been  said  in  Prob.  I,  cor.  3)  that  the  several 
perpendicular  series  in  page  52  must  not  commence 
till  after  the  w^^terra  ;  and  thence  be  continued  to  the 
utmost  extent  of  human  life.  Consequently,  there- 
quired  valu«  of  such  deferred  annuity  will  be  equal  to 

d  d  d  d  d  d 

(i)    +(B)  +(C)  -(AB)  -(AC)-{BC)  + 

d 
[ABC)  :  an  expression  which  I  shall,  for  the  sake  of 

d 
a  more  convenient  reference,  denote  by  (L).     Now 

if  for  each  of  these  several  quantities  we  substitute  its 

corresponding  value,  agreeably  to  the  principles  laid 

d 
down  in  page  44,  the  formula  denoted  by  (L)  will  be 

come  equal  to  ^1"  x  "7"  ( 1  +  2)      +B''  X"T"(1  +  g)     + 
C-x-T-(l+8;  ""—A^RxlTb    (1+g)    '^  —A^O   x 

0  y  — n  P  y  — »  a  P  Y 

— n 

(1+8)  •  which  is  an  expression  more  convenient 
for  practice  ;  and  from  either  of  which  we  deduce  the, 
following  rule. 

§  60.  Substitute  the  values  of  deferred  annuities 
on  the  single  and  joint  lives,  in  the  general  rule  in 
the  problem,  instead  of  the  values  of  annuities  on  the 
whole  continuance  of  those  lives ;  and  proceed  with 
these  substituted  values  according  to  the  directions  given 
in  such  rule :  the  result  will  be  the  answer  required. 
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For  examples  of  the  use  and   application   of  thi& 
corollary,  see  Question  XI  in  Chapter  XIL 


.  COROLLARY  III. 

§  61*  If  an  annuity  on  the  longest  of  any  num- 
ber of  lives,  deferred  for  any  given  term,  depends  on 
the  Joint  conimuB.nce  of  all  those  lives  to  the  end  of 
that  term  ;  the  value  of  it   will   be  equal   to  i  x 

^-^  (1-j-  g )  :  that  is,  equal  to  the  value  of  an  ian- 
naity  on  the  longest  of  the  same  number  of  lives,  each 
older  by  the  given  term  than  the  given  lives,*  multi- 
plied by  the  expectation  that  the  Joint  lives  shall  re- 
ceive £1  at  the  end  of  that  term  :  and  this  case  must 
be  carefully  distinguished  from  the  one  mentioned  in 
the  proceeding  corollary. 


d 

^    Upon    the    same    principal  that     I  have  taken  (ABC&c.)    anct 

t 
(ABC&c)  ,  in  Prob.  I,  cor.  3  and  4,  to  denote  the  value  of  a  deferred  and 

d  t 

temporary  annuity  on  the  Jmnt  lives  ABC&c,  I  shall  take  (L)  and  (L)  as 

the  expressions  for  the  value  of  a  deferred  and  temporary  annuity  on  the 
longest  of  those  lives.  Having  also  taken  A"  B*  C  8cc  to  denote  the 
vftlue  of  an  annuity  on  the  same  number  of  Joint  lives,  caeh  older  by  the 
given  term  than  the  lives  ABC  &c,  t  shall  in  like  manner  take  L"  as  the 
expression  for  the  value  of  a  similar  annuity  on  the  longest  of  such  lives* 
Tliis  method  of  notation  will  be  found  very  convenient  in  many  of  the  sub^ 
asequent  problems  :  and,  being  very  simple  in  its  principle,  will  '^ot  caus^ 
any  confusion  or  intricacy  fropi  its  novelty.  The  number  of  lives  denoted 
by  L  will  be  always  mentioned  whenever  the  character  is  used ;  as  I  have 
have  already  obi^erved  in  page  53# 
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For  examples  of  the  use  and  application  of  this  co- 
rollary, see  the  Scholium  to  Question  XI  in  Chapter 
XII. 


COROLLARY  IV. 

§  62.  Having  found,  by  means  of  the  second  co- 
rollary here  given,  the  value  of  a  deferred  annuity  on 
the  longest  Of  any  number  of  lives,  we  may  easily  de- 
termine the  value  of  a  Tempoy^ary''^  annuity  on  the 
longest  of  such  lives  :  it  being  nothing  more  than  the 
difference  between  the  value  of  such  deferred  annuity 
and  the  value  of  a  similar  annuity  on  the  whole  con- 
tinuance of  the  lives,  as  found  by  the  problem.    That 

d 
is,  the  formula  L — (L)   will   in  all  cases  denote  the 

value  of  such  temporary  annuity  :    similar   to  what 

takes  place  with  respect   to  joint   lives,  as   already 

explained  in  page  46. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  XII  in  Chapter  XII. 


*  That  is,  of  an  annuity  which  is  to  commence  immediately,  but  to 
continue  only  during  a  given  number  of  years  (=w)  which  is  less  than  that 
to  which  it  is  possible  ez7^er  of  the  given  lives  may  extend.  Therefore 
such  term  must  not  be  greater  than  the  difference  between  the  age  of  the 
youngest  life  involved,  and  the  age  of  the  oldest  life  in  the  table  of  obser- 
vations :  for,  in  such  case,  the  value  is  found  by  the  Problem.  See  what 
has  beai  said  respecting  single  and  joint  lives  in  the  note  in  page  45. 

I 
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PROBLEM  III* 

§  63.    To  find  the  value  of  an  annuity  granted 

upon  any  number  of  lives,  but  to  continue  only  as 
loijg  as  any  number  (=  n)  of  them  are  in  being  to- 
gether. 


SOLUTION. 


.?.   i.'  ; 


Let  the  livdi^  oh  iv^hich  the  annuity  is  granted/he 
A,  B,.C,  &c  :  and  the  probability  of  jeaoh  life  icoar 
tinuiog  1,  2,  3,  &Ci  years  lieas  denpted  iii§iS3*vrKoi^ 
if  wecodfine  thisf  casj&to  that'df  an  annuity  grasited 
upon  three  lives,  and  to  continue  as  long  as  any  t%^ 
of  them  (viz.  A B;  AC,  or  BC)  are  in  being  tdgeth6r|*, 
it  is  evident  that  the  chance  of  an  annuity  bfeih^  re- 
ceived in  any  one  year  ^ill  depend  lipoA  tetth(6*  df 
these  four  different  eveints :  l<>th^t  aft  th6^vti^^«i^ 
tinue  in  being  together  to  the  en^  of  that  y^^,  the 


/  /  y 


probability  of  which  in  the  first  year  is  ^y^ :  2^  'thii 
A  and  B  ^re  then  alive  and  C  dead,  the  Qrob^|;>ility 

of  which  in  the  same  year  is-|^  x  (1——  ) :  o®   thai 
A  and  C  are  then  alive  and  B  dead,  the  probiability 


or  which  in  thejsame  year  isiiLx  (i..^ — i^^.   40  jij^t 

*  Simpson,  Prob.  a  Morgan,  Prob.  7.  Dobson,  vol.  ii.  Ques.  87. 
t  All  the  cases  of  tmo  lives,  and  likewise  the  remaining  cases  of  (hrei 
iives,  may  be  lolved  by  meant  of  the  preceding  problenis; 
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B  aftd  C  are  then  alive  and  A  dead,  the  probability 

of  which  in  the  same  year  is-j^  x  (1  —  |-).      The 
sum  of  all  the«e  chances,  therefore,  or  ^^  +  -~  x 

['^     ^ll'l  being  multiplied  by  (1  +2)"'  will  give  the 
present  vakie  of  the  first  year's  rent,  or  the  expecta- 
tkm  of  receiving  such  sum  on  the  contingency  that 
any  two  of  the  original  lives  wUl  outlive  the  first  year 
Byavmilar  method  of  reasoning  it  will  be  found  that  ' 

7r+#+i^  ':t>"ltiplied  by  (1  +2)-  will  give 
the  present  value  of  the  second  year's  rent,  or  the 
expectation  of  receiving  such  sum  on  the  contingency 
that  any  two  of  the  original  lives  will  outlive  the  se- 

cond  year.  Also  that?^- +-^ +4.£-,l^inultiplied 

•^  a  0        a  e       b  c  ah  c  ^ 

by  (1 ,+?)''  >  will  give  the  present  value  of  the  third 
year's  rent ;  and  so  on^  for  all  the  subsequent  years  to 
the  utitnost  extremity  of  hiiman  life ;  the  sum  of  all 
which  expectations,  or  the  series 

1 


(1+2)-^  X 


(1+8) 


II   II   II     III 

ah  ,  ac  .  b  c      2ab  c       i_ 

••«-  "4"  ^-^     "f"     I  «  ■   <!    I   I   »•        II  I  "^* 

ab     ae     be         abe^ 

II II     II II     II II        II II  It    j 
ah  .  ac  .  b  e     2ab  e    ' 

"••  *v*  *"  •■4*  —  f '   ^  *4^ 

^ab     ac     be        aho    , 

///  ///     ///  ///     ///  ///      ///  /;/  HI 

a b  ^    ac    ,    ao      2a  b  e 

ab        ac        ao         a  6"c 
&c  &c 


(1+2).-'  x[. 
will  be  the  total  present  value  of  the  annuity  required. 
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'    '  t 

1     .   ^^  '  •  .       .  .  ■  ■! 

§  64.  But,  if  we  take  the  value  of  each  perjpen- 
dicular  series,  as  in  the  last  probleno^  ^ad  substitute 
the  characters  given  in  Prob.  I,  cor.  1,  the  above  ex- 
pression will  become  ^S  +  ^C+  BC — 2  ABC\ 
whence  the  following  rule  for  this  particular  case. 
From  the  sum  of  the  values  of  an*  annuity  on  each 
pair  of  joint  lives,  take  twice  the  value  of  an  annuity 
on  the  three  joint  lives ;  the  difference  will  be  the 
required  value  of  an  annuity  to  continue  as  long  as 
any  two  of  the  lives  are  in  being  together. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Question  X  in  Chapter  XII. 

^65.  By  ;a  similar  method  of  proceeding  we  might 
ascertain  the  value  of  an  annuity  granted  on  four 
lives,  but  to  continue  only  as  long  as  any  two,  or  thr^ 
of  them  are  in  being  together  (the  other  cases  of  such 
lives  being  already  solved  by  the  two  preceding  pro- 
blems); and,  in  general,  the  value  of  an  annuity  on 
any  number  of  lives,  to  continue  only  as  long  as  any 
number  of  them  are  in  being  together.  As  it  rarely 
happens,  however,  that  more  than  three  lives  are  con- 
cerned  in  any  practical  cases,  I  shall  not  trouble  the 
reader  with  the  steps  of  the  process,  but  shall  merely 
state  the  result  of  the  investigatioa  in  one  general 
formula,  which  will  comprehend  in  one  view  all  the 
possible  cases  mentioned  in  the  three  problems  here 
given*.     Let  the  sum  of  the  values  of  an  annuity  on 

*  It  will  be  readily  seen  that  Problem  I  II  are  only  particular  cases  of 
this  third  problem. 
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every  n  joint  Kves  be  denoted  by  S ;  on  every  (n  +  \) 
joint  lives,  by  S  ;  on  every  (w+2)  joint  lives,  by  S  ; 


111 


on, every  (n^-Z)  joint  lives,  by  S;  &c:*  then  will 
the  value  of  an  annuity  granted  upon  any  number  of 
lives,  to  continue  only  as  long  as  any  n  of  them  are  in 

i         w^n-j-l^ii 

being  together,  be  expressed  by  S — n.^  j^T' "^  S 

n  ^  «-f-l^«+2  111 


COROLLARY    I. 

§  66.  If  the  annuity  is  not  to  continue  during  the 
whole  period  of  the  given  lives,  but  is  either  Deferred 
or  Temporary,  we  must  pursue  the  same  method  of 
reasoning  which  has  been  adopted  in  Prob.  II,  cor. 
2  and  4  :  whereby  it  will  appear  that  the  value  of  a 
deferred  annuity,  to  continue  as  long  as  any  two  out 
of  three  given  lives  are  in  being,  will  be  expressed 

by  {AB)^+{AC)^+{BC)^—2{ABCf.  There- 
fore if  we  substitute  the  values  of  deferred  annuities 
on  the  given  lives  (in  the  formula  in  §  64)  instead  of 
the  values  of  annuities  on  the  whole  continuance  of 
those  lives,  we  shall  obtain  the  value  of  the  deferred 
annuity  depending  on  the  contingency  alluded  to  in 
the  problem. 


*  That  18,  on  every  combination  which  can  be  made  of  the  given  live89 
by  combining  n,  (n -{■!),  (n-|-  2),  (n-f-3),  &c,  lives  together  at  a  tmict 
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SOLUTION. 


Let  the  probability  of  the  joint  lives   ABC*   con- 
tinuing 1,  2,  3,  &c,  years,  be  respectively  denoted  by 


/  /  /     i  I  II  II     III  III  III 

ah  c      a  be      ah  c 


T^»    %^f    ^^— #  &c,  as  in  §  24  ;  and  let  the  proba- 

h  c     ahe      ah  c  ^         '  ^ 

bility  ofthe  joint  lives  P  Q  R  continuing  1,  2,  3,  &c. 


/  /  /       II  II  n     III  III  III 
p  q  r    p  q  r    p  q  r 


years  be  denoted  by  -^-^ ,  ^-^— ,  ~^,  &c,  respectively 

J  Jpqr^pqr'pqr^        '  *  J 

Now  the  chance,  which  the  joint  lives  ABC  have  of 
receiving  the  annuity  in  any  one  year,  will  depend 
upon  their  living  to  the  end  of  that  year  and  on  the 
joint  lives  P  Q  R  becoming  extinct  before  the  end  of 
that  period.     The  probabilityof  this  event  happening 


/  /  /  /  /  / 

a  b  c  y  ,      p  qr 


in  the  first  year  is^^(  1 — ^Xl)  •  which  beins:  mul- 

•^  ah  c^         p  q  r  ^  ^  o 

tiplied  by  (1  +g)-iwill  give  the  present  value  of  the 
first  year  rent,  or  the  expectation  of  receiving  such 
sum  at  the  end  of  the  first  year.  By  a  similar  method 


//  //  //  '        //  //  // 


of  reasoning  it  will  be  found  that  2*1  n —Mil), 

^  ah  c^  p  qr  ^ 

multiplied  by  (1  +g)"^  will  denote  the  present  value 


III  III  HI  in  III  III 

a  b  ck-^       pq  r 


(rfthe  second  year's  rent:  and  that  ^)] — ^-^  ), 


*  In  the  solution  of  this  and  the  following'problems,  I  shall  confine  the 
case  to  ^Arce  lives  only,  in  order  to  avoid  confusion  by  the  constant  repetition 
of  the  character  &c.  From  what  has  preceded,  it  will  plainly  appear  that 
the  conclusions  which  are  drawn  from  this  assumption  will  be  trae,-  what- 
ever be  the  number  of  lives  involved  in  the  process. 
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multiplied  by  (1  +8)""%  will  denote  the  present  value 
of  the  third  year's  rent;  and  so  on  for  all  the  subse- 
quent years  to  the  utmost  extent  of  human  life :  the 
sum  of  all  which  terms,  or  the  series 

*  ^ aoo        a  0  c  p  q  r      Ll_ 

■^^^)   L-a6. c       abcpqr^ 

rm  II  II         II  II  II  II  II  II  *"! 
mhe       a  b  c  p  q  r     Ij. 

(1+^)2L  «6c        a  b  c  p  q  r  ^ 

Cm  III  III       III  III  III  III  III  III      I 
a  be        a  b  c  p  q  r      I  j_ 
a  be        a  b  c  p  q  r  ^ 

&c.  &c. 

will  be  the  total  present  value  of  the  annuity  required. 
But  the  sura  of  these  two  perpendicular  series  is  evi- 
dently equal  to  ^J5C—^jBCPQi2. 

§  70.  Whence  it  follows  that  if  we  subtract  the 
value  of  an  annuity  on  all  the  joint  lives,  from  the 
value  of  an  annuity  on  the  joint  lives  in  reversion; 
the  remainder  will  be  the  value  of  the  reversionary 
annuity  required. 


PROBLEM  v.* 

*  \ 

§  71.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  A  B  C  &c,  after  the  ex- 
tinction of  the  longest  of  any  number  of  other  lives 
P,Q,R,  &c. 

Simpson,  Prob.  G. 
K 
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SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
1,  2,  3,  &c,  years  be  denoted  by  the  same  characters 
as  in  the  last  problem.  Now  the  chance,  which  the 
joint  lives  ABC  have  of  receiving  the  annuity  at  the 
end  of  any  one  year,  will  depend  upon  their  living  to 
the  end  of  that  year,  and  on  all  the  lives  P,  Q,  R,  be- 
coming extinct  before  the  end  of  that  period.  The 
probability  of  this  event  happening  in  the  first  year  is 

«|i.(l_£.)  X  (1— i)  X  (1—^)*,    which    being 

multiplied  by  (1  +8)""^  will  give  the  present  value  of 

//  //  //  // 

the  first  year's  rent.     In  like  manner, ^jj  (1 — ^)  x 

(1-i)  X  (1-4 )  multiplied   by   (l  +  g)-*,    and 

rrKl-p.^^  (I-7)  >'  (1-7 )  "^"Itiplied  by 
(l+g)~*>  \»ill  give  the  present  value  of  the  second 
and  third  year's  rents  respectively :  and  so  on  for  all 
the  subsequent  years,  to  the  utmost  extent  of  human 
life ;  the  sum  of  all  which  terms  will  be  the  present 
value  of  the  annuity  required.  But  these  expressions, 
reduced  to  their  simplest  terms,  are  equal  to  the  series 


''/|            /  /       /      //       //       //  /// 

_il.£_     \        P        g r        pq    ,    pr         qr  pqr 

**M^+^)  L           P  q        r'^  pq  "^   pr  '^  qr  pqr 

" ''  II      I               //  //        //       ■  //  //         //  //         //  //  //  //  // 

5  ^  g      I    1   . P  q        r        pq        pr        qr  pqr 

C(I-I-C>^«1      *    ""^  n  n           «.'^«o»«r"^/»r  naT 


+ 


"'  ///  /// 
06c 


a6c(  1+^)3 


p        q       r    '   pq    *    pr    '    qr         pqr^ 

lit  'ill  HI  III  III  III  III  III  III  III  III  Hi 

P        q        r_       pq    ,    pr    ,    qr         pqr     |  + 


p        q        r    '   pq    '   pr        qr "     pqr 
&c.  &c.  &c» 

*  See  Chapter  I,  §  9. 


J 
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the  sum  of  which  is  evidently  equal  to  ABC — 
ABCP—ABCQ—ABCR,+ABCFQ+ABCPR+ 
ABCQR—ABCPQR. 

§  72.  Whence  it  follows  that  the  value  of  a  rever- 
sionary annuity  on  any  number  of  joint  lives  ABC 
&c,  after  the  extinction  of  the  longest  of  any  number 
of  other  lives  P,  Q,  R,  &c,  is  equal  to  the  value  of 
an  annuity  on  all  the  joint  lives  in  reversion;  minies  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  one  of  the  other  lives ;  plus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  ,with  each  two  of  the  other  lives ;  minus 
the  sum  of  the  values  of  an  annuity  on  all  the  joint 
lives,  arising  from  the  combination  of  all  the  joint 
lives  in  reversion  with  each  THEEBof  the  other  lives; 
and  so  on. 

PROBLEM  VL* 

§  73.  To  find  the  value  of  an  annuity  on  the  long- 
est of  any  number  of  lives  A,  B,  C,  &c,  after  the 
extinction  of  any  number  of  joint  lives  P  Q  R  &c. 

SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
I,  2,  3,  &c,  years  be  denoted  by  the  same  characters 

*  Simpson,  Pxob.  7. 
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as  ib  the  preceding  probleiiE^.  Now,  the  chance  which 
any  one  of  the  lives  A,  B;  C>  has  of  receiving  tLean?- 
nuity  at  the  end  of  any  one  year,  will  depead  u,pon 
either  of  them  living  to  the  end  of  that  year, and  on 
the  extinction  of  the  joint  lives  P  QR  before  the^nd  of 
of  that  period .      The  probability  of  this  happeiiing  in 

first  year  is|_l  -,  ( l-A )  x  ( 1-4  )  x  (1  - J)][^ 


III 


(l.^ZH)^  which  being  multiplied  by  (l+g)"^  will 

give  the  present  value  of  the  first  year's  rent.     In  like 

Cii  It 

1  —  (  1 — — )  X  (1 — -^) 

//     I  //  //  // 


x(l— i)Jx(l-^;).  multiplied  by    (l+g) 


Ll-(l-^)x(l^A)x(l— J>^ 


///  IN  III 

p  q  r^ 


( 1 — ^-2^)  multiplied  by  (1  +2)^^ ,  will  give  the  pres- 

sent  value  of  the  second  and  third  year's  rents  re- 
spectively ;  and  so  on  for  all  the  subsequent  years, 
to  the  utmost  extent  of  human  life :  the  sum,  jof  ^all 
which  terms  will  be  the  total  present  value  of  the 
amiuity  required.  But  these  annual  expeqtatiQns 
being  reduced  to  their  simplest  terms,  and  arranged 
under  each  other  as  in  the  preceding  problems,  will 
form  fourteen  collateral  series,  the  sum  of  all  which 
will  be  found  equal  to  A +B+C~AB— AC -^BC-ir 
ABC  —  PQRA  —  PQRB  —  PQRC  +  PQttAB+ 
PQRAC+  PQRBC—PQRABC. 
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§  74,  Whence  it  follows  that  the  value  of  a  re- 
versionary annuity,  on  the  longest  of  any  number  of 
lives  after  any  number  of  joint  lives,  is  equal  to  the 
value  of  an  annuity  on  the  longest  of  all  the  lives  in 
reversion ;  minus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
on  all  the  joint  lives- in  possession  with  each  one  of  the 
other  lives ;  plus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
all  the  joint  lives  in  possession  with  each  two  of  the 
other  lives  ;  minus  the  sum  of  the  values  of  an  an- 
nuity on  all  the  joint  lives  arising  from  the  combina- 
tion of  all  the  joint  lives   in   possession   with  each 

THBEE  of  the  other  lives  ;   and  so  on. 

« 

PROBLEM  VIL* 

.  ^  76.  To  find  the  value  of  an  annuity  on  the 
longest  of  any  number  of  lives  A,  B,  C,  &c,  after  the 
extinction  of  the  longest  of  any  number  of  other  lives 

P,  Q,  R,  &c. 

SOLUTION. 

From  ^hat  has  been  already  said  in  the  preceding 
problems,  it  will  be  evident  that  the  annuity  here  al- 
luded to,  is  to  continue  during  the  longest  of  all  the 
given  lives  A,  B,  C,  P,  Q,  R ;  and  such  would  be  the 

*  SimpsoD,  ProU  4. 
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« 

value  of  it,  were  the  lives  A,  B,  C,  to  come  into  pos- 
session immediately.  But  as  they  are  to  receive 
nothing  during  the  existence  of  any  one  of  the  lives 
P,Q,R ;  the  value  of  an  annuity  on  the  longest  of 
their  lives  must  consequently  be  subtracted. 

Whence  it  follows  that,  if  we  subtract  the  value  of 
an  annuity  on  the  longest  of  the  lives  in  possession 
from  the  value  of  an  annuity  on  the  longest  of  all  the 
lives  concerned,  the  remainder  will  be  the  Value  of 
the  reversionary  annuity  required. 

SCHOLIUM 

» 
§  76.  By  the  help-of  these  four  problems  may  all 
the  various  cases  in  reversionary  annuities  be  solved. 
They  have  been  stated  at  length,  in  order  to  give  a 
general  view  of  the  subject:  but  it  will  readily  appear 
that  the  combinations  of  lives,  thence  arising,are  much 
more  numerous  than  occur  in  any  practical  cases  ; 
and  a  ready  solution  may  therefore  not  immediately 
present  itself  amidst  the  multiplicity  of  symbols.  It 
rarely  happens  that  more  than  three  lives  are  involved 
in  any  questions  of  this  kind :  and  in  order  to  pre- 
vent any  diflfliculty  or  confusion  in  referring  to  the  pro- 
blems for  a  solution  of  such  questions^  I  have  selected 
all  the  possible  cases  in  which  not  more  than  three  lives 
are  concerned  ;  to  which  I  have  added  the  algebraic 
solution  of  the  same :  where  A,  B,  P,  Q,  denote  the 
same  as  in  the  preceding  problems.      The  cases  are 
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five  in  number  :*  viz.  to  find  the  value  of  an  annuity 

1^  On  a  single  A  after  another  single  life  P  :  in 
which  case  the  value  of  the  reversionary  annuity  is 
equal  ioA — AP. 

2^  On  a  single  life  A  after  the  longest  of  two 
lives  P,Qan  which  case  the  value  of  the  reversionary 
annuity  is  equal  to  A — AP — AQ+APQ. 

3^  On  the  longest  of  two  lives  A,  B,  after  a  single 
life  P:  in  which  case  thevalue  of  the  reversionary  an* 
nuity  is  equal  to  A+B—AB-^-AP—BP+ABP. 

4**  On  a  single  life  A  after  two  joint  lives  PQ  : 
in  which  case  the  value  of  the  reversionary  annuity  i? 
equal  to  A — APQ. 

5®  On  two  joint  lives  AB  after  a  single  life  P  : 
in  which  case  the  value  of  the  reversionary  annuity  is 
equal  to  AB—ABP. 

For  examples  of  these  several  cases,  see  Questions 
XIII  to  XVII  in  Chapter  XIL 

COROLLARY    1. 

§  77.  If  the  contingency  of  receiving  the  annuity 
is  not  to  continue  during  the  whole  period  of  the'given 
lives  but  is  either  Deferred'\  or  Temporary ^  we  must 
revert  to  what  has  been  said  in  Prob.  1,  cor.  3  and  4, 
and  substitute  the  values  of  such  deferred  and  tern- 

*  Simpson,  Prob.  13  to  1 7  ;  and  his  Smj?.  Prob.  15  to  19  ;  Dodson,  voL 
ii.   Qucs.  94,  95,  97,  99,  and  101  ;  and  vol.  iii.  Ques.  20,  27,  28  and  29. 
Also  De  Moivre,  Piob.  7  and  8,  for  the  first  and  second  casej, 

t  Price,  Note  (D). 
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porary  annuities,  deduced  from  the  rules  there  given^ 
instead  of  the  values  of  annuities  on  the  whole  con- 
tinuance of  those  lives  ;  whence  by  proceeding  with 
these  substituted  values  according  to  the  rales  above 
stated,  we  shall  obtain  the  required  value  of  the  re- 
versionary annuity  accordingly,  ■'  •- 

But  this  rule  may  be  rendered  more  convenient  for 
practice  by  adopting  the  principles  laid  down  in  Prob, 
II,  cor.  2  and  4.  Thus,  in  the  first  6ase  given  in  the 
Scholium,  if  the  contingency  is  deferred  for  n  years, 

'  .  .  d 

the  value  of  the  reversionary  annuity  will  be  (A!)'    — *- 

And  this  value  subtracted  from  A — AP  will  give  the 
value  of  a  similar  temporary  reversionary  annuity. 
The  same  method  of  solution  will  apply  to  the  re- 
maining cases  given  in  the  Scholium. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Questiions  XVIII  and  XIX  in  Chapter 
XII. 

COROLLARY  II. t 

§  78.  If  a  reversionary  annuity,  the  contingency 
of  enjoying  which  is  deferred  for  any  number  of  years 
depends  on  i\iQ  joint  continuance  of  all  the  lives   to 

*  From  the  method  of  notation  adopted  throughout  the  present  work  it 
will  readily  appear  that  tt  denotes  in  this  case  the  number  of  persons  living 
at  an  age  n  years  older  than  P. 

t  Price,  Note.  (C). 
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the  end  of  that  term  ;  the  value  of  it  will  be  equal  to 
the  value  of  a  reversionary  annuity  depending  on  the 
same  number  of  lives  each  older  by  the  given  term 
than  the  given  lives,  multiplied  by  the  probability 
that  flj// the  joint  lives  shall  continue  so  long,  and 
also  by  the  present  value  of  £1  due  at  end  of  that 
term.  And  this  case  should  be  carefully  distin- 
guished from  the  deferred  reversionary  annuity  men- 
tioned in  the  preceding  corollary. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  the  Scholium  to  Question  XIX  in  Chap- 
ter XII. 
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CHAPTER  IV. 


On  Survivorships. 


.  { 


'1  ■ 


§  79.  In  the  preceding  chapters  I  have  consideri^d 
the  value  of  annuities  as  depending  on  the  continuance 
of  any  number  of  lives,  out  of  any  number  ol  given 
lives ;  and  also  the  value  of  reversionary  anuuitie?  jon 
any  number  of  lives,  after  the  extinction  of  any  .num- 
ber of  other  lu  es.  1  come  now  to  questions  of  a 
mixed  nature,  where  the  value  of  the  annuity  not  only 
depends  on  the  continuance  of  the  given  lives,  b^ut 
also  on  any  survivorship  between  them.  In  cases  of 
this  kind  the  annuity  is  frequently  enjoyed  in  different 
proportions  by  the  persons  on  whose  lives  the  sanae  is 
granted ;  and  therefore  they  are  capable  of  great  va- 
riety. The  nature  and  extent  of  such  questions  will 
best  appear  from  the  following  problems. 


PROBLEM  VIII.* 


•I. 


§  80,    A,  B  and  C  agree  amongst  themselves?  tpi 
purchase  an  annuity  on   the  longest  of  their  lives,. 


*  Simpson,  Prob.  20  ;  also  his /Sm/).  Prob.  23.      De   Moivre,    Prob.  9i 
Dodson,  ToK-iii.  Ques.  7d« 
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which  is  to  be  equally  divided  between  them  whilst 
they  are  all  living  ;  but  on  the  decease  of  either  of 
them  it  is  to  be  equally  divided  between  the  two  sur- 
vivors, during  their  joint  lives;  and  then  to  belong 
entirely  to  the  last  survivor  for  his  life  :  To  find  the 
value  of  their  respective  shares,  or  the  proportion 
with  each  person  ought  to  contribute  towards  the 
porciia^.e. 

SOLUTION. 

Let  the  probabilities  of  the  given  lives   continuing 

1,2, '3,  &c,  years  be  severally  denoted  by  the   same 

characters  as  in  §  23  :  and  let  us  first  determine  the 

share  of  A.     Now  the  expectation  of  A,  on  what  he 

may  happen  to  receive  at  the  end  of  any   one    year, 

may  be  considered  in  four  parts,  as  depending  on  so 

many  different  events  :  P  A,  B  and  C  may    be   all 

living,  the  probability  of  which  at  the  end  of  the  first 

/  /  / 
year  is^,  in  which  case  he  will   receive  -J  of  the 

tit 

annuity,   or  \    (I+2)"';    therefore   (l+pV^x^^ 

will  be   the  value   of  this  expection :  2^  A  and  B 
may  be  living  and  C  dead,  the  probability  of  which 

atthe^nd  of  the  first  yeiar  is^x(l — — ),  in  which 
case  he  will  receive  \  the  annuity,  or  \  (l+g)"*; 

therefore  (I +8)-^ X^x(i_i)    will   be  the   value 
of  this  expectation :  3^  A  and  C  may  be  living  and 
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B  dead,  the  probability  of  which  at  the  end  of  the 


ac    .      /I         b 


first  year  is — x  (1 — y),   in  which  case   he  will 
likewise  receive  |^  the  annuity,  or  J  (1  +g)"^ ;  therefore 


/  / 


a  e       f       & 


(l+8)''^x^^x( — ^)    will    be    the    value    of  this 
expectation :  4°  A  may  be  the  only  person  living,  the 


probability  of  which  at  the  end  of  the  first  year  is^^x 


(1 —  -T-)  X  (1 — — ),  in  which  case  he  comes  in  for  the 


whole   annuity,   therefore  (1  +g)"  ^  x  ~  x  (1 — y)    x 


€ 


(1 )  will  be  the  value  of  the  expectation.     And 


the  sum  of  all  these  values,   or  (1  -f  g)"*^  x  (^ 


aJb 
lab 


II        lit 

— ^+^A^)  will  be  the  total  value  of  the  expec- 
tation  of  A,  on  what  he  may  happen  to  receive  at  the 
end  of  the  first  year. 

By  pursuing  the  same  steps  it  will  be  found  that 

(l+S)-*x|-=>|^-f3+|^)  will  denote  tbe  ye- 
lue  of  his  expectation  on  what  he  may  happen 
to  receive  at  the  end  of  the  second  year :  and   that 

///     ni  III  III  III  III  I     II ^ 

(1  +2)"*  X  (-^  —^  -^^  +  |A5 )  will  denote  the 

^      ^  ^^  ^a  2ab        2ac         Sabc^ 

value  of  his  expectation  on  what  he  may  happen  to 
receive  at  the  end  of  the  third  year :  and  so  on  to  the 
utmost  extent  of  human  life.  The  sum  of  all  which 
terms,  or  the  series 
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(i+2)-'x[^i. 


/  / 


'/  /  /  /  /  "1 


a  h  ac      ^^  abc       J^ 


L.  a 


a  ^^_^  o6  aradc       -{- 

"loft        2a  c  "*"  3a 6  0  J 


&c  &o 

will  be  the  total  value  of  his  interest  in  the  annuity,  or 
the  share  which  he  ought  to  contribute  towards  the 
purchase.  But  the  sum  of  these  several  perpendicular 
series  is  equal  A — ^AJ^—^AC+lABC. 

§  81.  As  to  the  share  of  B,  or  C,  it  is  evident  that 
their  expectation  of  receiving  the  annuity  in  any  one 
year,  will  depend  on  the  same  events,  mutatis 
mutandis,  as  that  of  A  :  whence  it  follows  that  by 
substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  B — ^AB — 
JJBC+^ilBC for  the  value  of  B's  share;  and  C — 
^4C — ^£C+ii4JBCforthe  value  of  C's  share  in 
the  given  annuity :  whence  the  following  rule  for 
either  case. 

§  82;  From  the  value  of  an  annuity  on  the  given 
life  subtract  half  the  sum  of  the  values  of  an  aniiuity 
on  both  the  joint  lives  arising  from  the  combination 
of  the  given  life  with  each  one  of  the  other  ;  and  to 
the  remainder  add  07ie  third  of  the  value  of  an  an^ 
nuity  on  the  three  joint  lives :  the  sum  will  be  the 
answer  required. 
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^  83,  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40  ;  the  rate  of  interest  to  be  4  per 
cent,  and  the  probabilities  of  living  as  at  Northampton. 
Then  by  referring  to  the  Tables  at  the  end  of  this  work 
it  will  be  found  that  the  value  of  the  share  of  each 
person  in  this  annuity  will  be  as  under  :  viz.  that  of 

A  =  16-033-  ^  (ll-873  +  10-924)+-i-x  8  986=7-630 

B=14-781-i(n -873  + 10-490)+^ X  8-986r:6-595 

CZZ13-197-  2:;i0-924  +  10-490)  +  ix  8-986rz5-485 

and  the  sum  of  all  these  respective  shares,  or  19*710 
is  the  value  of  the  annuity  on  the  longest  of  the 
three  lives  ;  or  the  total  value  of  the  purchase. 

COROLLARY   I.* 

§  84.  If  only  two  lives,  A  and  B,  are  concerned 
in  the  purchase,  (during  whose  joint  continuance  the 
annuity  is  to  be  enjoyed  equally  between  them,  but 
on  the  decease  of  either  of  them  it  is  to  belong  wholly 
to  the  survivor)  the  value  of  the  share  of  A  will  be 
A — ^AB  ;  and  that  of  B  will  be  B — ^AB  :  whence 
the  following  rule  for  two  lives. 

^85.     From  the  value  of  an  annuity  on  the  given 
life,  subtract  half  the  value  of  an  annuity  on  the  two 
Joint  lives  r  the  remainder  will  he  the  share  of  the  given 
life  required. 

*  SimpsoD,  Prob.  18,  and  hit  Sup,  Prob.  2L  Dodson,  vol.  iii.  Ques.  72. 
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For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XX  in  Chapter  XII. 

COROLLAUV  n. 

§  86.  On  the  other  hand,  let  the  number  of  lives 
concerned  in  the  purchase  be  ever  so  great,  the  share 
^f  any  given  life  may  be  readily  determined,  provided 
tb6  annuity  be  always  equally  divided  among  the  sur- 
viving lives.  For,  let  G  denote  the  value  of  an  an- 
nuity on  the  given  life  ;  G  the  sum  of  the  values   of 

an  annuity  on  all  the  joint  lives  arising  from  combining 

II 

the  given  life  with  each  one  of  the  others  ;  G  the  sum 
of  the  values  of  an   annuity  on   all   the  joint  lives 

arising  from  combining  the  given  life   with  each  two 

III 

of  the  others  ;  G  the  sum  of  the  values  of  an  annuity 

on  all  the  joint  lives  arising  from  combining  the  given 

life  with  each  three  of  the  others  ;  and  so  on.     Then 

I  II        III 

will  G—^G  +i  G—lG+Scc  denote  the  share  of  the 

given  life,  or  the  value  which  he  ought  to  contribute 

towards  the  purchase. 

PROBLEM    IX.* 

§  87.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  which  is  to  be  divided 
amongst  them  in  the  following  manner :  A  and  B  are 
to  enjoy  it  equally  during  their  joint  lives  ;  but  on  the 

-  *  DodsoD,  Tol.  iii.   Que?.  75. 
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decease  of  either  of  them  it  is  to  be  equally  divided 
between  A  and  C,  or  B  and  G,  the  two  remaining 
persons ;  and  lastly,  to  be  enjoyed  wholly  by  the  sur- 
vivor ;  To  find  the  value  of  their  respective  shares, 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts,  as  depending  on  so  many  diflfereat 
events  :  1^  A  and  B  may,  be  both  alive,  the  proba- 


ab 


bility  of  which  at  the  end  of  the  first  year  is  ^,  in 
which  case  he  will  receive  ^  the  annuity  :  2^  A  and 
C  may  be  living  and  B  dead,  the  probability  of  which 


at  the  end  of  this  first  year  is  ~  x  (1 — j)  in  which 

case  he  will  also  receive  ^  the   annuity  :  3^  A  may 
be  the  only  person  living,  the  probability  of  which  at 

the  end  of  the  first  year  is-|-  x  (1 ^)x  (1  — —  ). 

in  which  case  he  will  come  in  for  the  whole  annuity. 
Now,  the  sum  of  all  these  values,being  multiplied  by 

(1 +8)-'  will  give  (l+2V^X(i— i4— -^+— ^ 
for  the  total  value  of  the  expectation  of  A  on  what 
he  may  happen  to  receive  at  the  end  of  the  first  year. 
By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year. 


jPa9»  ok  smiynrOiJftSQjrps.  81 

to  Ibe  utEQOfik  e:i(t$nt  of  human  life.  The  sum  of  all 
i^idiich  terms>  or  the  series 

Ci  4  t  it  /i/| 

a         ah  ac      ,     ahc 

IP 
I    //        M  n  II  U  H  H  H  \ 

^        \  III  III  III  III  III  III  III  III       I 

1     o         2a6        2ac'^2ab€-J 

win  denote  the  total  value  of  his  interest  in  the  an- 
nuity. But,  the  sum  of  these  several  perpendicular 
series  is  evidently  equal  to -4 — ^AB — ^AC+^ABC: 
whence  we  have  the  following  rule. 

§  88.  From  the  valm  nf  an  annuity  on  the  life 
Aj,  subtract  half  the  mm  of  the  values  of  an  annmty 
an  the  Joint  lives  AB,  and  AC  ;  to  the  remainder 
^^iM  half  the  value  of  an  annuity  on  the  three  joint 
lives  ABC  ;  the  sum  will  be  the  share  which  A  ought 
to  contribute  towards  the  purchase. 

i  89.  With  respect  to  the  value  of  B's  interest.it 
is  evident  that  his  expectation  of  receiving  the  annuity 
'in  afty  one  year  will  depend  on  the  same  events, 
:  mutatis  mutandis,  as  that  of  A  :  wherefore  by  sub- 
stituting the  values,  thence  arising,  in  the  general  ex- 
pression above  given,we  shall  have  B—^AB — \BC+ 
JAJ&C for  the  value  of  B's  interest:  whence  the 
following  rule.  '    ' 
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§  90.  Ftam  the  value  of  an  annuity  on  the  life  B 
subtract  half  the  sum  of  the  values  of  an  annuity  on 
the  Joint  lives  AB,  and  BC  ;  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC ;  the  sum  will  be  the  share  which  B  ought  to 
'  contribute  towards  the  purchase. 


§  91.  But  with  respect  to  C's  interest,  it  will  ap- 
pear that  his  expectation  of  receiving  the  annuity  in 
any  one  year  may  be  considered  in  the  three  following 
points^as  depending  on  so  many  different  events :  1  ^ A 
and  C  may  be  living  and  B  dead,  the  probability   of 


/  / 


which  at  the  end  of  the  first  year  is  ^^  x  (  1  — j^),     in 

which  case  he  will  receive  J  the  annuity  :  2^  B  and 

C  may  be  living  and  A  dead,  the  probability  of  which 

/  /  / 

at  the  end  of  the  first  year  is^  x  (I  — j),in  which 

case  he  will  receive  also  ^  the  annuity:  3^  C  may  be  the 
only  person  living,  the  probability  of  which  at  the  end 

of  the  first  year  is^  X  (  1  —  |.)  x  (1— f  ),  in  which 

case  he  will  receive  the  whole  annuity.    The  sum  of 
these  values  therefore,  being  multiplied  by  (1  +g)'"S 


ae  oc 


will  give  (1+8)-  X  (-1-  g£i_^)forthetotal  va- 

■  "  ■    *      •    ^ 

lue  of  the  expectation  of  C  on  what  he  may  happen 
to  receive  at  the  end  of  the  first  year. 

By  pursuing  the  same  steps,  we  may  find  the  value 
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of  his  expectation  on  what  he  may  happen  to  receive 
at  the  end  of  the  second,  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life.  The  sum  of 
all  which  terms  will  be  the  total  value  of  .his  interest 
in  the  annuity ;  and  will  be  evidently  equal  to  C — 
^AC — ^BC :  whence  the  following  rule. 

^  92.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AC,  and  BC  ;  the  remainder  will  be 
the  share  which  C  ought  to  contribute  towards  the 
purchase. 

\  93.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40 ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under  :  viz.  that  of 

A=I6-033-4(ll-873+10-924)+ix  8-986=  9-127 

B=14-781—Kll-873+10-490)+^x  8-986=  8-093 

C=13-197—i(10'924+ 10-490) -=2-490 

And  the  sum  of  all  these  values  is  the  value  of  an  an« 
nuity  on  the  longest  of  the  three  lives. 

PROBLEM  X.» 
§  94.    A,  B  and  C  agree  to  purchase  an  annuity 

*  SimpipD,  Probt  1^    Dodson,  vol*  iii,  Qaet.  74* 
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§  90.  Ftam  the  value  of  an  annuity  on  the  life  B 
subtract  half  the  sum  of  the  values  of  an  annuity  on 
the  joint  lives  AB,  and  BC  ;  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC ;  the  sum  will  be  the  share  which  B  ought  to 
contribute  towards  the  purchase. 


§  91.  But  with  respect  to  C's  interest,  it  will  ap- 
pear that  his  expectation  of  receiving  the  annuity  in 
any  one  year  may  be  considered  in  the  three  following 
points^as  depending  on  so  many  different  events :  l^A 
and  C  may  be  living  and  B  dead,  the  probability  of 


/  / 


which  at  the  end  of  the  first  year  is^  x  (  1  — ^),     in 

which  case  he  will  receive  ^  the  annuity  :  2^  B  and 
C  may  be  living  and  A  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is^^  x  (  I  — ^),  in  which 

case  he  will  receive  also  ^  the  annuity:  3^  C  may  be  the 
only  person  living,  the  probability  of  which  at  the  end 

of  the  first  year  is^  X  (  1  —  ^)  X  (1— f  ),  in  which 

case  he  will  receive  the  whole  annuity.    The  sum  of 
these  values  therefore^  being  multiplied  by  (1  +g)'"S 


ae  oc 


^\l  give  (1  +8)-  X  (f-  ^L^  -^Jorthe  total  va- 

lue  of  the  expectation  of  C  on  what  he  may  happen 
to  riceive  at  the  end  of  the  first  year. 

By  pursuing  the  same  steps,  we  may  find  the  value 
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of  his  expectation  on  what  he  may  happen  to  receive 
at  the  end  of  the  second,  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life.  The  sum  of 
all  which  terms  will  be  the  total  value  of , his  interest 
in  the  annuity ;  and  will  be  evidently  equal  to  C — 
^AC — iBC :  whence  the  following  rule. 

^  92.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AC,  and  BC  ;  the  remainder  will  be 
the  share  which  C  ought  to  contribute  towards  the 
purchase. 

\  93.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40 ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under  :  viz.  that  of 

A=  16-033-4(1 1  -873 + 10-924) +i  x  8-986=  9'127 

B=14-781—Kll-873+10-490)+^x  8-986=  8-093 

C=13-197—i(10-924+ 10-490) -=2-490 

And  the  sum  of  all  these  values  is  the  value  of  an  an- 
nuity on  the  longest  of  the  three  lives. 

PROBLEM  X.» 
§  94.    A,  B  and  C  agree  to  purchase  an  annuity 

*  Simps^D,  Prob.  l^    Dodson,  vol.  iii,  Qoef,  74. 
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557  ^"i^)  for  the  total  value  of  the  expectation  of 
B,  on  what  he  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  for  the  second,  third  and  every  subse- 
quent year,  to  the  utmost  extent  of  human  life.  The 
sum  of  all  which  terms  will  be  the  total  value  of  his 
interest  in  the  annuity ;  and  will  be  evidently  equal 
to  B—^AB  —  ^BC+^ABC:  whence  the  follow- 
ing rule. 

§  97.  From  the  valtce  of  an  annuity  on  the  life  B, 
subtract  half  the  sum  of  the  values  of  an  annuity  on  the 
Joint  lives  AB,  and  BC  ;  to  the  remainder  add  half  the 
value  of  an  annuity  on  the  three  Joint  lives  ABC :  the 
sum  will  be  the  value  which  B  ought  to  contribute  towards 
the  purchase.* 

§  98.  It  remams  now  to  determine  the  valU6  of 
the  share  of  C,  whose  expectation  of  receiving  the 
annuity  in  any  one  year  may  be  considered  in  two 
points :  1^  B  and  C  may  be  both  alive  and  A  dead, 
the  probability  of  which  at  the  end  of  the  first  year  is 


be 
be 


X  (1 —  — ),  in  which  case  he  will  receive  ^  the 
annuity :  2^  C  only  may  be  living,  the  probability  of 

which  at  the  end  of  the  first  year  is  -^  x  (1 ^    x 

*  The  value  of  Wn  interest  in  ihii  annuity  is  the  same  as  thai  in  tlia 
preceding  Problem. 
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(1 J- ),  in  \vhich  case  he  will  enjoy  the  whole  an* 

unity.     And  the  sum  of  these  two  values^  being 


raultiplied  by(l+8)-',  will  give  (1+8)"^  X  (-f 


ac  00     ,     aoc 


2b c  ■*'2767)  ^^^  '^®  *^*^^  value  of  the  expecta- 
tion of  C,  on  what  he  may  happen  to  receive  at  the 
end  of  the  first  year. 

By  a  similar  method  of  proceeding  we  may  find 
the  value  of  his  expectation  for  the  second^  third,  and 
every  subsequent  year  to  the  utmost  extent  of  human 
life.  The  sum  of  all  which  terms  will  express  the 
.  total  value  of  his  interest  in  the  annuity ;  and  will 
be  evidently  equal  to  C-'AC—^BC+j^ABC:  whence 
the  following  rule. 

§  99.  From  the  value  of  an  annuity  on  the  life  C 
subtract  the  value  of  an  annuity  on  the  joint  lives  AG, 
and  also  half  the  value  of  an  annuity  on  the  joint  lives 
BC  ;  to  the  remainder  add  half  the  value  of  an  annuity 
on  the  joint  lives  AJ&C  :  the  sum  will  be  the  share  which 
C  aught  to  contribute  towards  the  purchase. 

^  100.  Eivampk.    Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton 
The  value  of  the  share  of  each  person  in  this  annuity 
will  be  as  under :  viz .  that  of 


88  OM  SUBVIV0BSHIP8.  iJh.  4. 

A=:  16-033-4x1 1-873 =10-096 

B=14-78I— Kll'873  +  10-490)+^X8-986  =  8-093 
C=I3-197— 10-924— ^X  10-490+^X8-986  =  1-521 

and  the  sum  of  these  three  values  is  the  value  of 
an  annuity  on  the  longest  of  the  three  lites. 

PROBLEM.  XL* 

§  lOL  A,  B  and  G  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  divided  amongst 
,them  in  the  following  manner:  A  is  to  enjoy  the 
whole  annuity  during  his  life ;  but  after  his  decease 
it  is  to  be  divided  equally  between  6  and  C  during 
t)ieir  joint  lives ;  and  the  survivor  of  them  is  to  have 
the  whole :  To  iind  the  value  of  their  respective 
shares. 

SOLUTION. 

The  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity 
on  his  life ;  that  is,  equal  to  -4. 

§  102.  As  to  the  share  of  B,  the  expectation  on 
what  he  may  happen  to  receive  at  the  end  of  any 
one  year  may  be  considered  in  two  points,  as 
depending  on  so  many  different  events :  VB  and  C 
may  be  alive  and  A  dead,  the  probability  of  which 

*  Sin^>son's  Sup.  Pr ob.  22i,    Dodson,  vol.  iii,  Ques.  76. 
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J 


6f   Aefirslf   year  is^x  (l-^|-);iti\rtiidHciifeHa 

Will' receive  j,the  annuity ;  2*^6   may  be  tW  only 
fTersott  living,  the  probabUity  of  which  at  tlie  end  df 

the  firstyieari8|.x(:l~Ji)  x  (1  — -)>    '^^    Which) 

case  he  will  enjoy  the  whole  annuity.  And  the  ^ta'df 
these  two  values^  being  multiplied  by  (1  +8) '  S   will 

give  (l+8)r^  xCV-^-^-^)  for  the  total 

value  of  the  eX^ectatiofii  of  B  6«  what  hfe  mky  happdii 
to  receive' at  thfe  end  of  the  first  year. 

B3^^at  similkrmfethod^of  prdcfefedirig  we  may  find  the 
valhe- df  his*  e!xfp€f6tation  foi^  the^  se'cbrid,  third  arid 
every  subsequent  year,  to  the  utmost  extent  of 
btimtti«  life;  Thte  sttmof  iall  whicfh  terms  will  be  the 
tottil  valuer  of  his » irtteresf  in  the  annuiiy ;  arid'  will 
be fouBfd ^ eq^ittf  B^^AB^IBC + \ABC :  whence 
the  follo^tfg  rfttei 

§  103T  Prom  the  vatue  of  an  annuity  on  the  life 
JSI  sixbtrncfthe'vldue  of  an  afinuity  on  the'  jdiht  livei 
AS,*  a^  also  hhiftk&  value  of  an  annuiU/^  M  thi 
J^ttives^BG  ;  t&'tht'remaindei'  add -half  tkevulu6  of 
an  annuity  ov^  the^jeviit  IheS  ABC :  the  ste/n  'wiU  he'  the 
value  which  B  ought  to  contribute  towards  thepurchase. 


%  104.    With  respect  to  the  share  of  C,  it  is  evi- 
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• 

dent  that  his  expectation  of  receiving  the  annuity  at 
th^  end  of  any  one  year  will  depend  on  the  same 
events,  mutatis  mutandis^  as  that  of  B.  Therefore, 
by  pursuing  the  same  steps,  we  shall  find  that  the 
value  of  his  interest  in  the  annuity  will  be  equal  to 
C—AC — \BC — I  ABC:  whence  we  have  the  follow- 
ing rule. 

§  105.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  the  value  of  an  annuity  on  the  joint  lives 
AC,  and  also  half  the  value  of  an  annuity  on  the  joint 
lives  BC  ;  to  the  remainder  add  half  the  value  of  an 
annuity  on  the  joint  lives  ABC  ;  the  sum  will  be  the 
value  which  C  ought  to  contribute  towards  the  purchase,^ 

%  106.  Ejpample.  Let  the  three  lives  be  aged  20, 
30,  and  40  ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under  :  viz.  that  of 

A=:16033     , zzl6-033 

B=  14-781—1 1-873— Jx  10-490 +JX8-986  =  2-156 

C=13-197— 10-924— JXl0-490  +  ix8-986  =   1-521 

and  the  sum  of  these  three  values  is  the  value  of  an 
annuity  on  the  longest  of  the  three  lives, 

*  The  value  of  C's  interest  in  this  annuity  is  the  same  as  that  in  the  pre- 
ceding problem. 


Pr.  12,  ON  SURVIVORSHIPS.  91' 

PROBLEM  XIL 

§  107.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  enjoyed  wholly  by 
each  of  them  in  succession :  that  is,  A  is  to  enjoy  it 
first,  for  his  life  ;  at  his  decease,  B  is  toeuter  upon  it 
next ;  and  C,  last  :  To  find  the  value  of  their  re- 
spective shares. 

SOLUTION. 

The  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity 
on  his  life  :  that  is  equal  to  A. 

%  108.  The  value  of  B's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase, 
is  equal  to  the  value  of  a  reversionary  annuity  on  his 
life  after  the  decease  of  A  :  that  is,  (by  the  Scholium 
in  page  70)  equal  to  JB — AB. 

%  109.  The  value  of  C's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase, 
is  equal  to  the  value  of  a  reversionary  annuity  on 
his  life  after  the  extinction  of  the  longest  of  the  two 
lives  A  and  B  :  that  is/  (by  the  same  Scholium 
equal  to  C^AC—BG+ABC. 

\  IIQ.  Ejtample.  Suppose  the  three  liveis  to  be 
aged  20,  30,  and  40  ;  the  rate  of  interest  4  per  cent, ' 
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and  the  probabilities  of  living  as  at  Northampton. 
The  value  of  the  share  of  ead^  F^^AQ^  ^^  ^^i^  annuity 
will  be  as  under  :  viz.  that  of 

A=16-033 ,  ...     =   J6.083 

B=I4-781— 11-873 =     2-908 

C=13-197— (10-924  + 10-490) +8-986      =       -769 

and  the  sum  of  th^se  three  values  will  be  ih^  ya)y& 
of  an  annuity  on  the  longest  of  the  three  Uvgs, 

COROLLARY. 


'/■«■»  A  '  » 


§  1 U  •  If  m\^  two  live/^,  A  ftnd  B,  are  coiMJefftd 
i^  t!^e  purpj^as^,  th^  yalije  pf  tiheir  riB|Bp^tiy#  «har§p 
will  t^e  the  ^a^  ^^  above  given, 

PROBLEM  XIII. 

§  112.  A,  B  £gid  G  agree  to  purcha^^  an  anpri}ity 
to  continue  as  long  as  any  two  of  th^ir  lives  ^re  in 
being  j  and  \vhicti  is  to  be  eaually  divi4ed  betvf eei^ 
them  whilst  they  are  all  liying  \  but  on  tb^  decease 
of  either  of  them  it  is  to  be  equally  divided  between 
the  tyyro  survivors  during  th^ir  joint  lives  i  To  fipid  the 
value  of  their  respective  sliares. 

SOLUTION. 

The  expectation  of  A^  o^  what  he  may  happen  to 
receive  at  the  end  of  any  one  y^ar,  may  be  considedred 
ii;i  thij^e  p^^iftS;,  as  dependmg  on  sp  w^  d^erent 
eveftts  :  X'  A,  ]^  ^fji^  C  xos-y  be  aU  li^Ying,.  in  wlHQb 
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case  he  will  jeceive  i  of  the  annuity :  2^  A  and  B 
may  be  living  and  C  dead,  in  which  case  he  will 
receive  ^  the  annuity :  3^  A  and  C  may  be  living 
and  B  dead,  in  which  case  he  will  receive  also  J  the 
annuity.  Therefore  the  sum  of  these  expectations 
or  the  first,  second,  third,  &c,  years,  continued  to 
the  utmost  extent  of  human  life,  will  be  the  total 
value  of  A*s  share  in  the  annuity.  But  the  value  of 
these  several  expectations  has  been  already  found  in 
the  solution  to  Prob.  VIII ;  they  being  precisely  the 
same  a&  liie  first  three  which  are  there  mentioned  : 
and  the  sum  of , which,  for  every  year  of  human  life, 
will  be  found  equal  to  J  AB^-\AC—lABC. 

§  113.  With  respect  to  the  share  of  B  or  C,  their 
expectation  of  receiving  the  annuity  in  any  one  year 
will  depend  on  the  same  events,  mutatis  mutandis,  as 
that  of  A :  whence  it  follows  that  by  substituting 
the  values,  thence  arising,  in  the  general  expression 
above  given,  we  shall  have  |  AB-^-^BC—^ABC,  for 
tHe  value  of  B's  interest;  and  \AC+lBC—tABC, 
for  the  value  of  C's  interest  in  the  given  annuity : 
whence  the  following  rule  for  determining  the  value 
of  the  share  of  any  given  life  in  the  annuity. 

§  114,  Subtract  two  thirds  of  the  value  of  an  an- 
nuity on  the  three  joint  lives,  from  half  the  sum  of  the 
vahdes  of  an  annuity  on  both  the  Joint  lives  arisingfrom 
thc^  combtmHon^  (if  the  given  life  with  each  one  of  the 
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others :  the  remainder  will  be  the  value  of  the  share  of 
such  given  life. 


§  115.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  interest  4  per  cent,*  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A=Kll'873+10-924)— fx8-986=:6-408 

B=Kll'873  +  10-490)— fX8-986=:5-191 

CzzKlO'924  + 10*490)— fx8-986iz:  4-7 16 

and  the  sum  of  these  three  values,  or  15*315,  is  the 
value  of  an  annuity  on  the  three  lives,  to  continue  as 
long  as  any  two  of  them  are  in  being  together. 

PROBLEM  XIV. 

§  il6.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being ;  and  which  is  to  be  divided  amongst  them  in 
the  following  manner :  Aand  B  are  to  enjoy  it  equally  . 
during  their  joint  lives ;  but  on  the  death  of  either  of 
them,  it  is  to  be  equally  divided  between  the  two 
survivors,  for  their  joint  lives  :  To  find  their  respec- 
tive share's. 

SOLUTION. 

The  expectation  of  A  on^at  he  may  happen  to  ' 
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receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,  as  depending  on  so  many  different 
events:  1^  A  and  B  may  be  both  alive,  in  which 
case  he  will  receive  ^  the  annuity  :  2^  A  and  C  may 
be  living  and  B  dead,  in  which  case  he  will  also 
receive  ^  the  annuity.  Therefore  the  sum  of  these 
expectations  for  the  first,  second,  third,  &c,  years, 
to  the  utmost  extent  of  human  life  will  be  the  total 
value  of  A's  share  in  the  annuity.  But  the  value  of 
these  several  expectations  has  been  already  found  in 
the  solution  to  Prob.  IX ;  they  being  precisely  the 
same  as  the  first  two  there  mentioned ;  and  the  sum 
of  which  for  every  year  of  human  life,  will  be  found 
equ^il  to  ^AB+^AC — ^ABC:  whence  the  follow- 
ing rule. 

§  117,     Subtract  the  value  of  an  annuity  on  the 
joint  lives  ABC,  from  the  sum  of  the  values  of  an  an- 
nuity on  each  of  the  Joint  lives  AB  and  AC:  half 
the  remainder  will  be  the  value  which  A  ought  to 
contribute  towards  the  purchase. 

§  118.  With  respect  to  the  share  of  B,  it  is  evi- 
dent that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
events^  mutatis  mutandis^  as  that  of  A :  wherefore  by 
substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  i^AB+iBC — 
\ABC  for  the  value  of  B's  interest  in  the  annuity : 
whence  the  following  rule. 
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-  §  1 1 9.  Subtract  the  value  of  an  annuity  onf^tKe joint 
lives  ABC,  from  the  sum  of  the  values  of  an  annuity  on 
each  of  the  Joint  lives  AB  and  BC  :  half  the  remainder 
wUl  be  the  value  which  B  ought  to  contribute  towards 
the  purchase. 

\  120.  But  with  respect  to  the  share  of  C,  it  will 
appear  that  his  expectation  of  receiving  the  annuity 
at  the  end  of  any  one  year  may  be  considered  under 
the  two  following  points,  as  depending  on  so  many^ 
different  events:  1^  A  and  C  may  be  living-  and  B> 
dead,  in  which  case  he  will  receive  J  the  annuity : 
2^  B  and  G  may  be  living  and  A  dead,  in  which  ease 
also  he  will  receive  J  the  annuity.  Therefore  >  the 
sum  of  these  two  expectations,  for  the  first,  second, 
third,  &c,  years,  to  the  utmost  extent  of  human  life, 
will  be  the  total  value  of  C's  interest  in  the  annuity 
But,  the  value  of  these  expectations  has  been  already^ 
found  :iu  the  solution  to  Pi'ob.  IX ;  they  bein'g  ptt- 
cisely  thejsame  as  the  first  two  which  are  mentioned' 
in  the  investigation  of  C*s  share  in  that  annuity  • 
and  the  sum  of  which,  for  every  year  of  hunnmi  life, 
will  be  found  equal  tolAC+j^BC — ^il£C;  wheaee 
the  following  rule. 

121.     Subtract  the  value  of'anannuitif  on  the  joint 

iives  ABC,  from  half  the  sum  of  the  values  of  an  an^ 

^^tyonr^aeh  on  the  joint  lives  AC  and  BC  :  the  dif-^ 

^^^encewill  be  the  share  which  C  ought  to  contHiuU 

towards  the  purchase. 
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§  122.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton.  The 
value  of  the  share  of  each  person  in  this  annuity  will 
be  as  under  :  viz.  that  of 

Az=|(ll-873  +  10-924— S-986):=6-905 
BzzKll-873  +  10-490— 8-986)z:6-689 
C=zi(10'924  + 10-490)— 8-986z:  1-721 

and  the  sum  of  three  values  is  the  total  value  of 
the  annuity  on  the  three  lives,  to  continue  as  long  as 
any  two  of  them  are  in  being  together. 

PROBLEM  XV. 

§  123.  A,  B  and  C  agree  to  purchase  an  annuity 
to  continue  as  long  as  any  two  of  them  are  in  being 
together  ;  and  which  is  to  be  divided  between  them 
in  the  following  manner  :  A  and  B  are  to  enjoy  it 
equally  during  their  joint  lives  ;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives  ;  but  if  B  dies  first  then  A  is  to  enjoy  the  whole 
during  the  joint  lives  of  A,  and  C:  To  find  the  value 
of  their  respective  shares. 

SOLUTION.  , 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,asdepending  on  so  many  different  events: 
1^  A  and  B  may  be   both   alive,  the  probability  of 
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/    / 
a  h 


which  at  tl\e  end  of  the  first  year  is— ^,  in  which  case 

he  will  receive  |  the  annuity :  2®  A  and  C  may  be 
living  and  B  dead,  the  probability  of  which  at  the 

end  of  the  first  year  is  -^  x  (1 — -\m  which  case  he 

will  come  in  for  the  whole  annuity.  The  sum  of  these 
two  values,  multiplied  by  (I  +g)''\will  give  (1  H-g)"' 

(•^+— — ^-ir-)  for  the  total  value  of  the  expectation 

of  A  on  what  be  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  for  the  second,  thirds  and  every  subse- 
quent year  to  the  utmost  extent  of  human  life  :  the 
sum  of  all  which  ter  ms  will  be  the  total  value  of  his 
interest  in  the  annuity  ;  and  will  be  found  equal  to 
\AB+AC — ABC:  whence  the  following  rule. 

^  124.     Add  half  the  value  of  an  annuity  on    the 

joint  lives  AJ&y  to  the  valtce  of  an  annuity  on  the  JQint 

lives  AC ;  from  the  sum,  subtract  the  value  of  an  an'- 

nutty  on  the  joint  lives  ABC  ;  the  remainder  will  be  the 

value  of  the  share  of  A. 

^§  125.  The  expectation  of  B  on  what  he  may 
happen  to  receive  at  the  end  of  any  one  year  may  also 
be  considered  in  two  parts  as  depending  on  so  many 
difierent  events  :  1^  A  and  B  may  be  both  alive,  the 
prabability  of  which  at  the  end  of  the  first  year  is 
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/     / 

-^,  in  which  case  he  will  receive  \  the  annuity :  2° 
B  and  C  may  be  alive  and  A  dead,  the  probability  of 

which  at  the  end  of  the  first  year  is  -^  X  (  1  -^),  ia 


1 1 


which  case  likewise  he  will  receive  \  the  annuity. 
The  sum  of  these  two  values  therefore  being  multiplied 


/  /         /  /         /  /  / 

ac  bo     .    abc 


by  (l+8r  will  give  (l+g)-  x^-.^+^) 

for  the  expectation  of  B  on  what  he  may  happen  to 
receive  at  the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at 
the  end  of  the  second,  third,  and  every  subsequent 
year,  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity ;  and  will  be  found  equal  to  ^  {AB+ 
BC — ABC)  :  whence  the  following  rule. 

§  126.     Subtract  the  value  of  an  annuity  on  the  three 
joint  lives  ABC y  from  the  sum  of  the  values  of  an  ah* 
nuity  on  each  of  the  joint  lives  AB  and  BC :  half  the 
remainder  will  be  the  value  of  the  share  ofB.* 

§  127.  With  respect  to  the  share  of  C,  it  is  solely 
equal  to  half  the  value  of  a  reversionary  annuity  on 
the  joint  lives  BC,  after  the  life  of  A ;  which  rever- 
sionary annuity  is  by  the  Scholium  in  ^a^e  70,  ex- 

*  The  value  of  B's  interest  in  this  annuity  is  the  same  as  that  in  the 
preceding  problem. 
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pressed  by  ^BC — ABC):  whence  the  following 
rule. 

§  128  Subtract  the  value  of  an  annuity  on  the  Joint 
lives  ABC,  from  the  value  of  an  annuity  on  the  Joint 
lives  BC :  half  the  remainder  will  be  the  value  of  the 
share  of  C. 

§  129.  Example.  Suppose  the  three  lives  to  be 
aged  20^  30,  and  40 ;  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A  =  J  X 11-873  + 1 0924—8-986  =  7-874 
B  =  ^(ll-873  +  10-490-^8-986)  =  6-689 
0  =  ^(10-490— 8-986)  .  .  .   .  =    -762 

and  the  sum  of  all  these  three  values  will  be  the 
total  value  given  for  the  purchase. 

PROBLEM  XVI.* 

^  130.  D  and  his  heirs^  as  soon  as  any  two  oi 
three  given  lives  A,  B,  C,  become  extinct,  are  to 
enter  upon  an  annuity  in  order  to  enjoy  the  same 
during  the  life  of  the  survivor :  To  find  the  value  of 
bis  interest  therein. 

SOLUTION. 

This  annuity  is  evidently  to  continue  during  the 
longest  of  the  three  given  lives ;  and  the  value  of  the 

*  Simpson's  &v^,  Prob.  20.    Dodson,  vol,  iil,  Ques.  79. 
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same  without  auy  restriction  would  be  (by  Prob.  II. 
equal  to  A+B  +  C—AB—AC  —  BC+ABC  :  but 
since  D  (or  his  heirs)  is  not  to  receive  any  thing  du- 
ring the  contiauance  of  any  two  of  these  lives,  the 
value  of  an  annuity  depending  on  this  contingency 
must  be  subtracted  from  the  preceding  expression  ; 
and  which  value  is  (by  Prob.  HI)  denoted  by  AB+ 
AC+BC—2ABC.  Therefore  A+B  +  C—2AB'^ 
UC—2BC+3ABC  will  be  the  value  required  : 
whence  the  following  rule. 

§  131.  From  the  sum  of  the  values  of  an  annuity/ 
on  each  of  the  single  lives,  subtract  twice  the  sum 
of  the  values  of  an  annuity  on  each  pair  of  joint  lives  ; 
to  the  remainder  add  thrice  the  value  of  an  annuity  on 
the  three  joint  lives:  the  sum  will  be  the  interest  of  D  in 
this  annuity,  or  the  value  of  the  reversion  required. 

^  132.  Example.  An  estate  is  held  on  three 
lives  whose  ages  are  20,  30,  and  40,  the  income 
of  which,  as  soon  as  any  two  of  these  lives,  become 
extinct*  is  to  belong  to  D  and  his  heirs  during  the 
continuance  of  the  third  life  :  what  is  the  interest  of 
Din  this  lease,  reckoning  the  probabilities  of  living  as 
at  Northampton,  and  the  rate  of  interest  4  per  cent? 

The  sum  of  the  values  of  an  annuity  on  each  of  the 
single  lives  is  16-033+ 14-78H- 13-197=44-01 1  ; 
the  sum  of  the  values  of  an  annuity  on  each  pair  of 
joint    lives    is    1 1-873+ 10-924+ 10-490=:33-287  • 
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and  the  value  of  aa  annuity  on  the  three  joint  lives 
is  8-986.  Therefore  44-011  —  2x33-287  +  3  x 
8-986=4-395  will  be  the  value  required. 

PROBLEM  XVII.* 

§  133.  D  and  his  heirs,  as  soon  as  any  one  of 
three  given  lives.  A,  B,  C,  becomes  extinct,  are  to 
enter  upon  an  annuity  in  order  to  enjoy  the  same 
during  the  continuance  of  the  longest  of  the  remain- 
ing lives  .  To  find  the  value  of  his  interest  therein. 

SOLUTION. 

It  is  evident  in  this  case  also  that  the  annuity  is  to 
continue  during  the  longest  of  the  three  given  lives  ; 
and  such  would  be  the  value  of  it  to  D    (or  his  heirs) 
where  he  to  enter  upon  it  immediately  :  but  since  he 
is  not  to  receive  anything  during  the  continuance  of 
all  the  joint  lives,  the  value  of  an   annuity  on  those 
joint  lives  must  be  subtract,ed  from  the  value  of  ah  an- 
nuity on  the  longest  of  the   three  lives,  in  order  to 
obtain  the  required    valiie.     Wherefore,   A+B^C 
AB  ^AC—BC  +  ABC  +  ABC  =A  +  B  +  C — 
AB  — AC — BC  will  be  the  value  of  hi^  interest  in 
the  annuity  :  whence  the  following  rule. 

§  134.  From  the  sum  of  the  values  of  an  annuity 
on  each  of  ^the  single  lives^   subtract  the  Sum  €f  the 

riodscmS  ^oh  in.  Qoes.  78 
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values  of  an  annuity  on  each  fair  of  joint  lives  :  the 
remainder  will  be  the  interest  of  D  in  this  annuity ^  or 
the  value  of  the  reversion  required. 

§  135.  Example.  Suppose  the  lives  to  be  aged 
20,  30  and  40  ;  the  rate  of  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  value  required  would  be  I6'033  + 
14-781  +13-187  —(11-873  +  10'924  +  10-490)  = 
10-724. 

COROLLARY. 

§  136.  Had  two  lives  only,  A  and  B,  been  con- 
cerned in  this  question,  the  value  of  the  interest  of 
D  in  the  annuity  would  (by  the  same  method  of  rea- 
soning) become  equal  to  A+B — 2AB  :  whence 
the  following  rule. 

§  137.     From  the  sum  of  the  values  of  an  annuity 
on  each  single  life,  subtract  twice  the  value  of  an  an- 
nuity  onthe  twojoin^Mvesv  the  remainder  will  be  the 
value  required,. 

For  examples  of  the  use  and  application  of  this  co* 
rollary,  see  Question  XXI  in  Chapter  XII. 

PROBLEM  XVIIL* 

§  138.  D  and  his  heirs,  as  soon  as  any  one  of 
three  given  lives  A,  B,  C,  becomes  extinct,  are  to 

^Dodson,  Yol.  iii.  Que9  30. 
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enter  upon  an  annuity  in  order  to  enjoy  the  same 
during  the  joint  continuance  of  the  survivors :  To 
find  the  value  of  his  interest  therein. 


SOLUTION. 

In  this  case«  the  annuity  is  to  continue  only  as 
long  as  any  two  of  the  given  lives  are  in  being ;  and 
such  would  be  the  value  of  it  to  D,  were  he  to  enter 
on  it  immediately  :  but  since  he  is  to  receive  nothing 
during  the  joint  continuance  of  all  the  lives,  the 
value  of  an  annuity  on  those  joint  lives  must  be  sub- 
tracted from  the  value  of  an  annuity  to  continue 
as  long  as  any  two  of  them  are  in  being  together. 
Therefore  ^J3  +AC^BC—2ABC—ABCzzAB+ 
AC+BC-^dABC,  will  be  the  value  required :  whence 
the  following  rule. 

§  139.  From  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  lives  ^  subtract  thrice  the  value  of 
an  annuity  on  the  three  joint  lives :  the  remainder  will 
be  the  value  required. 

§  140.  Example.  Suppose  the  lives  to  be  aged 
20,  30  and  40 ;  the  rate  ot  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  required  value  would  be  II '873  + 
10-924+10-490— 3x8-986=6-329- 
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SCHOLIUM. 


^141.  The  preceding,  problems  contain  some  of 
the  most  general  cases  of  survivorship, where  not  more 
than  three  lives  are  concerned  ;  they  are  by  no  means 
offered  as  the  whole  which  may  arise,  since  the  con- 
ditions of  the  problems  are  capable  of  infinite  variety: 
but,  by  an  attention  to  the  method  of  deducing  the 
values  in  the  cases  here  given,  it  is  presumed  that  no 
difficulty  will  be  found  in  investigating  any  other ^case 
which  may  present  itself.  .     . 

§  ]  42.  I  would  here  observe,  however,  that  the 
values,  in  all  these  problems,  are  deduced  from  the 
whole  continuance  of  the  lives  on  which  the  anmiities 
depend  :  but  if,  from  the  conditions  of  the  problem, 
the  contingencies  ^re  Deferred  or  Temporary,  then 
the  annuities  which  result  therefrom  will  be  affected 
in  a  similar  manner.  In  such  cases,  therefore^  we 
must  substitute  the  value  of  such  deferred  or  tem- 
porary annuities,  instead  of  aanuitieii  on  thevjvhot^ 
continuance  of  the  lives,  and  proceed  with  such  sufo^ 
stituted  values  in  the  same  manner  as  with  the  whole 
values  of  the  annuities  :  agreeably  to  what  I  have  al- 
ready mentioned  inProb.  II,  cor.  2  and  4  :  and  cor.l 
to  the  Scholium  in  page  70. 
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enter  upon  an  annuity  in  order  to  enjoy  the  same 
during  the  joint  continuance  of  the  survivors :  To 
find  the  value  of  his  interest  therein. 


SOLUTION. 

In  this  case^  the  annuity  is  to  continue  only  as 
long  as  any  two  of  the  given  lives  are  in  being ;  and 
such  would  be  the  value  of  it  to  D,  were  he  to  enter 
on  it  immediately  :  but  since  he  is  to  receive  nothing 
during  the  joint  continuance  of  all  the  lives,  the 
value  of  an  annuity  on  those  joint  lives  must  be  sub- 
tracted from  the  value  of  an  annuity  to  continue 
as  long  as  any  two  of  them  are  in  being  together. 
Therefore  ^J3  +AC^BC—2ABC—ABCzzAB+ 
AC+BC-^dABC,  will  be  the  value  required :  whence 
the  following  rule. 

§  139.  From  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  lives,  subtract  thrice  the  value  of 
an  annuity  on  the  three  joint  lives :  the  remainder  will 
be  the  value  required. 

§  140.  Example.  Suppose  the  lives  to  be  aged 
20,  30  and  40 ;  the  rate  ot  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  required  value  would  be  11*873+ 
10-924+10-490— 3x8-986=6-329- 
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SCHOLIUM. 

^141.  The  preceding,  problems  contain  some  of 
the  most  general  cases  of  survivorship, where  not  more 
than  three  lives  are  concerned  ;  they  are  by  no  means 
offered  as  the  whole  which  may  arise,  since  the  con- 
ditions of  the  problems  are  capable  of  infinite  variety: 
but,  by  an  attention  to  the  method  of  deducing  the 
values  in  the  cases  here  given,  it  is  presumed  that  no 
difficulty  will  be  found  in  investigating  any  otber.<:ase 
which  may  present  itself.  .     . 


§  J  42.  I  would  here  observe,  however,  that  the 
values,  in  all  these  problems,  are  deduced  from  the 
whole  continuance  of  the  lives  on  which  the  anmiities 
depend  :  but  if,  from  the  conditions  of  the  problem, 
the  contingencies  dive  Deferred  or  Temporary,  thfta 
the  annuities  which  result  therefrom  will  be  aflTected 
in  a  similar  manner.  In  such  cases,  therefore^  we 
must  substitute  the  value  (^such  deferred  or  tem- 
porary annuities,  instead  of  aanuitieii  on  thevjvhot^ 
continuance  of  the  lives,  and  proceed  with  such  sui> 
stituted  values  in  the  same  manner  as  with  the  whole 
values  of  the  annuities  :  agreeably  to  what  I  have  al- 
ready mentioned  inProb.  II,  cor. 2  and  4  :  and  cor.l 
to  the  Scholium  in  page  70. 
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others :  the  remainder  will  be  the  value  of  the  share  of 
such  given  life. 


\  115.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  interest  4  per  cent,*  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A=Kll'873  +  10-924)— fX8-986z:5-408 

B=Kll'873  +  10-490)— fX8-986=:5-191 

C=K10*924  + 10'490)— f  x8-986zz4-7 16 

and  the  sum  of  these  three  values,  or  15*315,  is  the 
value  of  an  annuity  on  the  three  lives,  to  continue  as 
long  as  any  two  of  them  are  in  being  together. 


PROBLEM  XIV. 

§  1 16.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being ;  and  which  is  to  be  divided  amongst  them  in 
the  following  manner  :  A  and  B  are  to  enjoy  it  equally 
during  their  joint  lives ;  but  on  the  death  of  either  of 
them,  it  is  to  be  equally  divided  between  the  two 
survivors,  for  their  joint  lives  :  To  find  their  respec- 
tive share's. 

SOLUTION. 

The  expectation  of  A  on  "what  he  may  happen  to  ' 


k 
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receive  at  the  end  of  any  one  year  may  be  considered 
in    two   parts,   as  depending  on  so  many  different 
events:   1^  A  and  B  may  be  both  alive,  in  which 
case  he  will  receive  ^  the  annuity  :  2^  A  and  C  may 
be  living  and  B  dead,  in  which  case  he  will  also 
receive  ^  the  annuity.     Therefore  the  sum  of  these 
expectations  for  the  first,  second,  third,  &c,  years, 
to  the  utmost  extent  of  human  life  will  be  the  total 
value  of  A's  share  in  the  annuity.     But  the  value  of 
these  several  expectations  has  been  already  found  in 
the  solution  to  Prob.  IX ;  they  being  precisely  the 
same  as  the  first  two  there  mentioned :  and  the  sum 
of  which  for  every  year  of  human  life,  will  be  found 
equal  to  ^AJ5+Ji4C — ^ABC:  whence  the  follow- 
ing rule. 

§  117,     Subtract  the  value  of  an  annuity  on  the 
joint  lives  ABC,  from  the  sum  of  the  values  of  an  an- 
nuity on  each  of  the  Joint  lives  AB  and  AC :  half 
the  remainder  will  be  the  value  which  A  ought  to 
Qontribute  towards  the  purchase. 

§  118.  With  respect  to  the  share  of  B,  it  is  evi- 
dent that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
events,  mutatis  mutandis^  as  that  of  A  :  wherefore  by 
substitutmg  the  values,  thence  arising,  in  the  general 
expresiffon  above  given,  we  shall  have  ^AB+lBC — 
\ABC for  the  value  of  B's  interest  in  the  annuity: 
whente  the  following  rule. 
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-  §  119.  Subtract  the  value  of  an  annuity  orttKe joint 
lives  ABC,  from  the  sum  of  the  values  of  an  annuity  on- 
each  of  ttie  joint  lives  AB  and  BC  :  half  the  remainder 
will  be  the  value  which  B  ought  to  contribute  towards 
the  purchase. 

%.  120.    But  with  respect  to  the  share  of  C,  it  will 
appear  that  his  expectation  of  receiving  the  annuity 
at  the  end  of  any  one  year  may  be  considered  under 
the  two  following  points,  as  depending  on  so  many< 
different  events :  1^  A  and  C  may  be  living  and  B> 
dead, in  which  case  he  will  receive  \  the  annuity: 
2?  B  and  C  may  be  living  and  A  dead,  in  which  case^ 
also  he  will  receive  \  the  annuity.    Therefore .  the 
sum  of  these  two  expectations,  for  the  first,  second, 
third,  &c,  years,  to  the  utmost  extent  of  human  life, 
will  be  the  total  value  of  C's  interest  in  the  annuity 
But,  the  value  of  these  expectations  has  been  alrea^y^ 
foujidda  Ihe  solution  vtoPtob..  IX ;  they  bein^  pftt-^ 
cisdy  the  ^anac  as  the  first  two  which  are  meixtioned' 
in  the  investigation  of  C*s  share  in  that  atinmty: 
and  the  sum  of  which,  for  every  year  of  human  life, 
will  be  found  .equal  io\.AC+\BC — ^ilJSC:  wheoee 
the  following  rule. 

121.     Subtract  the  value  of 'an  annuity  on  the  joint 

lives  AX^G ,  ffom  hhifthe  sum  of  the  values  of  [an  an-- 

nuity  mr^aeh  on  the  joint  lives  AC  and  BC  :  the  dif'^ 

ferencewill  be  the  share  which  C  ought  to  contri6ut^ 

towards  the  purchase. 


%■ 
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§  122.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton.  The 
value  of  the  share  of  each  person  in  this  annuity  will 
be  as  under  :  viz.  that  of 

Az=|(ll-873  +  10-924— 8-986):=6-905 
Bz=i(ll  -873  + 10-490— 8-986)=6-689 
0=1(10-924  + 10-490)— 8-986= 1-721 

and  the  sum  of  three  values  is  the  total  value  of 
the  annuity  on  the  three  lives,  to  continue  as  long  as 
any  two  of  them  are  in  being  together. 

PROBLEM  XV. 

§  123.  A,  B  and  C  agree  to  purchase  an  annuity 
to  continue  as  long  as  any  two  of  them  are  in  being 
together  ;  and  which  is  to  be  divided  between  them 
in  the  following  manner  :  A  and  B  are  to  enjoy  it 
equally  during  their  joint  lives  ;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives  ;  but  if  B  dies  first  then  A  is  to  enjoy  the  whole 
during  the  joint  lives  of  A,  and  C:  To  find  the  value 
of  their  respective  shares. 

SOLUTION.  ^ 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,asdepending  on  so  many  different  events: 
V  A  and  B  may  be   both   alive,  the  probability  of 
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By  diese  examples  it  will  be  seen  that  the  proba- 
bility, that  a  life  aged  80  will  die  before  another  life 
aged  90,  is  expressed  by  the  fraction  *2999 ;  where 
certainty  is  denoted  by  unity  ;  and  that,  if  the  two 
lives  .where  82  and  92,  the  probability  would  be  ex- 
pressed by  •2477.  It  will  be  seen  also,  on  inspection, 
that  each  year's  series  is  for  the  most  part  composed 
of  the  terms  which  form  the  preceding  series  :  and 
consequently  that  the  finding  the  probability  of  sur- 
vivorship between  lives  of  several  ages,  whose  com- 
mon difference  is  the  same,  is  not  much  more  labo- 
rious than  finding  it  for  the  youngest  of  those  lives. 

§  148.  The  above  example  relates  to  the  proba- 
bilities of  survivorships  between  the  two  lives  as  ob- 
served in  Sweden  amongst  mankind  at  large  :  but  if 
one  of  those  lives  be  a  male  and  the  other  a  female 
the  results  will  be  materially  different,  as  may  be  seen 
by  the  two  following  tables,  where  the  answer  will 
vary  according  as  the  male  or  the  female  is  the 
oldest  of  the  two  lives. 


Age  of 

Afire  of 

Probability 

Age  of 

Age  of 

Probability 

A 

B 

that  A 

A 

that  A 

Male. 

Femah 

dies  first 

Female 

Male 

dies  first 

87 

97 

•1209 

87 

97 

H)000 

86 

96 

•1956 

86 

96 

•0000 

85 

95 

-2405 

8^ 

95 

*1228 

84 

94 

'2811 

84 

94 

*1798 

83 

d3 

•3147 

«3 

93 

•2046 

82 

92 

•3342 

82 

92 

•2437 

81 

91 

•3478 

81 

91 

•2678 

80 

90 

•3534 

80 

90 

•2797 

i 
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Two  other  tables  likewise  might  be  formed  for  the 
same  ages  ;  viz.  for  those  cases  where  both  the  lives 
are  males,  and  for  those  cases  where  both  the  lives  are 
females  :  and  the  results  would  in  these  cases  also  be 
diflferent  from  those  above  adduced.  But  enough  has 
been  said  to  enable  the  reader  to  calculate  the  true 
probability  of  survivorships  according  to  any  case 
that  may  come  before  him.* 

*  Mr.  Morgan  has  given  a  •*  Table  shewing  the  probabilities  of  **  surri 
Yorship  between  two  persons  of  all  ages,  whose  common  *^  difference  of  age 
IS  not  less  than  10  ;  computed  from  the  **  Northampton  table  of  observa- 
tions." See  Phil.  Trans,  vol.  Ixxviii.  p.  337  ;  or  Dr.  Price's  Ohs.  on  JRev' 
Pay,  vol.  I.  p.  406*  He  says  that  the  probabilities  are  very  nearly  the 
same  from  whatever  table  of  observations  they  are  computed  :  the  accuracy 
of  which  remark  may  be  best  seen  by  a  comparsion  with  the  examples  above 
given. 

The  table,  here  alluded  to,  is  the  only  one  hitherto  calculated  for  show- 

• 

Vg  the  probabilities  of  survivorship  between  any  two  lives.    As  that  table 

however  is  applicable  only  to  the  valuation  of  annuities  as  deduced    from 

the  Northampton  observations,  and  is  moreover  adapted  to  every  decade 

only  of  human  life,   I  shall  point   out   an  easy  method  whereby   we  may 

obtain  a  near  value  of  such  probability  ;  which,^though   not   strictly   true 

will  be  sufficiently  correct  if  the  two  lives  are  between  10  and   70  years  of 

age  :  at  least,  till  we  are  possessed  of  more  enlarged  tables  on  this  subject. 

L^t  the  expectation  of  A's  life,  as  found  by  Prob.  I,  cor.  7,  be  denoted  by  e 

and  let  the  expectation  of-B'sIife  as  found  in  the  same  manner  be  denoted 

c 
by « :  then  will  Tf^=  -— — . 

This  formula  is  dcdused  from  the  assumption  that  the  decrements  of 
life  are  equal  and  uniform  at  every  age  agreeably  to  the  principles  of  M.  De 
Moivre  which  will  be  more  fully  explained  in  Chapter.  IX  :  and  is  one  of  the 
^lany  instances  ofthe  utility  and  convenience  of  that  celebrated  hypothesis. 
The  following  examples  deduced  from  iheNorthampton  observations  and  com- 


Ltm.  1. 
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COROLLARY  I. 

§  1 49.  If  the  sum  of  any  number  of  terms  of  that 
series  be  subtracted  from  the  probability  of  the  fail- 
ing of  the  joint  lives  in  that  term,  the  difference  will 
denote  the  probability  that  B  will  die  before.  A  in 
that  time.  Consequently  (since  it  is  certain  that  one 
or  other  of  them  will  die  before  the  end  of  n  years) 
if  the  sum  of  the  whole  series  be  subtracted  from  unity 
the  difference,or  1 — -^^  will  express  the  whole  chance 
of  B  dying  before  A  during  the  problem  term  o 
their  joint  continuance. 

COROLLARY     II. 

§  150.  When  the  two  lives  are  equal,  the  sum  of 
the  general  series  given  in  the  problem  is  equal  to  \ : 
that  is,  -^  =1^. 

pared  mth  the  values  found  by  the  Lemma,  will  show  how  far  it  may  be 
relied  on. 


Age  of 

Age  of 

A 

B 

20 

30 

20 

40 

20 

50 

20 

60 

30 

40 

30 

50 

30 

60 

40 

50 

40 

60 

50 

60 

Value 
by  Hypothesis. 


•4228 
'3452 
•2692 
•J  976 
'4082 
•3182 
•2336 
'3897 
•2862 
•3671 


Value 
by  Lemma, 


■«M 
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SCHOLIUM. 

^161.  Since  A  and  B  may  denote  lives  of  any 
ages,  and  therefore  the  series  given  in  the  problem 
extends  to  all  cases  ;  whereby  rp  becomes  a  general 
expression  for  the  probability  of  survivorship  between 
any  two  lives  ;  yet,  as  different  probabilities  may  here- 
after arise  in  the  same  problem,  and  as  much  confu- 
sion may  be  created  by  the  use  of  the  same  character 
to  express  different  quantities,  I  here  take  the  oppor- 
tunity of  observing  that  I  shall  denote  the  several  pro- 
babilities of  survivorships  that  may  take  place  between 
any  two  of  the  three  lives  A,  B,  C,  by  the  following 
symbols  :  viz. 

A  dying  be/ore  B  zz  ,^ 

•'*   •      •      •      •      OzTcu 

B  .    .    .    •    c=# 
tvhence  it  follows,  by  Cor.  1,  that  the  probability  of 

B  dying  before  Azz  1 — \p  > 


c 

•         •          •          •         Xl.«i—  1  — 

—01 

c 

Bzzl— 
LEMMA  II.* 

-4> 

§  152.  To  determine  the  probability  that,  out  of 
two  given  lives  A  and  B,  one  of  them  in  particular.  A, 
shall  die  after  the  other. 

*Phil  Trans.  1794,^an  II,  pa^^e  iU.    DobiOD,  vdLiiij  19. 
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SOLUTION. 

It  is  manifest  that  this  circumstance  can  take  place 
in  thefirstyear  only  by  the  extinction  of  both  the  livfes, 

A  having  died  last;  the  probability  of  which  ^n^  X 
^-^  X|^,*  an  expression  which,  for  reasons  that 
will  hereafter  appear,  I  shall  make  equal  to  -^^  — 

(g-J)  X  (h  +  i) 
2ab  * 

But  in  the  second  and  following  years,  the  event 
may  take  place,  1^  by  the  extinction  of  both  the  lives 
in  the  year,  A  having  died  last ;  2®  by  the  decease 
of  A  in  the  year,  B  having  died  in  either  of  the  pre- 
ceding years.    The  probability  of  the  first  of  these 

events  happening  in  the  second  year  is  "^^^ — ■* 
and  the  probability  of  the  second  event  happening  in 

the  same  period  is^^^x  (1 — j)  :  the  sum  of  these 


//     .  /    //      .  t   II 


two,  therefore,  or  2z2._lfz:f)><f*±£2,  will  denote  the 

'  a  Lao 

whole  probability  that  A  dies  after  B  in  the  second 
year ;  and  which  expression,  being  added  to  value 


a — a 


just  found    for    the    first    year    will    give-^-  — 

{a:::2l^^  for  the  probability 

that  A  dies  after  B  mtwo  years* 

*  See  the  note  in  page  109, 
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In  like  manner^  the  probability  of  the  first  event 

//   ///       //  /// 
happening  in  the  third  year  is^°"^^^^^  "—,  and  the 

probability  of  the  second  event  happening  in  the  same 
period  is^^^^x(l — y)  ;    the    sum    of  which,    or 

^_i±=^g^i£±£2^  will  denote  the  whole  probability 

of  A  dying  after  B  in  the  third  year ;  and  which 
expression,  being  added  to  the  value  just  found  for 

two  years,   will  give  ^  ^  (2=?l2<^  1£±^  +  ?=«._ 

—h-^  — +  ^-  (It^tt^,  for  the  probabi- 
lity  that  A  dies  after  B  in  three  years. 

And  so  on  with  respect  to  the  values  for  every  sub- 
sequent year :  and  if  we  make  n  equal  to  the  dif- 
ference between  the  age  of  the  oldest  of  the  given 
lives  and  that  age  in  the  table  of  observations  at  which 
human  life  becomes  extinct*,  we  shall  find  that  the 

*  Mr.  Morgan  has  taken  this  term  equal  only  to  the  difference  hetween 
the  age  of  the  oldest  of  the  given  lives  and  the  age  of  thQ  oldest  life  in  the 
tahle  of  ohservations  :  whereby  he  has  omitted  the  chance  of  one  life  dying 
after  the  other  in  the  last  year  of  their  joint  existence.  The  reader  most 
hear  this  in  mind  when  comparing  the  values,  deduced  hy  this  rule,  with 
the  values  deduced  from  the  rule  given  by  Mr,  Mprgan.  1  would  here 
observe,  that  the  formula  above  given  is  not  only  the  most  correct  of  the 
two,  bat  also  renders  the  several  expressions,  in  which  it  is  afterwards]  used 
much  more  simple  than  those  which  are  deduced  according  to  Mr.  Morgan's 
assumption.    And,  agreeable  io  these  priooiples,  it  will  be  found   that  tht 
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/     //  //     ///  a»^a 


series— -T  -j ^ 


/      //  7      //  '    7'      ///.  .Jf      III 


(a-g)  X  (5+^    I    fg—g)  X  (^>+6)     ,    (g— g)x  (6+^)     . 

tab  *"  2aA  ■*  tab  T   •    •    • 


-^ ^jwill  express  the  whole  chance 

of  A  dying  after  B  daring  that  'period ;  that  is,  during 
the  probable  term  of  their  joint  continuance. 

But  the  first  part  of  this  series,  or  .2i:?+?Zf+ 
—  + — ,  is   evidently  equal  to  ^ —  z: 

« 

(1— ~);  that  is,  equal  to  the  probability  that  the 
life  A  shall  fail  in  that  period :  and  the  latter  part  of  the 
series,  which  is  to  be  subtracted,  is  (by  the  preceding 
Lemma)  equal  to  ^ :  consequently  the  total  required 

value  for  w  years  will  be  denoted  by   (1 — -  )  —  ^. 

table  which  Mr.  Morgan  has  given,  of  the   probabilities  of  one   life  dying 
q/?er  the  other,  is  totally  useless   :  since   its  application  mny  always  be 
avoided  in  practice  ;  as  will  be  evident  from  the  method  pursued  in  the  in- 
vestigation of  the  problems  in  this,  and  in  the  eighth  Chapter  of  the  present 
work. 
Should  the  reader  be.  desirous  of  knowing  the  probability  that  A  will  die 

after  B  during  the  period  of  their  joint  continuance,  according  to  Morgan^s 

a 

auumption,  he  will  find  that  is  denoted  by  (1 — _J)  — xj/  :  that  is,  by  sub  " 

g 
stituting  a  for  a  in  the  formula  which  I  have  given  in  the  text.    In  like 

manner  the  probability  of  B  dying  after  A   in  that  period  will^  upon  the 

the  same  assumption,  be  denoted  by  ^  —  — :  that  is,  by  substituting  P  for  fi 

b 
the  formula  given  in  the  scholium.     And  so  of  the  other  quantities  there 

adduced* 
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COROLLAftIr   1. 

§  153.  If  the  sum  of  any  number  of  terms  in  the 
above  series  be  subtracted  from  the  probability  of  both 
the  lives  falling  in  that  time,  the  difference  will  de- 
note  the  probability  that  B  will  die  after  A  during  that 
period.     Consequently  if  the  sum  of  the  whole  series 

above   given  be    subtracted    from(l — ~)x( — j)'~' 

1 — -^,*  (or  the  probability  that  both  the   lives 

fail     in    that  period)  the    difference,   or(  -^ — ^- 


(1 —  — — i//  n:  \p  — ~,will  express  the  chance  of  B 
dying  after  A  in  that  period. 

COROLLARY  IL 

^  154.  When  the  two  lives  are  both  of  the  same 
age,  \p  becomes  equal  to  ^ ;  as  already  mentioned  in 
the  second  corollary  to  the  preceding  Lemma  :  con- 
sequently the  sum  of  the  series  in  the  present  Lemma 
becomes  also  equal  to  ^. 

SCHOLIUM. 

§  1 55.  In  order  to  prevent  the  confusion  of  quan- 
tities alluded  to  in  the  Scholium  given  in  page  1 16, 1 
shall  here  denote  the  several  probabilities  of  survivor- 

*   Since  it  is  certain  that  one  or  other  of  the  lives  will  he  extinct  at  the  end 
of  n  years,  it  follows  that  that  the  quantity^*  which  arising  from  this  pro* 

duct,  will  vanish  altogether. 


shi^,  #fiteti  fe*!ve  bieh  the  subject  of 'thfe  hetAmi, 
wH  whjoh '  niaiy  aWsfe  between'.  ^Any  tw6  of  threfe  fivfeS' 
AiB}-C/%y  thefbltevirilfl^AjroiboIsi  vhs.  , 

.  ;    ,.        A.4ying  aflef  B,=  1— V'— r^ 


A...;,    .;..    0  =  1:— -(ft-H-r 

a 


B.    .    .    .     C  =  l  — . 

0 


/s  > 


.1 


whence  it  follows  by  Cor.  1,  that  tlie  probability  of 

B  dying  after  A  rz  \p —  ^  .  . 


c. 

•     ."    Aii'fti - 

^vil 

■  >  .               •      , 

c 

i"/  -..» 

c. 

•     •     ;     B  =^- 

^  1 5$.  It  should  here  be  remarked  that  the  abovie 
expressions  denote  the  respective  pfdbfkbUitfdls  jofiiurr 
viVorship  for  n  years  only,  or  during  the  probable 
time  of  the  joint  c6intmuinoe  of  the  two  lives'^  and 
thafthetaiuwat^  deduced  without  any  regard* -to 
siettiority.  Therefore,  when  A  is  thb  oldest  of  tW 
two  lives  the  general  e^cpresi^io):^  ;ini  tte  Leinniiar''yir|ll 
become  1  —  yp;  because  a  becomes  equal  to  O,  and 
consequently  the  fraction*--^  vanishes  altogether,  but, 

when  A  is  the  youngest  of  the  two  lives,  thajt  ex- 
pression will  not  denote  the  whole  pirobability  of  A 
dying  after  B,  since  there  is  a  further  chance  of 
A  dying,  after  having  survived  B.  In  order  to 
determine  this  probability  for  the  subsequent  years, 
the  series  in  the  Lemma  must  be  continued  till  the 


extii^tion  of  A^s  li&^*:  wJiieJOL^^^  be  found  that 

t)ie  probability  of  A  dying  after  £  in  («+.l),  (.^+2), 
(i^+3),  &c,  y«rs  /will-be  respeptitely  i^feteoted^by 

1^-^^.     -f,-l— ^^^,1'-^  —  -;.   &PJ  to  %flt.^ 

teost  €Xteiit  of  A's*  life/  at  -which  period'  the  -eKprei^' 
4{on  become  1«--^.  .        .       -  ^'.i-.^Ai 

In  like  maimer,  when  B  is  the  oldest' 't)f  thfcl  t^ 

1  ,  - 


expression  above  gi vfen,  ^  —  -^   denotes  tKe '  'pVobi- 
bility  of  that  event  taking  place  during  n  year^dhly, 


m 


or  during  the  prpbabie  time  of  their  joint  cpntiniiance. 

And  itie  broj^afcilily  of  the  serine'  event  taking  place 

n  |^+i)'J('«4'5),  i(«+3),  &c,  years  wall  resp&jtively 

detioted  by  t^  -i-  ^,  ;^  ^^ffii — ^,  &c ;  to  the^itmost 

fexteiit  oif  \.B*s  life;  >&vhen  the  expnessi^  at  ien'gtb 
fe(i6tiiw"^tiW't6^  Th6  egimg  obs6tvatio1i*6  Will 
japply  to  tHe  othep  quantities  above  glveri;  " '  i ';  \^ 


•*»Mr. 


PROPLBM-XJiX,* 


§  157.  To  find  the  value  of  a  reversionary  annuity 
on  {he!  liife^  AV  after  the  Ibngesfof  twd  1fVefl^B^i»9<S 
on  condition  that  B  dies  after  C. 


■■'  •». 


27»  cor.  «nd  in  PiidkfSiaos^iae  I7d^  pigt  Mkte.in  £&i  or.  .'i>a?  ^.sxpdfi  dr.r 


r  •  .         ^  '.  .. 

y .  IT  ike  cbAaca  wUi0h  A  haa  of  receiyiog^  thii^^  ^n  aits; 
at  the  end  of  any  one  year  will  depend  on.  the  con- 
fiiiti^ce'ttf  hia'dife  to  the  erfd  of  soch  ttnn, '  and;  on 
tbeiesEtinetlda  of  both  (he  Hveis.B  %nd  G  previoo)^ 
thereto ;  restrained  however  to  the  contingenisy  th^  B 
cli^s  last.  .  It  jis  this  qontingency  which  it  is  so  diffi- 
9^]^J9  repr^.^pnt  vx  siich  a  mianner  as  to  be  generally 
{^fjuly* ,  \jx  the  shOjrlj  space  of  ppQ  year,  as  I  I^ave  be- 
fgfj?  gbseryed  (page,  109),  the  error  is  not  ntaterialby 
taking  one  half  the  product  of  the  probabilities  tha|; 
the  two  lives  shall  fail  m  that  period.  *•  But,  when 
"  the  number  of  years  and  the  dmerence  betwee;^ 
"  the  affes  of  the  two  lives  are  considerable  ,  those 
^'  chances  must  vary  in  proportipn ;  and  therefore 
-^>]ml6S8;the' contingency  is  bleaded  with  aaotfa^r 

!u?f  M,.a^^fttt,  thp^s^^^^^^  by.  t^u« Jnf  s^p^af^ 
"  supposing,  the  chances  to  be  equaj,  mpst  be  rea- 
"  dered  extremely  inaccurate.''* 

S 158.    If  the'^prdb^fitp  b^^^^^^^^  ftft^r  O.  in 

one^  two,  three.  See,  y^tb  (as  found  by  the  iecond 

l»«ftWa^lM^*^e«a.Uyod(Wpt64byjiriJV.i'if  &^^  t4»#§J(f 

•"■'!■'■:■•        .,■■:■.  5'f-  •■•-■!■.■,■■../ =  ■■).. ■■.■■'■.••, vi^ 

I  _,,,..        .  .       .    '.    . 

These  are  Mr«  Morgan's  own  words  when  speaking  of  Mr.  Simpson's 
«*rtS(4^;tiiitio«:  «ee'PA«?.:JVaiw.^^^^^  ]^e.2r6* ,  W«^fiWi  Mi  in 
^e  sequeli  that  he  has  fallen  Mlo  Jklw  auM  enor  hiiifii«l& 


pectation  which  A  has^^j^  p^jqying  the  annuity  at  the 
end  of  those  years  will  be  represented,  with  a  suffi- 

^espefjjively;..  ,  But.  uxtj^U  case,  the.  itru^vigJuB:^,};^)^ 
jey^rsjo^ary  ^piiuity  coflld  notji^  e3f:presse4;ljy;.le§ft 
^a».  n^  4,i%f^t  .^§erie^  ;■!  and  ,  therefprei  vy^qHl4-  Jw 
yrhqlly,  ypfii  foe ^g^er^al^u^ft.;  . .  : ;      , ;    .    . •, ,.     -: ;  > 


«  •     \ 


'(.'r'    '.:    I  •:  -  •    ;.     ';.::■     ;  ':  '  .     '-     ■    -  •- .     ■    .  «': 


ih'e 

tiitifef s  ih'  ^t;e>3^ » year  6f^  their  joint  existencel ;  ai^d 
that  isi^iibt  capable  of  beiiig  represented  hy  ?Lcdnsf ant 
Quantity  tin  the  extinction  bf  the  oldest  of  such  lives. 
Ajft^r  that  period,  liowever,  the  expectation  whicb  A 
fiiis  6ifeAjo;^ing  the  annuity  at  the  end  of  any  siilbise- 
t[ui^iityek^'iiiay  be  deterrhmed'' sufficiently  neaj  for 
any  ii^efUi  pUrposb  by  the  iiblp'oJF  the'  precj^ding 
Umiiiatk;    Consequently,  all  that  appears  fur^iier  he- 

'     '    '  ■  •         'ill'.  I  \  *  ■   ' '        •      *■  '        ''■ '  t .  4    i  ■' .  i      '■■    * 

■  1 ,  V  .    J  t  .  J  .  ■        .11.').-  Uj     .     •  -  >   J  ^  •     *-, '   '    "^     :   i 

»  *  .    }.  i\  i      ^>  •  %    ,    \  ,    J       )       \  .   .  .    t      >  !  J 

*  Morgan  says  CPhU.  Ttam.  for  179^:,  p.  238)  tjiat  these  os^ntkies 
irkuid' glie^-fteNeh^ftc^  value  of  the'feviefretoiia^jlatintdtj'^  brfr&e 'asserts 

t^^^t^he  ^quminlioij  A^^xtbe  T>l^es:djalttai(i  fnob  t|^ji^6ma^»  gkq'OAhid 

■I  ^  ^ 

true  probabilities^,  of  survivorship  for  cuery  year  of  human  life.  Whereas 
tkobie  wdhe@4ipproximal9  bnly;.ia  proportions  to  ihel^ngth  of  tlie'«ei$ev  ^  i^ 
are  incorrect  in  the  first  terms  of  such  series,  when  there  is  any  considerable 
inequality  between  the  ages  of  the  two  lives,  Nevei^thelQSS,  if  thej  c^juld 
ne  at  all  rendered  fit  for  practical  purposes^,  they  would  enable.  us|  to  ajn 
proximate  tnore  nearly  to  the  true  value  of  th(5.jrever»ion|u:y  an^juItythiW 
ihf  inaccHrate  method  hlthfettb  adopted,    '    "  - 
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cessary  for  the, proper  solution  of  tl^te  problem  in  such 
an  expression  6ts> win  approximate  to  the^valu!^  of  the 
chance  that  B  will  die  after  C  during  the  several 
years  of  tlieir Joiwf  continuance.  Let  such  expression 
be  denoted  by  x ;  (the  value  of  wBich  will  be  the 
subject  of  a  future  inquiry  see  §  173):  the^  will  the 
value  of  the  reversionary  annuity,-  depending  on  the 
contingency  mentioned  in  the  problem,  be  deter- 
mined in  the  following  manner. 

•  ..;«!^  ■':.«'  ... 

r 

§  160.  It  is  manifest  that  the  payment  of  the  an- 
nuity iri.  any  one  year  depends  on  the  continuance  of 
the  life  A  to  the  end  of  (hat  year,  and  on  the  extinc? 
tiori  of  both  the  lives  B  and  C  pre  viaus  thereto  B 
having  died  last :  the  probapiiities  of*  wnlch  events 
for'  the  first,  second,  third,  &c,  years  are  respec- 

•  •    ■    ■    •     .  ■  ■  •    .       •■■.■•■'', 

(1— 7)x*7(l-4)  X  (1- 7)  X,&c.  Consequently,  the 
sum  of  tfeet  eifpectations  pf  Yeceiviog.  the  annuity  at 
the  esid  of  those  periods  respectively  will,  for  the 
first^i  y^ears/  be  denote^  by  the  following  series.  ^ ; 

■|.  /  /•■  '  ..1*  ,  .!.•'•  *■•'■ 


*  I  would  JieteotMserye^  o&ce  foraU,  tfaafcin^his  aad  the  two  Bubiequdllit 
pwblemt.  X  take  n  to^  dfioote  the  number  of  years  between  the  age  of  thb 
oldest  life involFdd  in  the  question,  and  that  age  in  the.  table  of  observationB 
wbmiKuiaaaliltt.bfooniea  extinet:  consequmtly  the -intliwiof  n  will- TaFy 
According  to  the  three  cases  gi?en  in  these  problems. 


ABe2. 
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value  of  the  reversionary  annuity  for  the  first  ^  yiears 
(n  «M«N  denoting  the  number  of  yeans  between  the 
age  of  B  and  that  age  in  the  table  of  observations 
when  human  life  becomes  extinct):  and  the  sum  of 
if  will  bo  found  equal  to  x[I(-4;t— 4J5— ,(^C)t+- 

For,  the  first  and  third  of  these  perpen- 
dicular sfeiiQs  being  continued  to  n  terms  only,  the 
^na  of  thosse  terms  will,  by  Prob.  I,  cojr.  4,.  b^  a^9.|yL- 
rately  represented  by  the  characters  here  given: 
and  the  second  and  fourth  perpendicular  series  evi- 
dently denote  the  whole  value  of  the  annuities  on' 
those  lives  respectively;  since  in  the  n^^  year  tU^ 
life  B  becomes  extinct  and  all  the  subsequent  terms 
of  those  seiies  vanish. 

Now,  in  order  to  determine  the  expectation  of.  re- 
ceiving the  several  rents  in  the  remaining  years  of 
A's  life,  it  should  be  observed  that  the  payment  of 
the  annuity  in  any  one  year  depends  on  the  cotitini]|- 
aiice  of  th^  life  A  to  the  end  of  that  year,  and  ob  the 
probability  that  B  dies  after  C  previous  thereto^ ^  but 
the  probability,  that  B  will  die  after  C  in  the  (n+Vj^ 
and  all  the  subsequent  years,  is  (by  the  scholiutri  to 
the  second  Lemma)  denoted  by  the  constant  quantity 
(1 — ^).*  Consequently  the  sum  of  the  expectations 
of  receiving  the  (n+iy^,  (n+2)^^,   (n+Sy^,   See, 

year's  rents  will  be  expressed  by  the  series     ~* : ;+ 

*  Because  in  the  general  expression  there  given,  P  becomes  equlkl  to  0 
whVn  B  is  the  oldest  life  ;  and  the  fraction  £.  consequently  yanishefl* 
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i>  ^,-     j*i 


— ^•j^+   ■"^''"n+l+^^  •   w^ich,    being  con. 

tinued  for  all  the  subsequent  years  of  A's  life,willshow 
the  true  value  of  all  the  rents  to  be  received  after  n 
years.     But  the  sum  of  this  series  is,  by  Prob.  I,  cor. 

3,  equal  to  (I — 0)x(-4)  :  and  which,  being  added 
to  the  first  n  terms  of  the  several  collateral  series  above 
found,  will  make  the  total  value  of  the  annuity  in  thi* 

case      equal     to  xC  {Af~AB—AC^+  ABc]+ 

(1— #)X  (^)^.  But  since  (Al^=A—{A)\ndi  {ACf= 

AC —  {AC)  ,  as  appears  from  Prob.  I,  cor.  4,  it  fol- 
lows that  this  value  may  be  more  conveniently  ex- 
pressed by  x\.A—AB—AC+ABC]M^~^—x)X 
{Af+x{AC)^* 

^  163.  Case  3.  Let  Cbe  the  oldest  of  the  three 
lives.  The  value  of  all  the  rents  for  the  first  n  years 
(»  now  denoting  the  number  of  years  between  the 
age  of  C  and  that  age  in  the  table  of  observations 
when  human  life  becomes  extinct)  may  in  this  case. 


*  I  would  here  observe  that  the  rule  given  by  Mr.  Simpson  for  the 
solution  of  this  case  is  expressed  by  {A — 2AB-\-ABB) — :  where  c  denotes 

the  expectation  of  the  life  B  as  deduced  from  the  rule  in  page  49,  and  whert 
n  denotes  the  expectation  of  the  life  C  as  deduced  from  the  same  rule. 

When  C  is  the  oldest  life,  this  value  must  be  deducted  from  the  whole 
value  of  an  annuity  on  the  life  A  after  the  longest  of  the  two  lives  B  and  C 
agreeably  to  the  method  which  will  be  explained  in  the  note  in  page  140. 

S 
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as  in  the  last,  be  denoted  by  the  first  n  terms  of  the 
series  given  in  the  Problem;  and  the  sum  of  which  will 

now    be  equal  to     x(^)*— (^^*— ^C'+^jBCJ. 

For,  the  first  and  second  of  those  perpendicular  series 
being  continued  to  ;^  terms  only,  the  sum  of  those 
terms  will  be  truly  denoted  by  the  characters  here 
given :  but  the  last  two  perpendicular  series  evidently 
denote  the  value  of  annuities  on  the  whole  continuance 
ofthose lives  respectively;  because  in  the  wth  year 
the  life  C  is  extinct. 

Now  in  order  to  determiile  the  expectation  of  re- 
ceiving the  several  rents  in  the  remaining  years  of  A's 

life,  it  should  be  observed  that  the  probability  of  B 
dying  after  C  in  («+l),(;2+2),  {n+3),  &c,  years  is 

by  the  scholium  to  the  second  Lemma,   respectively 

denoted  by  (l-*-^),  (  1  -*- 1),  (  1  -  *  -  f ), 
&c :  consequently,  since  the  payment  of  the  annuity 
in  any  one  year  depends  on  the  continuance  of  A'# 
life  to  the  end  of  that  year  and  on  B  having  died  after 
C  previous  thereto,   it  follows  that  if  these  values  be 


H  III 


severally  multiplied  by  ^,  -,  -?,  &c,  (or  the  proba- 
bility that  A  will  live  (w+1),  (w+2),  (/j+3),  &c, 
years  respectively)  the  products  thence  arising  vnll 
express  the  whole  chance  of  receiving  each  year's  rent 
respectively.  And  these  products,  being  again  mul- 
tiplied by  the  present  value  of  £1  due  at  the  end  of 
those  respective  periods,  will  give  the  expectations  of 
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receiving  such  sum  at  the  end  of  those  years  :  and 
which  will  be  expressed  by  the  following  series. 


(i+8;-("+^^x[(i-8)  i-  ij+ 


But  the  sum  of  these  two*  perpendicular  series,con- 
tinued  to  the  utmost  extent  of  A's  life,  is  by  Prob,  I, 

co^  3,  equal  to  (I— 0)x(i4)  —  (^-B)  ;  and  which, 
being  added  to  the  first  n  terras  of  the  several  coUa- 
teral  series  above  found,  will  make  the  total  value  of 

the  annuity  in  this  case  equal  to  x  L(-^)  —  {^^)  *^ 

an  expression  which,  from  what  has  been  said  in  the 
last  case,  may  be  more  conveniently  denoted  by  x 

\^A'^AB-^AC+ABc2  +  (  l--*— X  )  X  {A)^— 
(1-X)X(.1B)^- 


COROLLARY. 


§164.    If  the  two  lives  in  possession  are  both  of 
the  same  age,  B,  then  ^  and  x  each  become  equal  to 

f\  d 

J,  and  the  quantities  (^J5)^and  (^C)  vanish  alto- 
gether :  consequently  the  expression  in  each  case  be- 
Vmes^-4— 2-4-B+-4-B-B];  that  is,    equal   to  half 
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the  value  of  a  reversionary  annuity  on  the  lifer  A' after 
the  longest  of  two  equal  lives  B  and  B.  ^  >,>  ,:.' 
But,  if  the  twdlives  in  possession  are  of  the  same 
age  with  the  Rfe  A  in  reversion^  this  expression  will 
become  ^[ii --2^^ +i4^.4]. 

PROBLEM  XX.* 

§  165.  Td  find  the  value  of  a  reversionary  annuity 
on  the  life  A,  after  two  joint  lives  BC,  on  conditicm 
that  B  diee  bpfort  C. 

/solution'. 

;  The  payment, of  this  annuity  at  the  end  of  amy. pae 
year  depends  on  the  continuance  of  the  life  A  to  the 
end  of  that  year,  and  on  the  extinction  of  the  life^ 
before  C  previous  thereto.  As  this  latter  contingency 
cannot  be  conveniently  represented  with  accuracy  for 
every  year  of  human  life,  it  becomes  necessary,  as  in 
the  last  problem,  to  have  recourse  to  an  approximation 
during  the  number  of  years  that  the  lives  have  a 
chance  of  continuing  together.  Therefore  let  the 
s^gie  symbols  be  used  as  in  that  problem  :  and  let  us 
consider  the  payment  of  the  annuity,  during  the  first 
n  years,  as  depending  in  each  year  on  one  or  other 
of  t^Q  events :  1^  that  A  lives^  to  the.  end  of  the  year, 
,apd  that  B  and  C  both  fail  previpus  thereto  B  hav- 
mg  died  first :  ?  ^  that  only  B  dies   previous  thereto, 

i  ^  ^  B^tKif&fmUSup.  VtohiS5.    Pedfl(»Q,  v^,  iii.  Quet«  4d,    Moiga%  Frob. 

27  :  and  in  Phil.  Tran»,  for  1794.  page  235. 
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and  that  A  and  C  both  live.    The  probability  of  the 
happening  of  Uhe  first  event  in  the  first  year  is 

|<1-  \)  X  (1-  4)  X  (l-x)  ;*  and  the  probability 
of  the  happening  of  the  second  event  in  the  same 

period  is  (1 — -j)  X  — :  tljerefore  the  sum  of  these 
two,  reduced  to  simple  terms  and  multiplied  by 

(1  W^,willgiveCl+e)r. X  [j--4|-(4       -^ 


a  b        ^  a    .      a  b 


a  c 


+  ~^)  X  4  ^^^  *^^  t^t^^  vdlue  of  the  expectation 
of  receiving  the  first  year's  rent.  By  a  similar  method 
of  resesoning  we  may  find  the  expectation  of  receiving 
the  second,  third,  &c,  year's  rents :  and  the  sum  of 
•  ttll  these  expectations  for  the  first  n  years,  will-  be 
denoted  by  the  following  series, 

'     '■  I  "  "  "  "  "    "  "  "  "  ('  "  I 

HJ-oV^v'     ®  g  b  r  o  <*  ^  PC     I    o  d  Cv  I 

I    ///.         ///  ///  /I/  i#/  M        iM  ut       jti  IN  m  I 


fj+<?^""'*v     ''-i'*^-^/''       ''/^_^J'.r_  j,-^^r\^  ' 

'§166.  Caf^tf.  1.  Let  A  be  the  oldest  of  the  three 
lives.     It  is  evident  that  in  this  case  the  series  above 

*  since  x  denotes  the  chance  that  B  will  die  after  C  in  eyery  year  of 
thdr  joiolexisteAoe,  it  follows  tkat  1-^x  will  d^ot^  the  ahaooe  tUt  B  will 
die  Ufun  0  in  the  same  periods. 
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given  will  express  the  whole  value  of  the  reyersionary 
annuity  required :  because  in  the  n^^  year  the  life  A 
becomes  extinct,  and  all  the  subsequent  terms  of  the 
series  vanish.  But  the  above  series  is  in  such  case 
evidently  equal  to  A  — AB  ^TC[A  —  AB~  AC+ 
ABC]. 

§  167.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case^  the  above  series  will  denote  the 
value  of  the  reversionary  annuity  for  the  first  »  years 
and  the  sum  of  it  will  be  found  to  be  (^)t  —  AB  — • 
^  [{A)^^AB—{AC)^+ABC'2.  In  the.^bsequeut 
years,  the  chance  of  receiving  the  annuity  will  depend 
on  the  continuance  of  the  life  A,  and  on  the  proba- 
bility of  B  dying  before  C :  therefore  the  value  of 
the  annuity  for  the  remaining  years  will  be  denoted 


u 


by  the  sum  of  the  series — £if 4. til 1- 

— ■ ' "  ^  3+&c=(^.4°).     Consequently  the  total 
ydue  of  the  required  annuity  will  be    A —  AB  — 

ylA^AB^AC+ABC]  —  (l^^—x)  X  (4**)— x 

{Acf. 

%  168.  Case  3,  Let  C  be  the  oldest  of  the  three 
live».  In  this  case,  the  above  series  will  also  denote 
the  value  of  the  reversionary  annuity  for  the  first  n 
years  ;  the  suto  of  whicU  will  now  become  equal  to 
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and  the  Tftlue  of  the  annuity  for  the  remaining  years 

^11  be  truly  expressed,  as  in  the  last  case,  by  ^  {A)  • 
Consequently  the  total  value  of  the  annuity  re- 
quired will  be  A—AB—xlA—AB—AC+ABGl--^ 

<l-*-x)  X  {A)  d  +(l_x)  X  {AB)^ . 

COROLLi^RT. 

§  169.  If  the  two  lives  in  possession  are  both  of 
the  same  age  B,  then  ^  and  x  will  each  (as  in  the 
corollary  to  the  last  problem)  become  equal  to  |^,  and 

the  quantities  (AB)^  and  (AC)^  vanish  altogether : 
consequently  the  value  of  the  reversionary  annuity  in 
each  case  is  expressed  by  |[^— ^  J5J5]. 

But  when  the  two  lives  in  possession  are  of  the 
same  age  as  the  life  A  in  reversion,  this  expression 
will  become  equal  to  ^[A — AAA]. 

SCHOLIUM. 

§  170.  If  the  value  found  according  to  either  of 
the  three  cases  in  this  problem  be  added  to  the  value 
found  according  to  the  corresponding  case  in  the 
preceding  problem,  their  sum  will  be  equal  to 
A — AB,  Consequently,  if  the  value  of  the  annuity 
in  either  case  of  the  preceding  problem  be  once 
determined,  the  value  of  the  same  annuity  according 
to  the  corresponding  case  in  the  present  problem  may 
be  easily  found  (provided  the  ages  of  the  three  lives 
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A,  B,  C  are  the  same  in  bbth  instances)  by  subtracting 
the  former  value  from  A — rAB :  and  vice  versd. 

This  is  almost  self-evident :  for,  taking  the  contin- 
gencies of  both  problems,  it  is"manifest  that  the  an- 
nuity is  certain  to  be'enjoyed  by  A  after  the  decease 
of  B,  provided  he  lives  so  long.  Consequently  the 
sum  of  the  values  found  by  both  problems  must  in 
each  case  be  equal  to  the  value  of  a  reversionary 
annuity  on  the  life  A  after  the  decease  of  B,  The 
truth  of  this  Scholium  is  indeed  evident  on  inspection. 


•  . 


PROBLEM  XXL* 

§  171.  B  and  C  possess  an  annuity  between 
them ;  which,  if  B  survives  C,  is  afterwards  to  be 
equally  divided  between  A  and  B  during  their  joint 
existence,  and  then  is  to  go  entirely  to  the  survivor 
for  his  life  :  To  find  the  value  of  the  share  of  A  in 
this  annuity. 

SOLUTION. 

Since  A  is  not  to  receive  any  thing  if  C  survives 
B,  it  is  evident  that  he  is  entitled  to  half  the  value 
of  a  reversionary  annuity  on  the  joint  lives  AB  after 
the  extinction  of  the  life  C ;  and  also  to  the  whole  value 
of  a  reversionary  annuity  on  his  own  life  after  the 
extinction  of  the  life  B,  provided  B  dies  after  C,    The 

,*  Simpson,  Prob.  29,  and  Sup.  Prob.  86 
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fomtet'Wrtafe is,  by  thfe  scholium  m  page  70,  equal 
to  ^{AB^--^ABC) ;  and  the  latter  valtfe  may  befound 
by  C^roblein  XIX,  according  as  A,  B,  or  C,  is  the 
oldest  of  the  three  livei^ :  wheuce,  the  following  values 
raay  be  readily  deduced,  for  the  three  cases  there 
mentioned*- 

That  is,  when  A  is  the  oldest  of  the  three  lives, 
thei  i^uired  value  will  b6  equal  to  x(^ — AC)  + 
(^)  x(^AB—ABC)^    When  B  is  the  oldest  of  the 


*  If  we  takfe  X  to  denote  i  (that  is,  if  we  suppose  with  Mr.  Morgan  in- 
discriminately that  it  is  an  even  dhanbb  whether  Bdies  before  or  after  C  in 
any  period  of  their  joint  existence,  whatever  be  the  dijQTerence  of  age  between 
tbetw^liyes)  thea  will  this  formula  become  equal  to  ^A-^AC)  :  and  this 
is  the  methpd  of  solution  adopted  also  hy  Mr«  Simpson,    Mr,  Morgan, 
however,  in  his  hurry  to  attack  M.  De  Moivre^s  hypothesis,  has  inadvertently 
ealidd  this' formula  an  abgurd  one ;  and  says  that  the  error  arises  frpm'  Mr. 
Sisipson's  having  been  misled  by  that  hypothesis  in  determining  the  probav 
bility  af  one  life  dying  after  the  other :  see  PAt/,  Trans*  vol  Ixxxi,  page 
276.    The  present  investigation,  from  the  real  probabilities  of  lifby  will 
show  that  accusation  to  be  unfounded.    Mr.  Morgan  has  wholly  mistated ' 
the  case,  as  he  will  readily  perceive  on  re-perusing  what  he  has  there  written 
he  has  confounded  Mr.  Simpson's  34th  and  36th  problems  together ;  and 
thereby  brought  an  unmerited  censure  upon  that  author.     The  error  does  not 
arise  from  the  use  of  De  Moivre's  hypothesis,  (as  he  would  wish  us  to 
b^Ve)*Vut  hvvd  the  inaccurate  method  which  he,  in  common  vitk  Mr 
Morgath  has  adopted  in  order  to  express  the  chance  of  one  life  dying  befor^ 
or  after  thi^  other  during  the  probable  time  of  their  joint  continuance ;  and 
the  same  absurd  formula  (if  I  may  retort  the  self-confuting  charge)  will 
^qnally  arise,  as  I  have  above  observed,  even  according  to  Mr.^Morgan's  owa 
mtlbJDdofaointion* 


y>  :<f 
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three  lives,  it  will  be  equal  to  x(-4 — AC)  +  {\ — x) 
X  {AB—ABC)  +  (1  —  ^_x)  X  (.1)^  +  X  (AC)^- 

When  C  is  the  oldest  of  the  three  lives,  it  will  be 
equal   to  x  {A— AC)  X  (i— x)  X  i^AB—ABC)  + 

(1—  *  —  x)  X  (il)^— (1— x)  X  {AB^.  When  the  two 
lives  in  possession  are  of  the  same  age  B,  it  will  be 
equal  to  ^A — AB).*  And  when  all  the  lives  are 
of  the  same  age  A,  it  will  be  equal  to  \(A — AA).'\ 

GENERAL  SCHOLIUM. 

§  172.  It  now  remains  only  to  determine  the 
value  of  X  in  order  to  obtain  the  proper  solution  of 
these  three  problems :  and,  if  the  chance  of  one  life 
dying  before  or  after  another  in  every  year  of  their 
joint  existence  were  it  in  a  constant  ratio,  we  should 
find  no  difficulty  therein.  But  since  (in  computing 
from  the  real  probabilities  of  life)  this  chance  is  con- 
tinually varying,  we  must  have  recourse  to  an  ap- 
proximation towards  the  mean  value  of  such  ratio. 

§  173.     Now  I  have  found,  from  a  number  of  re- 


*  This  formula  will  not  differ  much  from  the  true  value,  when  the  two 
lives  in  possession  are  nearly  of  the  same  age. 

t  Many  other  cases  of  smvivorships  might  be  produced,  which  involve 
the  contingencies  mentioned  in  Problems  XIX  and  XX  ;  and  which  are 
solved  by  the  help  of  those  problems  in  the  manner  here  stated*  But,  after 
t  us  investigation,  I  presume  the  reader  will  not  find  any  difficulty  in  .the 
solution  of  any  other  question  of  this  kind  that  may  occur  in  practice^ 


0 
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peated '  trials,  that  the  value  of  x  may,  when  ^  B  is 
the  youngest  of  the  two  lives  B  and  C,  be  safely 
expressed   by~^^jl^;    and   that  when   C   is   the 

youngest  of  the  two  lives  B  and  C  it  may  be  safely 

expressed  by^i^^:  which,  though  not  in  all  cases 

strictly  correct,*  will  come  nearer  to  express  the 
true  value  of  the  reversionary  annuity  than  by  making 
X  indiscrimately  equal  to  \^  whatever  be  the  ages  of 
B  and  C :  and  may  be  used  till  its  true  value  be 
more  correctly  determined.  But,  should  a  more  ac- 
curate expression  for  the  value  of  x  he  hereafter 
found,  the  general  solution  of  the  three  problems 
will  not  be  at  all  affected  thereby,  since  we  may  give 
to  X  all  possible  values. 

§  174.  Example  1.  What  is  the  value  of  an  an- 
nuity on  the  life  of  A  aged  60  after  B  aged  40,  pro- 
vided B  dies  after  another  life  C  aged  20 :  interest 
being  reckoned  at  4  per  cent,  and  the  probabilities 
of  living  as  at  Northampton  ? 

Here  we  shall  have  ^=9-039,  ^-B=:7-490,  AC= 
7-995,  ABC  =  6-722,  and  x  ='395  :  consequently 
the  value  of  the  reversionary  annuity  required  wil 
in  this  case  be  equal  to  -276  X  '395=-l  09.     But,  if  B 


*  It  cannot  be  strictly  correct,  because  the  true  value  of  ^  cannot  be  de  - 
daced  by  tbe  method  pursued  in  tke  lemmata ;  as  1  have  already  observed 
in  the  note  in  page  109* 
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had  been  20  and  Q  40  years  of  ag)e,  we  should  hare 
X  =i  '605 :  consequently  the  value  of  the  reversionary 
annuity  would  in  this  case  be  equal  to  *276  X  *60d= 
•167. 

In  like  manner,  if  A  had  been  20,  B  60,  and  C  40 
years  of  age,  we  should  have  4 zz  16-033,  AB=7'995, 
AC  =10*924,  ABC  =6-722,  n=S7,  x  =-354,  and 
^r:  •?  1 1 8 :  conseqaeritly  the  value  of  the  reversionary 
annuity  would  in  this  case  be  equal  to  3^836  X  '354 — 
0-67+-026=l-317.  But,  if  B  had  been  40  and  C 
60  years  of  age,  the  value  would  in  such  case  cotne 
out  equal  to  2-519* 

§  175,  E.vample  2.  What  is  the  value  of  an  an- 
nuity on  the  life  of  A  aged  60  after  B  aged  40,  pro- 
vided B  dies  before  another  life  C  aged  20 :  interest 
at  4  per  cent,,  ^pid  the  probabilities  of  living  as  at 
Northampton? 

*  It  may  here  be  useful  to  remark  l3t^  if  th^  take  of  tile  akinsity  oil' the 
if«_  A.^ttr  Ae  longest  (jf  «ie  two  lives  B  and  G  (ptorJdod  B  dies  eftdr.  C) 
be  once  found,  we  maj  readily  determine  the!  value  of  .the  samo  annuiJy,.on 
th6  <^errfi^ency  that  C  dies  afie'r  B,  by  ^utitfabting  tLe  value,  thds  found 
fcomlthe  whole  value  of  th©  reversionary  annmffy  bn  'Ai  life  A  ftfter  Wk 
longest  of  the  two  lives  B  and  C.  Thus,  the  vU^e  found  by  the  e^Nimple 
given  in  the  text  being  equal  to  1-317,  and  the  latter  value  here  alluded  to 
being  equal  to  3-836,  it  follows  that  3-836— 1-317=2-619  will  be  the  value 
.lequiied^ 

In  order  that  the  reader  may  see  the  differtneo  in  the  resulti^  aec«rdii« 
to  Mr,  Morgan's  formulw  and  those  which  are  here  given,  I  shall  insest  the 
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Here  we  shall  have  ^--4B=9'039— 7*490= 
1*549:  consequently  1*549— '109=1 '440  will  (agree- 
ably  to  what  has  been  said  m  the  scholium  in  page 
136)  be  the  value  of  the  reversionary  annuity  in  this 
case  required.  But  if  A  had  been  20  and  C  60 
years  of  age  the  value  of.  the  reversionary  would  in 
such  case  be  equal  to  5*109— 2-519=:2-590. 


folio wiDg  comparative  yalaes  of  aDnaities  on  the  life  A  after  B,  provided  B 
diee  after' C,  'dediiieed' from  the  Northampton  tables,  and  reckoning  interest 
at  4  per  cent :  which  difference  arises  from  the  inaccurate  method,  adopted  r 
by  Mr.  Morgan,  of  taking  it  as  an  equal  chance  in  all  cases  that  B  will  die 
after  C,  whatever  be  their  difference  of  age. 


Aire- of 

Age  of 

Age  of 

Value  by 

Value  by 

A 

B 

40 

C 

Baily.  • 

Morgan. 

60 

20 

•109 

•138 

to 

20 

40 

•167 

•13g 

^ 

60 

40 

1-317 

1717 

^ 

40 

60 

2*519 

2-120 

40         60. 

20 

•519 

•716 

\    40         20 

60 

•986 

•789 
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CHAPTER  VI, 

On  Assurances. 

§  176.  In  the  preceding  chapters  I  have  con" 
sidered  the  present  value  of  sums  of  money  as 
depending  on  the  existence  of  any  given  lives,  or  on 
any  particular  survivorship  between  them :  and,  in 
the  solution  of  the  different  problems  relative  thereto 
have  had  regard  only  to  the  probability  of  the  living 
of  those  persons  on  whom  the  annuity  was  consi- 
dered as  depending.  I  come  now,  however,  to  treat 
of  those  cases  where  it  is  required  to  find  the  value 
of  annuities,  or  of  sums  of  money,  depending  on  the 
extinction  of  any  lives ;  or,  in  other  words,  to  treat  of 
the  value  of  Assurances  on  lives :  a  term  applied  to 
that  compact  whereby  security  is  granted  for  the 

*  The  term  Atsuranee  is  usually,  applied  only  to  the  value  of  annnitie 
or  sums  of  money  to  be  paid  after  the  extinction  of  any  given  lives  :  but, 
it  may,  with  equal  propriety,  be  applied  to  the  value  of  those  annuities 
which  are  paid  during  the  existence  of  any  given  lives ;  and  which  have 
been  the  subject  of  the  preceding  chapters.    For,  if  I  give  a  s  um  of  money 
for  the  grant  of  an  annuity  during  the  continuance  of  any  given  lives,  I  give 
such  sum  in  order  to  have  the  annuity  assured  to  me;  which,  without 
this  warrantry  would  be  precarious  and  uncertain.    As  I  am  ignorant  of  any 
other  word,  but  such  as  would  be  equally  ambiguous  and  indefinite,  I  have 
used  the  term  assurance,  in  its  most  common  acceptation,  to  express  the 
values  treated  of  in  the  present  chapter. 
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payment  of  an  annuity  or  sum  of  money  on  the  expi- 
ration of  the  lives  on  which  the  grant  is  made,  in 
consideration  of  such  a  previous  payment  made  to 
the  assurer,  as  is  accounted  a  sufficient  compensation 
for  the  chance  of  loss  to  which  he  exposes  himself. 
The  value  of  this  payment  (commonly  called  the 
Premium),  in  all  the  principal  cases  which  arise  out 
of  this  subject,  it  is  my  object  in  the  present  chapter 
to  determine. 

§  177.  It  may  here,  however,  be  necessary  pre- 
viously to  observe  that  the  method  to  be  pursued, 
for  determining  the  value  of  any  sum  depending  on 
the  extinction  of  any  given  lives,  will  be  materially 
different  from  that  which  is  pursued  for  determining 
the  value  of  any  annuity  under  the  same  circum- 
stances. In  the  latter  case,  the  expectant  is  to  re- 
ceive several  yearly  rents,  the  expectation  of  receiving 
each  of  which  is  independant  of  his  expectation  of 
receiving  any  other  of  them.  But,  in  reversionary 
sums  the  case  is  very  different ;  for,  here,  only  one 
gross  sum  is  to  be  received  at  the  extinction  of  th^ 
given  lives ;  and  therefore  the  expectation  of  receiv- 
ing it  at  the  end  of  any  one  year  will  depend  on  its 
not  having  been  received  in  any  preceding  year  :  or, 
which  is  the  same  thing,  the  chance  of  receiving  the 
sum  at  the  end  of  any  year  will  be  compounded  of 
the  probability  of  the  given  lives  failing  in  that  year. 


> 
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and  of  their  having  continued  thrwagh  ail  the  pre- 
ceding years.  This,  however,  will  more  fully  appear 
in  the  following  investigations. 

PROBLEM  XXIL* 

§  178.  To  determine  the  present  value  of  a,  given 
sum  payable  at  the  end  of  the  year  in  which  any 
number  of  lives  become  extinct. 

SOLUTION.  '      - 

Let  us  in  the  present  investigation  confine  the 
case  to  three  joint  .lives  ABC,  whose  prbbabilitieS: 
of  continuing  ],  2,  3,  &c,  years  are  as  expressed  in 
§  24  :  and  let  the  given  sum  be  denoted  by  s.  .  Now* 
the  present  value  of  such  sum,  certain  to  be  received 
at  the  end  of  one  year,  is  equal  to  ^^(1+8)'*^  •.  ^^U 
as  the  chance  of  receiving  this  sum,  atthe  "end  of 
the  first  year,  depends  on  the  joint  lives  failing  iii 


1*1 

abc — a  h  c 


that  year,  the  probability  of  which  is  — ^^— ,  we 

must  multiply  the  present  value  of  the  sum  above, 
i^.entioned  .byi  this  probability;  which  wiU  ,giy^,y^ 


/  /  / 

(1  +§)"'  X''  ^^^   ■  for  the  true  value  of  the  first  year's 

'■.■..  .»,•■.-■ 

•  Simpion,  Prob.  21,  and  Sup,  Prob.  26.  De  Moivre,  Prob.  16,  Dodson^ 
vol.  iil  Ques.  89.  Morgan,  Prob.  8.  Price,  Note  (E).  On  referring,  how- 
ever^ to  the  first  three  authors,  here  alluded  to,  it  will  be  found  that  their 
iofc^tigations  are  erroneous  ;  in  fis  mucU  as  they  consider  a  given  sum  as 
equivalent  to  the  perpetuity  of  an  annuity  (commencing  immediately) 
«qual  to  the  interest  of  such  sum.    See  the  Scholium  in  §  197. 
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expectation,  or  of  the  chance  of  receiving  such  sum  at 
the  end  of  the  first  year. 

In  like  manner,  the  present  value  of  the  given  sum, 
certain  to  be  received  at  the  end  of  two  years,  is  equal 
to*(l+8)"*  :  but  as  the  chance  of  receiving  such 
sum  at  the  end  of  the  second  year  depends  on  the 
joint  lives  failing  in  that  year,  the  probability  of 


/  /  /  ////// 


which  (by  §27)  is2^^,we  must  multiply  the 
present  value  of  the  sum  above  mentioned  by  the  pro- 


/  / 1     ////// 


bability ;  which  will  give  s  (1  +2)  ^X  ""^'^Z^'  for 
the  true  value  of  the  expectation  of  receiving  such 
sum  at  the  end  of  the  second  year. 

And  by  a  similar  method  of  proceeding  it  will  be 
found  that,  since  the  chance  of  receiving  the  given 
sum  at  the  end  of  the  third  year  depends  on  the  joint 

lives  failing  in  that  year,  the  probability  of  which  is 

// 1/  //  ///  ///  ///  //  //  //  ///  ///  /// 

ii^i^,  we  shall  have  *  (l+g)-  X^^^^^for 
the  true  value  of  the  expectation  of  receiving  such 
sum  at  the  end  of  the  third  year.  And  so  on  for 
every  subsequent  year  of  human  life :  the  sum  of  all 
which  values  will  be  the  required  present  value  of 
the  given  sum. 

§  179.     But  the  sum  of  these  quantitities,  reduced 
to  their  simplest  terms,  is  equal  to  the  two  following 

p  i  t  t  n  ti  II  III  III  III  ^ 


/ 
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S^M-f±i,+±J-^+8cc.\:  the  former  of  Vhicfi 

is  equal  to -~-r(^l+ ABC);  and  the  latter,  which 

is  to  be  substracted,  is  equal  to  j  X  ABC.     Conse- 
quently the  total  present  value  required  becoTneiS 

^[l^^^ABC2=  s  X  ^=^:   and  though  this 

case  is  confined  to  tbree  lives,  yet  it  is  ea§y  to ,  s^j6 

tl^^at  the  method  of  solution  is  general,  and  will  apply 

to  any  other  number  of  lives ;  whence  the  following 

rule.  ; 

'■  ^  - •        ■  !  *^    •■'- -  --■-■-' 
§  1 80.     Multiply  the  value  of  an  an^iuittf  ofi^  ih& 


of 

£l  iri  one  year ^  and  the  quotient  nmltiplied  bif  the  given 

sfisp^^f^Ul?etheyalu^r^^^  -: 

For  examples  of  the  use  and  application  of  this 

prbblem,  see  Questidn^XXVII  in  Chapter  XHi  .^nuh. 

*,:       :    .  COROLLAHY   I.  .  .  "'  X  ^ 

•      ■•  ....»■.' 

§  1 81.  In  this  problem  I  have  considered^ tti6 
present  value  of  the  reversionary  sum  as  depending 
on  the  extinction  of  the  given  lives  in  whatever  year 
that  may  happen  during  the  probability  of  their  joint 
continuance:  but,  if  this  contingency  is  Deferred  fc^ 
any  number,  of  years  (=fw) ;  that  is,  if  we  wish  to 
ascertain  the  present  value  of  a  ^iven  sum  payable 
on  the  failure  of  such  lives,  provided  that  shall  happe* 
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after  the  given  period,  the  formula  will  be  materially 
altered.  For,  by  pursuing  the  same  steps  as  in  the 
problem,  it  will  be  found  that  the  expectation  of  re- 
ceiying  the  given  sum,  at  the  end  of  the  («+l)«S 
(»+2)Qd,  (w+3)rd^  &c,  years,  to  the  utmost  extent 
of  human  life,  will  be  denoted  by  the  series  *.X 

^^C:2g^+.^=f_^r^+«^=iAr.&c  1;  which 

L«Ml+ff+^      aMl+j)"+2      «i5c(l+J)"+^  J      . 

may  be  more  conveniently  divided  into  the  two  follov^- 


iagserieSf — - 


«J8 


,  /  /  II  nil  '~\ 

«£r_._i£l_+&c  h 


ri  L  '  It  II  II  III  III  III  I 


-  fjiie  latter  of  these  is,  by  Prob.  I,  cor.  3.  equal 
tt --r  *  (ABC^ ;   and  the  fotmer  is  equal  to  s  X 

;^(i+g)      +(ABO)    ^  consequently  the  required  pre- 

sent  vtAite  .<rf  the  deferred  assurance  will  be  equal  tP 
-£ii+s)     -s(^sc)  whence  the  following 

liile^*  ,,;-..■ .  i 

3\T7    7'.    t"'  1  ■    '  ■     •  •       * 

.  *  Since  (^5(7)^  is,  by  Prob.  I,  cor.  3,  equal  to  Ao  B    C^^X   -^ 

(1^.^)— »j  it  is  obvious  that  the  present  value,  in  the  case  of  single  or  Joint 

1 — 2^oB'>C<^         <ipy_ 
.uve^  might  be  more  conveniently  expressed  by  *  x  — ^      v X  '^ 

(Wj)^"*;  and  .it  is  from  this  formula  .that  I  have  deduced;  the  rule  in 
<3S^w.  XXVIII,  Chapter  XU-    But  that  rule  will  not  to  all  cascs.^ 


4  1h82.  MttXlipfy  the  value  of  a  Deferred  annuity 
oh  the  given  Uves^  by  the  rate  of  inter tst ;  subtract 
the  product  from  the  expectation  that  the  groeh  'lives 
shall  receive  £1  at  the  end  of  the  ^iven  term  ;  gtfd 
Mtitd^the^diiffefiemi  hy  the  amount  of  £l.  in  a.yefir..; 
the  quotient  the^Cjt  arising,  being  multiplied  by  the 
given  sum,  will  produce  the  value  required.^  Mniot 

For  examples  of  the  use  and  ap|]^ication^  of  ^his 
corollary,  see  Questidh  XXVIII  in  XIL 


\\   ix  ^   .-     '<  •  ..      -  *  *'!  K   \ 


COROLIiART   II. 


§  183.  But,  if  the  contingency  is  Temporary, 
that  is,  if  w^  \rish  td'ascertaioi  the  yahie  £^  a  %\y^ 
sum  payable  on  the  failure  of  such  lives  provided  tt^at 
6ha^l  hSBtppea  within  a:  given  :t€rnsk>:(^n)i^  it  v#l  J^ 
found  by  taking  t^efirsft  i^  terms  of  the  series  ^ivea 
in  the  problem .    Whence,  such  present  val^e  will  id 


this  case  be  denoted  by  the  series  s  X 


/  /  /   //  //  //  //  //  //   ///  ///  /// 

a  k  e  •—  ao  c  ^^  aoe  •—  a  b  c 


ri-Hir*^ 


which  may  be  more  conveniently  divided  in|Q(i^^  |^o 
fcUowing  oi.es  (-^3;ji^    aic  +<^H-i||f,+ 

A  '  —'•-■.it 

M  III  Hi  «  P  y        —« 

'  1^   II  till  II  n  II  *rf*-l^'  '    ''  «•'  ""'O  -:. 
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first  of  these  is  equal  to  s  X  — \i:f^ —  J*   ^^^   *he 
second,  which  is  to  be  subtracted,  is  evidently  equal 

tois(ABG)  :  consequently  the  required  value  of  the 
2iss\ihxice  for  the  given  term  niight  be  denoted  by  the 

'Sat  sidce MBC)*-' +    '*'''  .-  ft   ieSnil  '  to 

(ABC)  ,f  whereby  {ABC)  "*      becomes   equal  to 
(4fiC)'-r-gj-  X  (1+8)"^  and  since,  by  ProK  1, 

c*.  4,  {ABC)^  is  ^qual  to  ABC-^ABof^w^  may 
ledder^ealiove  foroiuia  jxioi^  convenieaiifQrvgicp^ 
ittse  hf  flub^itatiiig  suob  value  thereia.  i^i^tead.  of 

{A^C)  y  y^herehy  it  will  beconje   equal   to  i^  i< 

follp^inrg  rule'. 

-  §  184.     From  the  present  value  of  the  assurance  of 
file  '^gioen  sum  payable  m^  the  estik€fi(Af  (if  %ke  git^Wi 


♦  Tbc  nfew  chwacter  (^SC7)*""^  denotes  tfe  TaJoe  of  it  •tatj6hh^'tti- 
nuity  on  the  joint  lives  ABC  for  n— 1  years  only,  and  is  introduced  here 
merely' to  show  the  steps  of  the  process;  and  hecause  the  rules,  givep  /&y 
Hr.  lilorg&fiy  for  the  solution  of  this  and  other  similar  questions,  are  founded 
on  one  of  these  incomplete  steps.  See  Price's  06#.  on  Etn*  Fay.  vol.  i  p, 
tS^  note  A  \  and  p«  61,  note  «•  '  _       - 

^  Ai  if  erident  by  tontkiuing  the  aeries  which  thia  quantity  cxpreiiea. 
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liveSf  subtract  the  present  value  of  the  same  assurance 
Deferred  for  the  given  term :  the  difference  will  be  the 
value  required.^ 

For  examples  of  the  lise  and  application  of  thfe 
corollary,  see  Question  XXIX  in  Chapter  XIL 

■■  '  ''  •  ■  -.i!?  .  ■;  -v. 

.  ^  We  ma  J  oftentimes  obtain  a  near  value  of  an  assarance  for  y^.g!?)^ 
term  (particulary  wh^n  only  one  life,  A,  is  concerned)  by  the  foltowij^g 
giaople  method.    The  series  expressing  such  value  is,  by  the  coroUaryj 


•-«     T..'jr*/( 


iiQWi^ff  .ve  pivyos^Jthfi.d^Q^g^epts  of  lif^  to  be  e^^ual  and,  i^pjfo^na  throuj^- 

out  the  given  term  (which  is  usually  the  case  in  the  middle  ages  bf  life 
particularly  if  th'  Northampton  tables  are  made  use  of);  and  if  such  deere 

ments  be,  denoted  by  S :    then  will  this  series  becomes —    |-^ '-'  4 

■-'■•"      -        ■■     ■  =>'aj(i-jl-^.)."'; 

(1+.)* ,,  .  (1^*)^^    ..  ,,      .^,^  ,.,...   ,  .,.a4-,)\j7a,.,'i...: 

•—11    • 

- — -      V.    But,  since  ^  should  in  all  those  cases  where  the  decrements  an 
not  cj7ac%  uniform  be  taken  equal ^,  this  formula  maj  be  more  con 


r     V 


i 


Veifientlj  expressed  by  *  x  -^^— ^  v  J--ii±S2Z:    whence  the^  fbU'o^ri^ 
rule. 

Mv^^^pri^a^iU^  that  the  life  shall  JaU  m ,^e  ,gmrk  te^  by;ih 
number  of  years;  multiply  the  quotient  by  the  present  value  of  an  an 
nutty  for  the  given  term,  and  also  by  the  given  sum  :  the  product  wtff  fc 

ti^paiue xfiquin^.  .  •  ,        ..     ..  , .,-',.  ..j^^. 

It  will  readily  appear  that,  if  the  given  term  iewk<dly  Within  the 'Kmkg^^l 

e^i^al  decrements^  the  above  formula  will  give  the  ««0c^yalae  oi  the  amhuwcc 

,  ibr  such  term :  and  that  if  the  decrements  are  not  exactly  uu#>iiiii. jwi^ 
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COROLLARY  III.* 

§  185.  Though  in  this  problem  the  iavestigatiou 
iseoafined  to  the  case  of  three  joint  lives,  yet  it  is 
easy  to  apply  the  same  method  of  reasoning  to  the 
case  of  any  single  life,  or  to  any  number  of  joint  lives, 
or  to  the  longest  of  any  number  of  lives,  or  to  any 
miQiber  of  lives  out.  of  any  other  number  of  lives,  &c. 
Atidft  will  be  found  that  by  substituting  the  value  of 
sin  aimuity  on  such  single  life,  on  such  joint  lives,  on 
iuch.longest  lives,  &c,  &c,  instead  of  the  quantity 
denoted  by  ABC  in  the  given  formula  in  §  179,  we 
sfiall  obtain  tlie  true  values  in  such  casesr  atcbrdingly. 

■\    .■  '    ;  ^  •  -  "... 

f  l8C.  The  same  remark  will  also  apply  to  the 
two  preceding  corollaries,  it  (in  addition  to  the  sub- 
stitution above  alluded  to)  we  also  substitute  the  value 
of  similar  annuities  Deferred  for  the  given  term,   in- 

stead  of  the  quantity  (-4J3C)  in  either  formula  in 

nearly  so,  it  will  not  materially  differ  from  the  true  value  of  such  assurance, 
^.fftrmulfi;^  however,  must  always  be  used  with  proper  caution,  and  with 
reference  to  the  table  of  observations  employed  ;  as  it  is  not  isuited  to  every 
case. 

Tbe  tome  observations  will  apply  to  the  cose  of  j^nt  lives,  if  ^  be  taken 
(Qoal  to  f lX-i  but  we  are  not  so  likely,  in  practice^  to  picet  w^ 

cues  of  assurances  on  joint  lives  for  teems, iwiiere  «6ucb>  tefm  &11'  iKkhik' 
t^a^jwiitsrpf  «quftl  decr^meifitfik  t 

*Sttnpsen,  Prob.  22,  uni  Sup,  Prob*  27-     Morgan,  Prob.  8,  c^r.  and 

Ptebi9;cw.  \  ■   ■■  '  ■    ■  ■ 
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^181  or  183.  But  here  it  should  be  particularly  ob- 
served that,  when  a  Deferred  or  Temporary  assurance 
depends  on  the  longest  of  any  number  of  lives,  the 

quantity-^  (1 4-g)"~'*in  the  given  formula  will  denote 
the  expectation  that  the  longest  of  such  lives  will  re- 
ceive £l  at  the  end  of  the  given  term:  and  that, 
when  such  assurance  depends  on  the  extinction  of 
any  two  out  of  three  lives,  the  same  quantity  will  de- 
note the  expectation  that  any  two  out  of  three  lives 
will  receive  £1  at  the  end  of  the  given  terra,  &c,  &c. 
For  examples  of  the  use  and  application  of  this  co- 
rollary, see-Questions  XXVII,  XXVIII  and  XXIX 
in  Chapter  XII. 


PROBLEM  XXIII.* 

§  187'  To  find  the  value  of  an  annuity  to  com- 
mence at  the  end  of  the  yearf  in  which  any  number 
of  lives  become  extinct. 

SOLUTION. 

Let  us,  as  in  the  preceding  problem,  confine  the 
case  to  three  joint  lives  ABC,  whose  probabilities  of 
continuing  1, 2,  3,  &c,  years  are  as  denoted  in  §  24: 
and  let  the  annuity  be  a  perpetuity,  or  estate  in  fee. 
Now,  the  chance  which  the  heir  of  this  estate  has  of 
receiving  the  rent  at  the  end  of  any  one  year  will  de- 

*  De  Moivre,  Prob.  6  and  29.    Dodson,  toI.  ii.  Qaes.  88. 

t  That  is,  the  first  payment  of  the  annuitv  is  to  be  then  mad*. 
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pend  altogetlier  on  the  joint  lives  becoming  extinct 
before  the  end  of  that  year.  The  probability  of  this 
e?ent.  happening  before  the  end  of  the  first  year  is 


/  /  / 


(l^-^-i^^),  which  being  multiplied  by  (I +8)""'  will 
gitb  the  value  of  his  expectation  of  receiving  the  first 
yhts  rent.  In  like  manner,  the  probability  of  the 
jhmt  lives  failing  before  the  end  of  the  second  year  is  • 

(J,— *^j^),  which  being  multiplied  by  (l+g)'**  will 
giy/d  Uie  v^lue  of  his  expectation  of  receiving  the 
second; year's  rent.     By  a  similar  methpd  of  reason- 

ing  It  wiii  be  found  that  (— -l^f)  multiplied  by 
(1+2)"^ will  give  the  value  of  his  expectation  of 
receiving  the  third  year's  rent.  And  so  on  ad  infinitum: 
for,  since  the  estlatemust  eventually  revert  to  the  heir, 
his  expectation  will  never  cease.  Consequently  the 
8UJI)  pf  (ill  those  values  continued  to  infinity  will  be  the 
total  present  value  of  the  estate  to  be  enjoyed  after  the 

* 

extinction  of  the  joint  lives  ABC:  or  in  other  words,  it 
will  be  that  sum  which  a  person  ought  to  give  to  have 
i|;.(asaurQd  to  him  after  the  extinction  of  those  liye^. 
*  ,  \.  J,88*     But  the  sum  of  the  above  terms  is  equal 


///  //  Ml 


lLl4.&6=^^ .  V  .Xhet  former  of  .tbesejs  equal  to  L 

(A+2)' .    ..  -u  . .:  .2 


r  the  present  vallie  of  the  pbrpetulty'of  an  atinuit^oC 

V 
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£l^^raium  :  but  the  latter,   which  is  to  be  su 
tracted  will  cease  on  the  extinction  of  the  oldest  li 
and  is  therefore  equal  to  the  value  of  an  annuity 
tjie  jo^nt  lives  ABC.     Consequently  the  total  value 

the  reversionary  annuity  becomes  equal  to~^ — Al 
and  though  this  case  is  confined  to  that  of  the  thi 
joint  lives,  yet  it  is  easy  to  see  that  the  method  of 
lution  will  equally  apply  to  thatof  any  other  numi 
of  lives ;  whence  the  following  rule. 

§  189.     Subtract  the  value  af  an   annuity   on 
given  lives  from  the  present  value  of  the  estate  or  gh 
emnuity :  thii  difference  will  be  the  value  of  the  rev 
^ignary  estate  or  annuity  required. 

For.eslamples  of  the  use  and  application  of  t 
problem,  see  Question  XXVI  \xx  Chapter  XII. 

COROLLARY  I. 

4  190i  If  the  annuity,  instead  of  being  a  perpetu 
fe  dniy  for  a  nutober  of  years  (cz/a)  greater  howe 
thfan  that  to  which  it  is  probable  the  given  lives  n 
extend,^  we  must  substitute  the  value  of  such  ten 


~';*-?h^  tenjp-to  which  it  is  probable  that  any  given  life  or  lives  may  ex 
is^or  a  single  life,  equal  to  the  ditference  between  the  age  of  such  life 
the  a^e<^the  oldest  life  in  the  table  of  observations  :  for  joint  lives,  e 
to  th6  difference  between  the  oldest  of  such  lives  and  the  ao;e  of  the  o\ 
hfe  in  the  table: — for  the  longest  of  any  lives,  equal  to  the  difference  bet^ 
the  lig«  df  the  youngiut  ofmch  Kvea  and  the  age  of  the  ^  oldiest  }ife  ia 


Pr.29.  Q»  ASSUBANCB0*.  1^^ 

nable  annuity  instead  of  the  value  of  the  perpetuity- 
above  mentioned  :   whereby  the  formula   becomes 


^^^"'"^^    ■' —  ABCi  and  consequently  the  rule  above 

given,  is  also  applicable  to  the  present  case. 

For  examples'  of  the  use  and  application  of  this 
corollary,  see  Qiiestion  XXVI  in  Chapter  XII. 

COROLLARY    II.* 

§  191.  But,  if  the  annuity  (instead  of  being  a 
perpetuity,  or  for  any  long  period)  is  for  a  term  of 
years  (—72)  which  is  less  than  that  to  which  it  is  pro- 
bable the  given  lives  m^ty  extend;  the  series,  ex- 
pressing the  required  value  in  the  probleni,  WilJ 
terminate  at  the  end  of  that  period ;  and  will  conse-* 

quently  become  equal  to  fiij) +04^+0^^      •  •  • 

1  I  /  /  /  II  n   II  III   III  III 

.        _, ah  c       I        a  h  9       I-     **  ^  c        , 

-"^^       \    But,  the  first  part  is  equal  to  ^-^^+?>~'' . 
and  the  latter  part  is,  by  Prob.  I,  cor.  4,  equal  to 

■ 

•—  (ABC)^':  whence  the  following  rule. 

■  •  •      • 

^  192.  From  the  value  of  an  annuity  certaih  for 
the  given  terniy  subtract  the  value  of  a  Temporary  dn-^ 
niiityon  the  given  lives  for  the  given  term :  the  difference 
mil  be  the  value  required: 
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COROLLARY  III. 


^  193.     If  the  contingency  (on  which  the  payment 
of  the  annuity  mentioned  in  the  problem  depends) 
is  Deferred  for  a  given  number  of  years  (=«)  ;  thes 
series  expressing  the  general  value  of  the  reversion  oi 
the  perpetuity  must  commence  at  the  end  of  that 
period,  and  be  continued  on  to  infinity :  that  is,  the 

$  t  I  II  n  II  III  in  III 

afiy  apy  «  P  7 

«^y      .  «^y      ,  «/^7       I  J  • 

series -^3-1+ rr9+ — — ^f^+ adtn 

Jinitum^  will  denote  the  value  of  the  required  rever- 
sionary  annuity,  to  be  entered  on  provided  either  or 
the  given  lives  become  extinct  after  the  »^^  year- 
Now,  this  series  may^be  resolved  into  two  othersa 
namely,  (1+9)^''  X  I  — i- I L h L-  + 


adinfimtunT]- 1 f  i^^    ,     '^^; 

ut  III  uf  *n 

«  /5  y  _}.8je   :  the  first  of  which  is  equal  to  (1  +2)-^ 


^ ;  and  the  latter  is,  by  Prob,  I,  cor.  3,  equal  t= 
21 »j* 

(l+g)— ^  X  A'B'O.     Consequently,  the  value  « 

the  reversionary  annuity  would  be  equal  to  (I+2) 
X^~ — A.B"C    1  Avere  it  certain  that  the  give^ 
lives   would    continue  in  being  to  the  end   of 
years  :  but  as  the  probability  of  this  event  is  ^ 
w^u&t  multiply  the  above  expression  by  this  quaes 
tity,  in  order  to  obtain  the  total  present  value  ^ 
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the  same.    Whence  the  true  value  will  be  equal  to 
"if  (l+Srxi  -  A'B'C  X  "^   (1+8)-". ,  But; 

^•J?'Cx^(l+8)~*is,by  Prob/I,  cor.  3,  equal 

to  (^ABC)   ;    therefore    the    above  value  becomes 

■S  (l+2r''Xj  —  (ABCf:  and  whence  the  fol- 
lowing  rule.* 

§  194.  Multiply  the  cvpectation  of  the  given  lives 
receiving  £1  at  the  end  of  the  given  term  by  the  per" 
petuity;  from  the  products  subtract  the  value  of  an  an- 
nuity on  the  given  lives  Deferred  for  the  given  term  : 
the  difference  will  be  the  value  required. 

COROLLARY  IV.f 


y  > 


§  195.  Or,  if  the  'contingency  is  Temporary ; 
that  is,  if  it  be  required  to  ascertain  the  value  of  such 
annuities  depending  on  the  extinction  of  atiy  givdn 
lives,provided  that  shall  happen  within  a  given  period 

(rz»)  ;  the  value  of  the   assurance  will  be  e  j:pressed 

/  /  /  II II II  III  III  III 

J ah  2^      .      a  be         a  be 

"by  the  series-^+-(^  +-(i?i^'+  •  '  '  •  • 

aBe  ,         abe  ,         « * "  i     ad  infinitum.    For, 

thew*^  year's  rent  and  all  the ,  subsequent  ones  being 

*  See  the  note  id  page  147. 

t  Simpson,  Prob.  23  ;  and  Sup.  Prob,  31.    Price,  Note  (G).  Dod«on, 
Tol.  ii.  Qaes.  93 
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depen^eiitfon  tiic  given  lives  becoming  extinct  in  n 
years,  it  isiobvious  that  j^l  such  Aebse^ueat  ones  must 

Ijcipultiplied  by  the  oom«K)n  factpjr.  (1—  -j^-    But. 

the  firsts  terms;  of  thiii  seriep  afe.  equal  t:d"-^-^  '  ■ 
—  (ilBC)';  as  found  by  the  second  corollary  :  and 
the    remaining    terms    are    equal   to    (1 —  ^)  X 

(i+8r''xQi+8)-^+(i+sr+(i+8r^+  ^  •  •  • 

.......    ad  infimttm'lzi  (1 — ~j^)X(l+2)'"^X'^ 

Consequently  the  total  value  of  the  series  becomes 
!=m-  -  (ABC)'  +<!±?p_  5  (1+8)"" 

X  -T-:    which,    since   (ABCy  =    ABC    

(4.BC)d»  may  be  further  reduced  to  - —  ~r-.4.BC  — r 

rr±|?(l,4,g)-«  X  -i-r^(4£C)d"]:  and  whence  the 
f6116wihg  rule.* 


...»  • 

*  If  the  an^ii^ty^  is^  to  be  entered  upon  a/  He^.  end  of  the  given  time  {xxl 
case  of  the  failure  of  the  giVen  lives)^  and  not  nt  the  end  of  the  year  in 
which  such  failure  may  happcxk^.  its  present  value  will  be.  equaL  tf 
','    ''    afir '^  '     .  .'  lU  .1        apy     ,,  ,    X— (n--l) 

(l l)xO+j)-»  x^0+->.=;:  0 :)^^i— J: 

:       ^^^^  .   .  A  fl^c  o 

!-.•.'  '  ;•      •  ^  *<•»      ■  »  * 

for,  such  reversionary  perpetuity  is  evidently  to  bie  entered  on  and  enjoyed. 

at  the  end  of  the  n**^  year,  provided  the  given  lives  fail  prior  thereto.  And 
care  should  be  taken  not  to  confound  this  case  with  the  one  meniloned  in 
thttezt. 


§  1 96.  From  the'  whole  value  of  the  reversion  of 
tke'  perpetuity  after  the  given  lives ^  subtract  the  value 
of  the  same  Deferred  for  the,  given  term  :  the  difference 
will  be  the  value  required. 

COROLLARY   V. 

§  197.  It  will  be  obvious,  from  what  has  been 
said  in  the  first  cprollary,  that  if  the  annuity,  instead 
of  being  a  perpetuity,  is  for  a  given  term  only,  the 
rules  given  in  the  two  preceding  corollaries  will  still 
be  correct;  provided  we  substitute,  for  the  perpetuiti/^ 
the  value  of  an  annuity  for  the  given  term.  Such 
terminable  annuity  however  must  always  be  for  a 
term  of  years  greater  than  that,  for  which  the  to- 
^u ranee  is  made. 

COROLLARY    VI. 

§  198.  Though  the  above  problem  and  its  corol*- 
Varies  are  confined,  in  the  investigation,  to  the  case 
^^  three  joint  lives,  yet  it  is  easy  to  apply  the  same 
Method  of  reasoning  to  the  case  of  any  single  life,  or 
to  any  number  of  joint  lives,  or  to  the  longest  of  any 
^^txiber  of  lives,*  or  to  any  mimber  of  lives  out  of 
^^y  other  number  of  lives,  &c,  &c,  either  for  the 
^hoie  lives  of  for  a  given  term.1i  And  it  will  be  found 
that  by  substituting  the  value  of  an  annuity  on  such 

*  Dodson,  vol.  ji.  Ques.  90,  91, 
t  SimpBon,  Prob.  24. 
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sihgle  life,  on  such  joint  lives,  on  the  longest  of  any 
number  of  lives-  &c,  (either  for  the  whole  life  or  De- 
ferred for  the  given  term)  instead  of  the  value  ABC 

or  {ABC)  in  the  given  formulae,  we  shall  obtain  the 
true  values  in  such  cases  accordipgl^y./* 

§  199.     It  ^fiould  be  particularly- observed  how- 
ever that,  when  the /o/i^e^^  of  any  number  of  lives 

are  coucerned,  the  quantity-^j-(l+8)~"'*  will  re- 
present the  expectation  that  the  longest  of  such  lives 
will  r^eceive  £1  at  the  end  of  the  given  term.  And 
^  similar  remark  will  apply  when  the  assurance  de- 
pends on  the  extinction  of  any  two  out  of  three  lives : 
&c.  &c.     See  Problem  XXII,  cor.  3. 

SCHOLIUM. 

§  200.  From  these  two  problems  and  their  corol- 
laries  may  be  determined  all  questions  relative  to  the 
vklue  of  assurances' of  any  given  sum,  or  of  any  given 
annuity,  depending  on  the  contingencies  therein 
stated  :  and  as  any  given  sum  may  be  converted  into 
a  corresponding  perpetuity  (or  into  a  perpetual  an- 
nuity of  a  corresponding  value)  by  multiplying,  it  by 
the  interest  of  £i  for  a  year,  it  would  seem  at  first  to 
be.the  same  thing  to  determine  the  present  value  of 
SL  given  sum  depending  pn  the  extinction  of  any.Uves» 
as  to  determine  the- value  of  a  corresponding  annuity 
for  ever,  depending  on  the  same  lives :  that  is,  it 
would  appear  to  be  the  same  thing  to  determine  the 
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present  ya]q^  of  XI 00  payable  at  the  ead  of  the  year  in 
which  any  given  lives  became  extinct,  as*  to  determine 
the  value  of  an  estate  yeilding  £5  per  arnninn,and  to  be 
entered  upon  at  the  same  period, ;,  interest  being 
recljoned  at  5  per  cent.  But,  it  should  be  observed 
that  the  firs^  yearly  payment  of  a  reversionary  annuity 
becomes  due  and  is  payable  at  the  eiftl  of  the  year 
in  which  the  lives  fail ;  however  much  or  little  of 
that  year  may  then  happen  to  be  unexpired  :  and  this 
likewise  is  the  time  when  a  reversionary  sum  becomes 
due.  The  expectant  therefore  in  the  former  case  will 
have  entered  on  his  annuity,  qr  received  the  first 
year's  rent  of  it,  at  the  very  time  that  the  expectant 
of  the  sum  is  supposed  to  have  laid  put  such  sum  in 
the  purchas^of  a  perpetuity  of  a  corresponding  value; 
the  first  year's  rent  of  which  he  will  not  receive  till 
the  end  of  the  following  year.  Consequently  a  rever- 
sionary estate  is  worth  one  year's  purchase  more 
than  a  corresponding  reversionary  sum  :  whence  the 
former  is  to  the  latter  in  the  ratio  bf£l,  increased  by 
ts  interest  for  one  year,  to  £1 ;  that  is,  as(l+g)  to  1. 

§  20L     Therefore,  if  the  present   value   of  a  re- 
versionary sum  be  multipled  by  (1  +8)  it-will  give  the 

valueof  a  corresponding  reversionary  estate  or  an- 
nuity. Thus,  the  present  value  cf  a  reversionary  an- 
nuity of  £1  per  annum  for  ever  after  the  extinction 
of  the  joint  lives  ABC,  is  by  Prob.  X^lII,  equal   to 

^ — ;  and  the  present  value  of  a  corresponding 
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teversionary  sum  (  =-i)  after  the  same  lives,  is  by 
Prob.    XXIII,   equll    to  jxi^=-^X 
i--$ABC  ijyj^  jj^  jg  evident  on  inspection  that  the  lor- 

tnev  value  is  to  the  latter  in  the  ratio  of  ( i  +8)  to  !• 

§  202.  Hence  it  is  evident  also  that  the  value  of 
any  reversionary  annuity  after  any  given  lives,  being 
divided  by  the  amount  of  £1  in  a  year,  will  give  the 
present  value  of  a  corresponding  reversionary  sum 
after  the  same  lives.* 

These  remarks  may  be  more  fully  confirmed  by 
any  of  the  similar  examples  in  the  two  problems,  or 
their  corollaries  :  as  may  be  seen  in  th^  Scholium  to 
Question  XXVII  in  Chapter  XII. 

*  Mr.  Simpson  not  having  attended  to  this  circumstance,  it  becomes  ne 
eeesary  to  correct  the  rtiles  given  by  him  for  the  solution  of  ProK  1^1'  and 
22  in  his  Dotrine  ofAnnnitiea  &c ;  and  of  Prob.  26,27,  d2,.d3,aBd  otben 
of  a  similar  kind,  in  bis  SvpplemenU  The  same  observations  will  apply  to 
the  problems  of  H.  t)e  Moivre  and  Mr.  Dodson,  alluded  to  in  the  note  in 
page  144. 
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CHAPTER  VII. 


On  Successive  Life  Annuities  and  Copyhold  Estates 


§  203.  Jn  all  the  preceding  problems,  involving 

the  question  of  reversionary  life  annuities,  the  lives  of 
the  expectants  have  been  supposed  to  be  such  as  are 

now  fixed  on  and  determined  :    and  the  value  of  aa' 

'  ...» 

annuity  on  their  lives  consequently  becomes  less  and 
less,  according  as  their  period  of  coming  ^  into  pos- 
session might  be  prolonged.  In  such  questions,how- 
ever,  as  relate  to  the  present  division  of  the  subject, 
the  life  which  is  to  succeed  to  the  annuity,  after  thd 
extinction  of  the  life  in*possession,  is  supposed  to  be 
one  which  is  then  to  be  fixed  on  at  pleasure  ;  and 
which  will  probably  be  one  of  the  best  lives  that  can 
then  be  found.  This  life,  therefore,  may  be  con- 
sidered as  having  a  fixed  and  determinate  value  isince 
such  a  life  may  generally  be  chosen  as  will  best  an- 
swer the  views  of  persons  concerned  in  questions  of 
this  kind  ;  and  it  is  usual  to  conceive  a  mean  age  at 
which  th^x  ^.r^all  admitted.  But,  the  nature  qfthe 
cases,  which  involve  the  consideration  of  this  subject, 
will  best  appear  from  the  following  problems* 
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PROBLEM  XXIV.* 

§  204.     Supposing  A  to  enjoy  on  annuity  for  hi 
life  ;  and,  at  his  decease,  to  have  the  nomination  of 
successor,  B,  who  is  also  to  enjoy  the  annuity  for  hi 
life  :  To  find  the  present  value  of  the  annuity  on  th 
succeeding  life ;  and  also  the  value  of  the  two  sue—-    *=• 
cessive  lives. 

.   .  SOLUTION. 

t  •  w 

< 

Let  the  succeeding  life  B,  to  be  put  in  nomiDatior:^  *° 
at  the  decaseof  A,  be  such  that  an  annuity  on  lii*  -•^^ 
life  at  that  time  may  be  equal  to  B.  Now;  since  th^^  ^^ 
probability  that  the  first  life  fails,  or  that  the  secont 


comes  into  possession,  in  the  first  year  is—;  and  as^  -*^ 
the  total  yalueof  what  the  second  life  will  be  entitl 
to,on  the  happening  of  this  event  is  B,  it  follows  tbaj 
his  expectation  of  coming  into  possession  the  first  ye^i 
(or  of  receiving  an  equivalent  sum,  equal  to  B)  will 

as  in   Prob.  XXII,  be  denoted  by   B  x-r^^.  I 
like  manner,  it  will  be  found  that  his  expectation   o 
coming  into  possession  in  the  second  year  (or  of  re-^ 
ceiying  an  equivalent  sum  B)  will  be  denoted  by^ 


// 


Bx  "  j^  i :  and  that  his  expectation  of  coming:  int(^ 

*  Simpson,  Pfqb.  25,,  and  Sup.  Prob.  24.    De  Moiyr^t  ProU  1&  -  tfof'-^ 
fan,  Prob.  14. 
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possession  in  the  third  year  (or  of  receiving  the  ^qtii* 


a — a 


i^alent  sum  B)  will  be  denoted  by  B  X     ,,  ",  :  and 

50  on  for  every  suceeding  year  to  the  utmost  extent 
Df  A's  life. 
But  the  sum  of  all  these  values  is  equal  to  — r^ —  v 


//  /// . 


+  a:SF+ 0^+  ;f"J/;^^^^^^^  by  Prob.  XXII, 

is  equal  to  S  X    ]'7\  .    ;  and  which  would  l?e  the 

value*  required,  were  B  ia  reality  the  value  of  a 
reversionary ^ww  t6  be  received  on  the  decease  Qf  A: 
bdt  since  it  denotes  the  value  of  an  .a;>2n2/%;  the  first 
payment  of  which  commeaces  at  the  end  of  the  yj^^i^ 
in  which  the  life  A  fails,  we  must  multiply  the  above 
expression  by  (1  +?),  .agreeably  to  what  has  been  said 
in  the  scholium  in  page  160 ;  whence,  the  true  pre- 

seijt  value  of  the  successive  life  will  be  B  (1—8^4) ; 

•»]•■■'•'  . .  •     • .  ■'    ■-■.....•    .    .    ,  .  f  . 

and  wtiehce  the  following  rule. 


§  205.  Multiply  the  value  of  an  annuity  on  the  life 
m  possession  by  the  rate  of  interest^  and  subtract  the 
product  from  unity ;  multiply  the  remainder  by  the  as* 
sumed  value  of  an  annuity  on  the  succeeding  life:  the 
product  will  be  the  present  value  of  an  annuity  fffir  such 
meeting  life^ 

^  206i  If  thk  present  value  be  added  ta  the  valu€ 
of  an  annuity  on  thQ  life  in  possession,  it  will  give 
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renew  it  continually  by  paying  the  fine  /  whenever 
any  one  of  such  lives  becornes  extinct :  To  find  the 
present  value  of  the  whole  purchase  of  such  estate. 

soLunoir. 

Let  the  value  of  an  annuity  on  ea,ch  of  the  lives 
A,B>C!,  &c,  in  possession,  be  respectively  denoted  by 
AyB,C,  Sfc :  and  let  the  value  of  an  annuity  on  each 

123-  ■■.,•'■ 

of  the  lives  A, A, A,  l&c,  (which  are  supposed  to  follow 
in  direct  succession  from  A)  be  Respectively  dehoted 

3       2       3. 

h^f  AyAfAi  8fc.^     In  like  manner,  let  the  value  6f  an 

annuity  on  each  6f  the  lives,  B;B,B,&c,  (which  are 
supposed  to  follow  in  direct  succession  from  B)  be 

i      a      3    . 

respectively  denoted  by  B,B,B,  S;c :  and  so  on  with 
respect;  to  the  lives  irttnediately  succeeding  C,  D 
&c.     And  l^t  us  first  determine  the  present  v^liie  of 
all  the  fines  payable  oii  the  extinction  of  the  Kfe  A 
and  his  immediate  BUcciessorsi 

Now,  the  present  value  of  the  fine  /  payable  on 
the*decease  of  A,  in  whatever  part  of  the  year  that 
may  happen,  may  in  the  present  case  be  considered 
equal  tQ  the  present  value  of  an  Cbtate.  yielding /"g 
per  annum,  to  be  entered  upon  at  the  decease  of  A  ; 

which,  by  Prob.  XXIII,  is  fouiid  to  be/8(~--4)  zz 

/(I — g-4).     If  instead  of  -4  in  this  formula  we  sub 

.  .   -'[^  ■    '  •■     •    ■ '  ■     '  ■  -*      ■  '  '     ■   ■    ' 

*  Care  must  he  taken  not  to  mistake  these  numeral  quantities  for  th^ 
tinder  of  the  quantity  to  which  they  artf  tfuneixed  :  as,  they  qierely  denote 
he^order  of  succession  among  the  gi  yen  lives. 
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stitute  the  present  Talue  of  the  two  successive  lives 

A,  A,  which,  by  Prob.  XXIV,  is  found  equal  to^-fc 

i{4— 8^),  we  shan,hkve/(l— 8^)  X  (1— g^Vfor 
thia.  present  value  of  the  life  to  be  paid  oti  the  decease 

of  A.  .  And  if  instead  of  A  in  that  same  formula  we 
substitute  the  present  value  of  the  three  successive 
lives ^,  A,  A^  which,  by  the, last  problem,  is  fouad 
equal  to  A+A^l—^A)  +  i(l— 3^)  X  (1— 8^)  we 

shall  have  /  (1—2^)  X  (1—8^)  X  ('—8^)  ^or 
the  present  value  of  the  fine  payable  on  the  decease 

2 

of  A :  and  so  on  with  respect  to  all  the  subsequent 
fineis  payable  on  the  extinction  of  each  life  in  direct 
succession  from  A.     But,  the  sum  of  all  these  quan- 
tities, or  the  series/   (1 — 8-^)+(l — ^8^)^(*'^^)'^ 
;(1-^4)X;(1— 8^)X(1— 8^')  +  .  .  .  ..  ad  infinitum 
ITS  the  present  value  of  all  thp  sums  that  may  be  paid 
^  from  time  to  tfme  for  the  renewals  6f  the  several  lives 
^  itt  direct  sucbdssiou  !(rof^^       , 

By  a  similar  method  of  proceeding  it  will  be  found 

&at  the  series/L(I— gjB)  +  (1-g-B)  X  (\—^B)  + 

(1— 8B^X(-1'— 8i)X(l— §5)+ ".  .  .  .  adinjmitum^ 
will  dehotethe  present  vafiie  of  all  the  sums  that  may 
be  paid  from  time  to  time  for  the  renewals  of  the 
several  lives  in  direct  succession  from  B.  And  so 
on  with  respect'  to  the  other  lives  C,  D,  &c,  and  their 
successors  for  ever :  and  the  sum  of  iall  these  different 
series,  of 
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Aji-nQ)  +.Cl7r8C)  Ka^CH  .  ,  ,  fl</. i«/.:  J-lr 

&c  ,      &p  pec.  . 

will  be  the  total  present  value  of  all  thef^nes  that  the 

tenant  can  ever  pay ;  and  which  berag  added  to  s 

will  give  the  whdle  vktiie  pafd  for  the  purchase* 


>■     ■        (     -  :         ■         •  ■  ■    ■         •]    :   :-ir 
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§  2 14.     Hence  if  the^liyes,  with  which  the  leaseiis 
from  tinje  to  time  renewed,  be  supposed  equal  to  one 

another^  ot  of  the  same  corafmon  age^  A,  the  geneial 
esjpression  above  given  will  becpme       o'->     ?  ,^  ii 

/(l-^8il)Ql  +(i_gi)+(i_gi«4;(1^8i^-f :  >5rrfiw/.T 

/(l~8C)[_l+(l-8i)+(l^i?+(l-^4».-k.a^V.. 

&c  &c  &c  &c, 

the    sum    of  Wliich   series,   sinceT  1  +  (l-r-g^)  + 
(l — g4«-|i(l_g^)»+  .  ,  .  ad  fw/?f?/fwwjsj  equal  tc 


■  I  I 


*  It;i8  well  known  that .     l+f|-^+a?«-j- ad  infinitums 

therefof^.  by  »wb8titvtt!^:(|-^^4Jfor  ;4?*jwe.  fhuH  hare-Y"^^M^^'*of^ 
series  given  in  the  text,  ^  r^  J'  »"■ 
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rt£^  ^  ^i-^^B^ji^C-^fec) ;   where  n  denotes    the 

number  of  lives  on  which  estate  is  heJd  :.  whenpe 
the  following  rulje.  .  , 


_.     V    «         .     * 


^  \    .  •  .  ^ .      '  »    «  I 


^  i    1    >^  •     .     .•    i .  /# 


i. .       ;  '••    '   .  ): 


§  215.  Divide  the  number  of  lives  by  tfie,  rate  laf 
interest,  and  from  the  quotient  subtract  the  sum  of  the 
values  of  an  an7iuity  on  each  of  the  single  lives  in  pos^ 
session;  divide  the  remidihder '  by  the  assumed  value 
of  an  annuity  on  the  common  life  with  which  the  lease 
is  from  "^tltne  to  time  to  be^  renewed :  the  quotient, 
thence  aifising J  multiplied  by  the  fine  to  be  paid  on 
renewing  will  be  the  total -preseitf  value  of  dttthe  re- 
newals for  ever .:  and  which  b^irw  added  to, the.  supi 
given  for  the  estatfi^  will  give  tfie  whole  value  of  thepux^ 


chase. 


'■ :  i ' . 


I  '     (: 


§  216.  Ej:ample.  Supjjose  a  pefsbri  to  have 
paid  down  £1000  for  the  purchase  bC  a  copyhold 
estate  held  on  three  lives,  whose  ages  are  30,  50  and 
70  ;  on  condition  that  he  may,  on  the  extinction  of 
any  life  continually  Venew  with  any  other  life  that  he 
thinks  proper,  on  paying  a  fine  of  £600  :.  What  is 
the  prei^ent  vaflue  of  all  those  finesM  with .  .which  the 
estate  may  be  continually  renewed,  redkoning  interest 
at  5  per  cent,  and  the  probabilities  of  living  accord- 
ing to  the  observations  oi  M.De  Pareieuwf   y  r>    ^ 

Here'we  shall  have  4=14693,  S=;ll;363,  C= 
6-055,  w=3,  8=i*05,/=  600,  and  A(or  the  take  of 
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ofxtviiicbas  setdnuiHed  at^tClOO  p«F>  a^iMfl';:^t»^ithM^<^ 
ont^-tbe  «xtinctfi9Q<«£^^itherof 'thcKe  ^i«*«lii4)^bfi|;i^i^y 

interest  of  his  money,  supposing  the-  bJ^^^PtteB  f^idC^ 
(oh' which  the  estate  is  now  held)  to  be  30,  50  and 
TO.'.'and  that  the  probabilities  of  living  are  according 

«>el\j»  we'*htftf-5b«</*Tt^'l^TUltfe^Valt^^  *hfe-'«^^'^ 
pe<*it^  of^  raik  ^tA^ftfte"  ^at^>f*;'2<KK)^V«»rd0OJ«^ 
ani^e*e»ay'kig.'^^^M(ntit5^  as^rtf ■  «iS  6i]^M|te«ih *' 
§  216.    Consequently  the  valu^^f^WI  tH^^UW^^^'' 

^^^W^Sr  =  S3 1  '340,  or  £581 :  6  :  10.         •; ,  ,■ 

.\    ...  ,     ,      COROLLARY  V.  .      .    , 

universally  exprg§^4jj^j4^j<,,,nrr|-^<j,.  Umf<rwm*^-^ 

reqeiptof  a  fine;  the  life  in  p<)Si^i(m>Jxaviag)J[>MO^^ 
ex^j^t;^t}x9>&xpB(^$i(^i);^i&!tlu8 

*  These  three  i^Mulji&idll  ^yi^^-^Apms^  (tk^'Hlki  ^ifi'j^i^}^ 
Advowsons  (considered  as  an  object  of  tmffic)  under  the  three  most  usual 
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Butt  since  the  present  value  of  the  next  fine  is  uni- 
Tersally  expressed  by/  (1—24),  or  by  the  amount 
of  such  fine  multiplied  into  the  difference  between 
unity  and  the  product  of  the  rate  of  interest  by  the 
value  of  an  annuity  on  the  life  in  possession,  Ave  may 
readily  determine  the  landlord's  interest  in  the  estate 
or  the  value  of  all  the  fines  to  be  paid  on  renewing, 
by  the  followmg  rule. 


§  223.  Divide  the  present  value  of  the  next  fine  by 
the  product  of  the  rate  of  interest  into  the  value  of  an 
annuity  on  the  common  life  with  which  the  lease  is  to 
he  continually  renewed :  the  quotient  thence  arising 
foill  be  the  value  required. 


tiieQiBiUnecs  :  1*  where  the  Hying  is  poaefied  by  an  incumheni  whoM  lifii 
i*  equal  to  A  ;  2'  immediately  after  presentation^  where  the  life  pre»&Dted 

it  of  the  same  common  age,  j^  as  that  with  whieh  the  living  is  supposed 

to  b«  eonstantly  filled  up  2f*  with  immediate  resignation. 

It  must  however  be  here  particularly  obserYe.d  that,  in  tkese  eai^  thd 

vilae  of  J  (or  the  value  of  an  annuity  on  the  common  life  with  which  th« 

living  is  supposed  to  be  constantly  filled  ur>)  must  never  be  assumed  so  great 
M  in  those  oases  mentioned  in  the  text  :  because  the  person^  who  is  pre« 
lented  to  the  living,  must  always  be  above  24  years  of  age  :  and  it  seldom 
Ittppens  that  he  is  even  so  young  as  this« 

It  has  been  ingeniously  suggested  that  the  ages  of  the  incumbently  when 
thty  are  inducted,  may  be  partly  fixed  from  the  value  of  the  livings*  Set 
I^  Mointy  Ptob.  14  and  15  :  and  Dodson,  voLiii.  page  347* 

X 


-  •  • 

tenant  p^y^  to  the  lord  of  the  manor  a  fine  of  £10< 
on  his  admission,  and  that  every  iSuccessof  does  th 

.  ■  •  * 

sanie ;  what  is  the  present  value  of  the  lord's  interes 
in  that  copyhold,  oh  the  supposition  that  th6  tenant 
admitted  thereto  are  (one  with  another)  25  years  c 
age  at  the  time  of  their  admission  :  interest  bei'n 
reckoned  at  5  per  cent, and  theprobabilitiesdf  livin 
as  at  Northampton? 

,,  Here  we  shall  h^^ye  A  =13-1567,  ^=-.05,  and/i 
IQOj  consequently  the  value  <)f  the  lord's  interest  in 
m^diutely  before  the  xeqeipt  of  a,  fine  will  be  equal ' 

immediately  after  the  receipt  of  d  fine  it  will  be  equ 

to  100  X  ^"o°'x i^56r  =   47-416  or  £47  :  8  :  4 
But  if  the  life  now  in  possession  be  70  years  of  ag< 
we  shall  have  i4i^6'023  ;  in  which  case,  the   lord 

interest  will  be  £100  x  ^^^^  =  103-022,  < 
£103  :  0  :  5.. 

TheFofore  if  the  tenant  gave  £500  for  the  lea& 
the  whole  value  of  the  purchase  may  in  this  lattc 
case  be  estimated  at  £603 ;  and  the  correspoqdiD 
rentat£30  :  3  :  0. 

COROLLARY   VI.*  ] 

'\  226,     If  the  estate  is  held  on  the  longest  of  ar^; 

*  Simpson's* i8^p.  Fr^W  2d.  •  jDeMoivre,.Prdbi  .)^«     Dodgop,  toI.  ii 
Ques.  85« 


i 


wnjiber,  of  livi^s  (that  ii|,  on  condition  that,  whenever 
fl// those  lives  become  extinct,  the  lease  may  be  re- 
newed  with  the  same  numberof  lives,  and  on'the  sa'me 
conditions,  by  paying  the  given  fine)  the  formulae  in 
the  last  coroUaFy,  since  all  the  lives  may  in  thiiciiie 
be  considered  but  as  one,  will  still  express  the  true 
value  of  the  landlord!3  interest ;  if  we  make  -4  denote 
the  value  of  an  annuity  on  the  longest  of  all  the  lives 
in  possession,  and  A  the  assumed  value  of  an  aiinuity 
on  the  longest  of  all  the  lives  with  which  the  lease  is 
to  be  continually  filled  up. 

S  226  Emmpie.  Suppo^au  estate  to  be  ^^ftd 
on  two  lives,  with  condition  that,  on  the  extinction  of 
both  those  lives,  the  same  may  be  renewed  with  two 
other  lives  (the  best  that  can  be  found)  on  paying  a 
fine  of  £300 ;  and  so  on  for  ever  :  what  is  the  pre- 
sent value  of  the  landlord's  interest  in  the  estate  : 
taking  the  probabilities  of  living  as  at  Northampton, 
and  the  rate  of  interest  at  5  per  cent.? 

Here  we  shall  have  ^(or  the  value  of  an  annuity 
on  the  longest  of  two  lives,  both  aged  8  years)  zz 
17721,  g  z:  -05,  and  /  zz300;  consequently  the 
value  of  the  landlord's  interest  immediately  be/ore  the 

receipt  of  a  fine  will  be  equal  to  300  X  >05x  17-727^ 
340*656/  or  £340  :  13  :  1  :  and  immediately  after  the 
receipt  of  a  fine  it  will  be   equal  to  40-656.     But,  • 
if  the  ages  of  the  lives,  on  which  the  estate   is  now 
beld,  be  40  and  60  years  of  age,  the  landlord's  in- 


terest  wUl  be  equal  to  300  x  ^^^^  =  1 H-880 : 
or,  if  the  eldest  of  those  lives  be  extinct,  the  land- 
lord's  interest  will  :^  equal  fe>  390  X  -±;^|^1^= 

188*192« 


\0  0!a>^'.  ■ 


y..".'""'^         :■;    ";'>:"<":0.   ^o-'r^i^^^s^i^k  ^(^ 


4 


aCHOLIUH. 

§  227.  From  the  principles  here  laid  down,  L^ 
will  be  easy  to  determine  whether  it  is  n;iost  advan  ^ 
tageous  tb  the  lessee  or  the  landlord,  to  fifl  up  sL^'lfT- 
as  soon  as  it  becomes  vacant :  or  to  wait  till'  tWii^^ 


ttbfe  of  them  have  dropt  before  the  rene^i^^ '^  '^ 

V 

-i'l.).:^;.  •■{.  ;;, 'li-^  '•  A.':^t  :.-.   .'Vv  u  'T-^;  .,   y.-  •j-.t^rn  anoi* 

i-f  -Mi;^    -;;;■?  1:   t,:-:^    ?:':i-:r    ..vI^o^iKe  i/ifiid:^   hjsd  aw 

b:^r~;:'r^-;^  /r^,-,  .:,vc?^  y  tf::ri:  ^77f?«^o  aisri  b(uow  I 
.  b'^VcC-yfi;  3ij|.  s*5vi{  aejtrfi  njsifi:?  5Tf^rt  et^rfw  «saj5D  xm 


On  Assurances  depending  on  a  particular  Order  of 

it  is  very  difficult  to  give  a  concise  and  accurate  ex- 
pression. When  two  lives  only  are  concerned,  the 
investigations  are  not  very  complex :  and  the  solu-r 
tions  may  be  obtained  without  much  labour  or  incon- 
venience :  but  when  three  or  more  lives  are  involved 
in  the  question,  the  investigations  become  more  intri^ 
cate^  and  in  many  cases  indeed  baffle  all  our  endea- 
vours to  obtain  the  correct  value.  These  latter  cases, 
which  are  equally  numerous  with  those  whose  values 
we  can  obtain  correctly,  arise  out  of  the  subject 
already  mentioned  in  page  123  ;  and  will  mostly 
occur  towards  the  end  of  this  chapter :  we  may,  in- 
deed, approximate  to  their  true  value  by  the  help  of 
the  two  lemmata  given  in  the  fifth  chapter ;  as  will 
more  distinctly  appear  hereafter. 

I  would  here  observe  that  I  have  not  considered 
any  cases  where  mort  than  three  lives  are  involved  : 


those  cases  are  so  very  rare  that  it  would  not  be 
worth  while  to  lay  down  any  general  rules  on  the 
subject;  and  to  investigate  them  properly  would 
swell  the  present  work  to  an  enormous  bulk. 

In  order  to  avoid  any  unnecessary  repetitions  in 
the  ensuing  problems,  I  will  take  this  opportunity 
of  mentioning,  once  for  all,  that  I  shall  in  ever^ 
case  denote  the  given  sum  by  s ;  and  that  the  pro- 
babilities of  living  will  be  still  represented  by  th^ 
same  quantities  as  in  ^  23.  The  resulting  formulae^ 
which  show  the  value  of  such  sum,  will  sufficient^ 
enable  the  qxperiei^ced  analyst  to  deternaine  it; 
jaumerical  value  :  but  they  are  too  complex  ant 
intricate  to  be  inserted  as  rules,  in  words  at  length.. 

i  229 .    I  would  also  observe  here,  that  1  use  th^ 

/     /     / 
characters  A,B^  G  to  denote  the  value  of' an  annuity 

CD  a  life  one  year  older  than  the  life  A^  B,  or  C  rs 

spectively :  and  the  characters  AyB,C  to  deaote  the 

III 

value  of  an  annuity  on  a  life  one  ^^^x  younger  \\i^t 

the  life  A,B,  or  C  respectively.     Consequently  when 

III 
th6. character  -4'*  jB*,  or  C'  occurs,  it  is  me$int  to  de- 
note the  value  of  an  annuity  on  a  life  n  years  older 

than  A^B,  or  C  respectively :  that  is,  on  a  life  («+l) 

years  older  than  A,  B,  or  C  respectively. 

The  same^observations  will  apply  to  the  characters 

-4%B%or  C%  which  respectively  denote  the  value  of 

•  ■       '  

a|i  aftriuity  on  a  Jife  ^  years  older  than  A,  B  or  C: 

that  is,  on  a  life  years(w-3;-l)  older  than  A,  B,  or  C, 


respectively.  This  remark  will  also  extend  to  the 
caseof  such  lives  considered  jointly  with  any  other 

lives:  thus  il£  denotes  the  value  of  an  annuity  on  the 
joint  lives  of  B  and  a  life  one  year  older  than  A; 

ABC  the  value  of  an  annuity  on  the  joint  lives  of 
BC  and  a  life  one  year  older  than  A  :  and  so  on. 

PROBLEM  XXVIL* 

§  230.  To  determine  the  present  value  of  a  given 
sum,  payable  on  the  decease  of  A,  provided  that  shall 
be  the^rst  which  fails  of  two  given  lives  A,  B. 

SOLUTION. 

The  chance  of  receiving  the  sum  at  the  end  of  any 
oae  year  will  depend  on  the  happening  of  one  or 
other  orthese  two  events :  1  ^  that  A  dies  in  the  year, 
and  that  B  lives  to  the  end  of  it :  2°  that  both  lives 
failm  the  year,  restrained  however  to  tfre, contin- 
gency that  A  dies  jfirst.     The  probability  that  the  first 

event  will  happen  in  the  first  year  is  ^"^  ;  and  the 
probability  that  the  second  event  will  happen  in  the 

same  period  igiSz^L^^izii):  these  two  values,  there- 
fore, being  added  together  &  multiplied  by  ^(1 +8) '^S 
or  the  present  value  of  the  given  sum  certain  to  be 

*  Pricp,  Quas.  11,  a|]|d  Note  (M).    Dodson,  vdj  iii«  Qaes.  23.    Simpson's 
^p,  Prob.  82.    Morgan,  Prob.  16,  and  in  Phil.  Trans,  for  1786,  Prob  '2» 


W4  6n  couvtuotVtrtiMUnmAncwA.       Gh 

received  at  the  end  of  the  year,  will  give|-  (1  +^Y  * 

^3~-^— 77  +  Tt)  ^^^  *^®  value  of  the  exp 
tation  of  receiving  such  sum  at  the  end  of  the  first  y< 
In  like  manner,  since  the  probability  that  the  i 

event  will  happen  in  the  second  year  is^^^^^ — , 
the  probability  that  the  second  cAent  will  happei 

the  same  period  |g(«--«)^x^(^-"^)^  it  follows   that 
sunt  of  these,  multiplied  by  4r(l+g)^*,  will  give 
value  of  the  expectation  of  receiving  the  sum  at 
end   of  the  second  year.     By  a  similar  method 
reasoning  we  may  find  the  value  of  the  expectat 
of  receiving  the  sum  at  the  end  of  the  third  year :  £ 
so  oh  for  every  succeeding  year,  to  the  utmost  ext 
ofiiuman  life;  the  sum  of  all  which  yearly  valu 
or  the  series 


r 


ab  ah  a  b    ,     a  b     \ 


I  I 


*/'U_^\Mi2v^      a  b ab  ab     ^     ab 


iO+8rxl44— H-^+  " 


^-  Lo6  a  b  a  b     *     a  b 


f(i+8rx[!T 
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III  HI 
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III  II 
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II  11* 
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o,  b  a  b     '^  a  b        "^ 

&c  &c  &e,  ~ 

will  be  the  total  present  value  of  the  sum  ^  to  be  i 
ceived  on  the  above  contingency, 

§  231.  But,  the  sum  of  the  first  two  of  these  p 
pendicular  series  (independent  of  the  Common  m 
tlpUeic^)  i^  >y..]?rob.  yXlI,  ,pq^B^  Jd=^l 


a 


laii;  Sqtial  ¥o  :4B  X  -'.*     Consequently   the   total' 
p/eseht .  value  of  the  given  sum  will  be  equal  to^ 

*  The  third  of  these  perpendicular  series,  or^jrjqi^+JJ^q:^    + 
OlU  t^PjU    -<ff<K^  '    '  ■.■■..-:■■  ti   :;■'> 

Ik  * 

ifeJV  JV 1  ^  "fe^/i^'y  taking  aft  the  term:^  m  afflimatii^  and  <miHtviy.  f^ 

rioiirf  !/v-7^' i///i»ii;:    ■    ^    '  •  '  '/i-  ■  ^;tf.;«-i^i/>i 

.    aft  'aft  *ni.-i./'  ^^  »^  • 

t  •     i  l. 


^l±£L^^/  In  like  mknner,  \%  will  be  efidcnt  thAt  tiie  fourtli  perpen- 
dicular  aerie*   p,    '  4. i^+ — tL-.+&c,  is  equaj  to — 


.A    •» 


-JLL_+--2l_+_e±_,  &c     ;vhich (since   .,,1. 

^«r,  (^v«)!tii^  tl^e  method  i^rjS  piqued :  fi>jr  the  third  perpf ndioiikr 

Y 


/? 


.-     t 


I 


t 
\ 


1^  olifto6im)i?a«Kt*^M9inMtcfi8(         (Sft«fi 

fAs  l^is  formiJdti  will  often  be .  referjred  to  >  m  %\^ 
subsequent  problems,  it  will  be  convenient  to  denote 
it  by  a  more  simple  expression ;  therefore  let  it  be 
represented  by  t^  :  that  is,  let  t/jf  denote  the 
present  value  of  £1  to  be  received  on  the  contingency 

mentioned  in  the  problem;  consequently ^yX^■    W' 

b^  ■ '    ' ^m:  ■  '    '  ■'""^ 

"  "^  II I  III  II  <^  /j^ 


ah  o  b  a  b 


Ikfid  tlife  fofirth  perpepdiculiir  scries  is  also  eqtial  ta    c/ «  ,    1 


,v^  cr 


abh^ 


»  Ul  HI  lilt 

ab  «  b 


■''     ••    ■•  .'-■'i;.'?- 


=  _ii_(I+:ii>=l±i&  )<-i 


■.".«*a;h«)»  "fiat*)*.  .     ■ 


■(    /    j-.l.t.  -.:'•/  ■/    / 


■/'O'nr       ri     :':':     ->i-;,'   «.  f      ■•^r^.-      (      n-J.v    I 


*•  I  L  ^ 

^+IB    i-_v_   ■'■.■■■  ■•■■■"' 


a 


.';■/•    :^i-oxr 


^les  loay  i>!e  «;iH)ii)(ed  up  i|^  two  different  ways)  thaj  we  may  adopt  eitt 
$x]jjc&iBi^^  Jhe  valqe  of  ttkesanie  :,ac{rouaistaace  of  which  I  have  avsH 
layseli  in  sme  of  the  suh^equent  prohlems.  The  same  ohservattons  w 
apply  to  any  other  two  lives. 


*  :>•  X-r.t- 


*  M^.MQi^n  (apparently  not  aware  of  this  property)  has  run  into  eon 
Bt^range  errors  on  this^ubjectl  He  has  given  both  expressions  in-tWe'i^*' 
formula :  and  such  expressions,  being  there  always  used  with  coitft^* 
Bigns,^  of  course  destroy  each  other  ;  and  are  therefore  unnetessarily  ib^ 
du6ed!  These  cases  are  by  no  means  singular,  as  they  occur  in  alrrioia*  • 
inejproblems  (involving  simflar  contingencies)  inserted  by  him  in  the^W* 

to  Oic  Fint  Caw  of  Problem  XLV. 


detiote  the  present  value  of  the  given  sum  under  the 

*  M  ^ 


same  circumstances.* 


'■'^  Theobly  methods  of  soWing  this  problem  (pr«yioas  to  the  inrestlgt- 
j^f9  ofltvy  Mr*  Mor^fon  from  the  real  probabilities  of  lire)  where  thpsc 
gifren  by  Mr.  Sjippsoii  in  the  Supplement  to  his    DTctrine  qf  Annuiimtiy 
Pfob,^^^XIlj|and  by,  Mr.  Dodson  in  the  third  volume  of  his  Mathematical 
Bijpontoryy  Qu^s,  XXIII  :  both  of  which  are  dedaced  from  M.  De  MoivreV 
hyBothesi8.'''"1Vfr.  Simpson  however  has  inserted  a  rule  which  may  be  ap- 
f4icdtoftBj  table  of  observations:  whilst  Mr,  Dpdson  still  abides  bjr  the 
lij^Vtl^esis  of' his  friend  De  Moivre.    Mr.Morgan,  with  his  usual  antipathy 
igaiost  that  theory,  has  despotched  Mr.  Dodson^s  role  in  very  few  words, 
lll^ Joying' thai''  ha«iqg  derived  his  rule  from  a  wrong  hypothesis,  iie  -has 
rendered  it  of  no  ueeJ*    (PhU^  Trane.  vol.  Ixxviii.  p.  332)  :  and  Dr.  trice 
has  observed  that  be  knows  of  no  other  method  of  solution  but  that  of  Mr.., 
Simpson.    Had  these  gentlemen,  however,  taken  the  tnmble  to  compsite 
Mr.  Simpson's  rule  with  that  given  by  Mr.  Dodson,  they  would  have  found 
that  the  bitter  (even  on  De  Mdvre's  hypothesis)  gives  the  values  oftentimes 
more  correctly  than  the  former ;  and  were  it  adapted  to  the  real  probabilitiet 
of  life,  in  the  same  manner  as  they  have  adapted  Mr«  Simpson's,  it  would- 
in  many  cases  give  the  values  stilt  more  corresp<toding  to  the  true  values. 
I  agree  with  them  however  that  neither  of  these  methods  can  be  safely 
Qsed,  except  in  the  middle  stages  of  life  ;  and  that  it  will  be  best  in  aU 
casn  to  dediieethb' values  from  real  observatfoos.^  Nevettlieless  as  a  nior. 
^oemay  be  oftentimes  required,  without  mueh  'labour  of  conipbtiitfott,'  I 
iMtTe  thought  it  necessary  to  point  out  how  ht  these  methods  may  b» 
Upended  on. 

-  Bat,  is  it  not  singular  that,  after  the  unlimited  censure  which  Itlr.  Morgan 
1m  east  upon  the  *' wretched'' hypothesis  of  De  Moivre^  he  should  (ps 
^tor  of  Dr..  Price's  Observations  on  Reversionary  Payments  sulQTer  the 
Fortieth  Table  in  that  work  to  remain  without  a  comment?  particularly  as 
U  must  well  know,  because  he  has  taken  much  pains  to  prove,  that  the 
Tilqisia  that  table- are  Mr^rsmt/^  erroneous^  and  id  many  eaiss  are  more 


♦-. ,      ^.ii.^t-j 


COROLLARY   II. 

^  ^'233.'  I^rotri  the  |irmc!iJ3le^  laid  down  itit{ifei)t»fc 
blem  we  may  readily  find  the  value  of  any  sum  de 
pending  on  the  contingency  of  C  surviviag  A ;  ths 
i»;  of  such  sum  to  be  received  on.  1}he  deathiqf  - 
provided  his  life  be  the  first  that  becomes  extinct  c 
the  two  lives  A,C.  Thte  value  (>Csuch$um  wilf  l}eeq(:« 


to    ' 


] 


I  shall  (for  reason's-  aBdve  tfti^ntioned)  denote  1» 

s  ^'il.".       '  :  •'     '•  ■•■'■■ '  '''■  ■'    •' '      \^:^  i^ 

'^fu'  like  th^i^rref  *tbfe  valti6'  o^  any  sum  dependingia 
fiieicoritingerityofCsat^vivirig  Bivill  be  fotuid  eqiiajjlil: 

f(W  the  same  reasons  denote  by  ^  X  Jl^  .    These  for 


|]|o}ee  will  often  be  referred  to  in  the  subse 
problems* 

'  COROtLARY  hr.^  '        "    ■•    ^'^-' 

§  234.  If  the  contingency  mentioned  in  the  pro- 
blem, and  on  which  the  given  sum  is  to  be  receive?, 
is  Deferred  ioT  any  given  number  of  years  (=»),  l^s 
thati  that  to  which  it  ifs  probable  the  two  joint  Iwea 
may  extend,  it  is  evident  that  the  sevei'al  perpefidiMP^ 
lar  series,  itt  the  j^fafe'tttl'eirpttSfeiotf  j^ven  In '  pag«  M*, 


"  But,  if  the  present  value  of  the  given  sum  to  be 
received  on  the  death  of  A  according  to  the  problem 
be  once  determined,  We  may  62[^ly  find  the  value  of 
the  same  sum  to  be  received  on  the  death  of  B,  pro- 
vided his  life  be  the  first  that  fails,  by  subtracting  the 
vilue  found  by  the  problem  from  the  present  value  of 
tlie  given  sum  to  be  received  on  the  extinction  of  th6 
joint  lives  AB,  as  found  by  Prpb.  XXII  :  or,  in  other 
(^rords,  by  changing  the  sign  of  the  second  term  in  the 
gf*neral  expression  deduced  from  the  problem.  Thus 

the  present  value  of  the  given  sum  orithecontiugency 

of  A  surviving  B,*  .    •  oc  ^ 

As  these  formulae'will  be  often  re^rred  to  in  ithe 

subsequent  problems,  it  wiTl  be  more  convenient  to 

deflote  them  by  a  more  simple  expression ;  ther  f»  e 

^"■'  ■  #i^        '  gMA 

let  them  be  represented  by  XJ    :  that  is,  let  ti 

dfefldte  the  present  Valufe  of  £l  to  be  received  on  the 

contingency  mentioned  in  thiscprollary ;  consequent^ 

sXJof    will  denote  the  present  value  of  the  given 
sum  under  the  sam^e  ciTcumftances. 

.  *  Universally  we  shall  find  that  by  this  method  of  investigation,  the 
dying  first ;  tmi  the  lower  sign,  if  on  B'l  djing  first. 


But,  since  (^jB)      ^ju^Si±^  =z(AB  =  AB  — 

a  b  V      -  . 

vifqefe-;- Sis  fexplain^d  iif  tlie  'pmyt^^fHir^f<^^i^ofi 
reader  this  formula  more  convenient  for  practice   by 

ab  \'T%f    -  .(1— «>•«  T"Tr+7r«^^  "*"v     +  ab. 


'.!•      :i 


that  js,  eauis^I  tp  the  difference,  l&etwefen  th^'  pi^Sttlt^ 

v^we^of  4be.,eftfflv/fQ«Bd.i  by  vliJjke  t  pfflfeli^ 

sent  f  ftlue  of  466^  satiie^^isam  ^Ocy5fr/wJ  as^  i^  thieofpre-j 


;  corollary. 

*  I  believe  that  this  formula  id  the  first  correct  rule  that  has   ever  been 
gfv6ii  for  tfetefiiiriifig^  tli'g*VaW&  of  iucH  Rsitfi^i^  <*  ^f V(?i^  fe«*iil?fi  IfPnfcb-, 
solution  of  the  firteenth  question  in  Dr,  Price's  Obs^  on  i?^,oPfi^>lji|f  9#f^Ci 
lias  given  a  rule  by  which  we  may  obtain  a  near  value  of  such  assurances^ 
anl  tixi  referred  to  noti»  lir^T'tL-deptonet'f^iQn.id-i^  same.     This  demon, 
stration  (as  he  calls  it)   would  indeed  lead  us  to^he   ei^ct  va'ue  according 
to   any   table  of  observations  agroeaWy.  to' ;ivhat  the  author  has  justly   re- 
marked :  the  rulCy  ho\irever^1raS  n(9  bsen^  dedtwedJipA^  this  investigation 
but  from  Question  XXIII  in  the  third  volume  of  Mr.   Dodson's^aM««a_ 
Heal  Repository  or  from  tiic  process  huLkdo^Vn  by  Mr*  Simpson  in  the  Sup* 
plcment  to  his  Doctntie  d  Annuifles/pnge  02.  ^\  r  O^ 

Mr.  Morgan,  by  way  of  impming  on  this  ejcp'et$i^tion,  lias  given  a  rale 


rale  is  dtdneed  on  tbf  supposition  tha^ 


fjj87       .  ^ftif.  /}o?CTM#a»^T  ,fiw»4xcfis.  193  \ 


1 1 


COROLLARY   Y. 


^  236      If  the  two  lives  are  equal  to  each  other, 
(tfjtUQsam^age  A,  the  general  expression  in  the 

Dblem  becomes  equal  to-|-X  jr^~  i  because  the 


2    ^    (i+2 


'..  / 


1      fi+AA)a 


jond  term  in  such  expression,  or—  ( \1±- — --,— i 
i.a)r  will  then  vanish  altogether  :  whence  it  fol- 
vs  that  the  value  will  in  such  case  be  equal  to  one 

decrements  of  life  are  equal  during  the  given  term  ;  similar  to  the  me- 
i  explainedl  in  the  note  in  jiage  150  of  the  present  work  :  and  th's  use 
^.  De  Moivre's  hypothesis  but  little  ac(|brds  with  what  he  has  repeatedly 
U)99d,  '*  that  it  is  best  to  exclude  it  entirely  from  the  doctrine  of  8ur« 
jrsbip."  This  very  fact  willishow  that  it  may  occasionally  be  used  with 
I' effect,  even  in  the  solution  of  the  very  problem  where  he  has  ceomired 
iii  IsosL  I  shall  here  subjoin  an  investigation  of  Mr.  MorgM"^  r«l« 
eh  will  show  the  method  of  proceeding  in  similar  cases,  when  we  wish 
idopt the  same  principles.  * 

<  will  appaar  that  the  general  series  in  the  problem   may  be    conrerted 
I' the  following  one, 

a — o  /   b     .     b 


2(1 +«> 


a — «/    ^      ,      o    \ 


X 


2(l+« 


«  '"  » 


TX«T^(-^+4-)+ 


2(l+^)»         a     "^    ^      '      b 

^ow,  if  we  suppose  the  decrements  of  A*8  lift  to  b«  tqual  during  tii« 
W^i  (vrUcK  mth'tnjciasef  wiflbfi  fotnid*^  T*ry    iM&ilyi 


V    r 
'I 


19^1  (aiocwnn«MiBi«;fe^$WW#«»li»        ^^ 

on .  the  extijictiw  of  tJM*., JWi^t^liye^ j^.  ^ ; ..  ,^  ■ , .^ ^  g ;  j t  g 

he  first »,  teriM  of  th!»  S^IWti*  f««iito  £  lu)  Yi-is..  fcJaiX^J  ro  ^eSV 

■•  <  ,       1.   «-  ~»   ^  ■"'■  ft     '  ^  i 


//  /// 


''S).  .:'  :  -■:  ■.■■■■.■  ''  ■:.:-v.       ?•.-...;    li^.r.i::.-  .i:^7VfeJVr3hi  voo^ 
Gnd^pcndent  of  the  common  multiple  _l£,  equal  to  /V  /   ;  ftnd  ^ 

feooind  is,  in  ftke  wanwer*  e^il:^j(jEDt«^wheDce1>^^^  y^V^ 

thf  ^iss4irftnci5  foi;  the  ipiv^n  ^erm>  w?ll  upofr  tliis  rhyf«tl)esis  be  dfeqoted 

whence  Mr.  Morgan's  rule  is  manitest. 


-likQi  tiiij  oi  viqq/^  vii^t'Oa  iliw  B'^wciir  eaoidX,.  Ja,vi2V  ai'fl^ 
are  continued  fo  the  uttnpst.ei^ent  of  liuinjan  nfe  ( 

become — »  ^   ■  X  ■  •/,  v„t — •    In  this  latter  case,  however,  the  foro 


2on     ^      (1+57 


as  it  is  certainly  an  -tt>«/r '-'kialllife  JMrW<jft^<)f 'fbe^^ittfi- 
in^'i^yi'Vrv^.'^t'is'tii^ife'it  tfkit  one  half  the^present 
vifi^df  eh^-gfim'to'Be"  reieiV^'^brt^tfref^tinetion  On  • 
tli6k>irit  fi¥^W^'h&m^i^<i6  ^ftlue  df  the  sum  de- ' 
pending  on  this  contingency  ;  whether  such  contin- 
genc|^'^xteads"-t(J%6'"*\^le'iiOttlhiuknM  of  tt»e  given 
lives,  or  exists  only  for  a  given  term.  -     .  r  ■■ 


,-» 


Observations  on~Mr.  Morgans  Method  of  investi- 
gating this  proUkm^ 

§  237.  I  cannot  disgiiss  lbis-pr<>blem  without  some 
remarks  on  the  singular  and  unscientific  manner  in 
which  Mr.  Morgan  has  sudimed  up  the  four  colla- 
teral series  (in  page  184)  which  express  the  present 
valiiei^^  the  givea>^sum  to  be  received  ^on  theaoutui 
^eQcy  nientione^in  the  problem  :  and  I  am  the  more 
iQduced  to  da  this  because  similar  expressions  arise 
!*!i  toatiy  6f  hitf'^^wfbsequent  problems^  in  whic^h  the 
saine^^ioose  an,^  eccentnc  ttietliod  hasf  bcfen  pt](rStied; 
whtreby  an  air  of  obscurity  and  difficulty  has  been 
tlirowp  over  the  subject,  which  ijt  is  my  intention  here 


:.t  ^t^, 


^Qi)«(rJl>e  aefH^^  t^kb^y^hmleiii^  A  Is  txitieh  ihd  younj^eat  oC  ihe  two  liies 
j>Qt  at  the  same  time  not  younger  than  15  years  of  age :  indeed  it  must  at 
<*^BI^W^MhW{tk  pf^per  caution^  Md  vritW  a  ^«ie  regard  to  th^  tablet 
of  obseryations  paade  ttsiei  of.    These  remarks  will  equally  apply  to  the  sola- 
^OMof  theiixteenth  question  in  Dr.  Priee*s.work  abvve  quoted. 


.♦.  .    t; 


1  #  ^  oi^'  g6i^«i^liN¥'-iLI»»tf»K»@]a[P        ck:  b 


/«  III  lit  .     I  III  II  I 

\^Kibh  i»  evidently  th6  saime  series  a«  tltot  wbidb^ 
hSftVe-giVefl'iipa^l^J  -     '  '  "'  '•      •    - '^n 

U?'M.  ■'='/'      -'rfiHom  *'^' -V  ior»  oH*  ^^^  rff^i'v.  ,  fohr^,-.  •.  r»>lr 

^  In  the  fi|a}^sequent  process  given  in. the  text.  I  have  adopted  the  meth( 
orjBotatTon  inadf  uS^omtori^oA^  WStliBle  If ^Vtfr^;th  ofder^ttrgreve 
any  obscurity  or  circumlocution  by  the  introduction  of  new  symbols.  B* 
le^fU  should  be  charged  with  having  misreffreseaj^ed  Mr.  Morgan,  I  shi 
b^e  sobjoiAthe  method  wfai(^|ie  hitoself  haii  puf9ue4.itL;int<^tigatiq^  ^ 
proClem  ;  and  for  the  sake  of  greater  accuracy  shall  adopt  the  same  cl 
racters  which  he  has  u^d.  ,  '-  *  ^  -  "-         s  ^  n  -      t 

Let  r  denote  £1  inct^ed  by  its  interest  lot  a  year :' let  a  fepr^sent  1 

iiumt>er  of' persons  living  in  ^. table  a^  $he  Mfe^^f  A  ^r^M4><l«Mb^^  vl 
represent  the  decrements  at  the  end  of  Hie  first,  second,  third,  &c^  yet 
frott  the  age  of  A^  X^t  h  raptesent  Ifhe  number <pf-pte^oi^sJiYkig  at  the  i 
of  B ;  aaa  let  c,  d^  e,^4  &c>  rejtfesentUhe  number^ p5tonsnivTngMBk£  t 
end  of  ths  first,  second,  third,  fourth,  &c,  years  from  the  age  of  B.   t    •' 

^^  Well"  Wti%  tfbflsTJhtKmr|krf;''fe  PhiP:^fknrno^:i7^f:^ 

<^viU 'foHow  ^titot  ibcvps^iseHt.rvi^liie  -pf  Sr.tg  1^  ^fic^jved  ^n  *he^dj^^jp| 
i  ahottldotkafcthttpl^eii  JA  *^)MfetipiftHoffBKfljrilt  j^ftr^SFf^s^jl^-tfef^ 

.^^'       "^  ^t^iT"^  "^ia  ^"^^^^i^"  "^  ^-^  »^^*'-''-''^^«r  ^vod»  wr-wg  Mo»#. 


9\    ':*.._.   ab    ^ 


*  ■    A       •      .•  — 


_^_  . ?     i     g*^:     4. 

"Sc  &c  ■  AjB*; 


? 


4i(h'bte  tbea&|>roflged?.4pr  siftSV>  J^B,  i*^^*  -  several  cqI Jiar 
;  teral  series  in  the  following  pjijuani^r^  ^  The  fiA^st/fe^ 
.    makes  (independent  of  the  common  multiple  o-)equal 

to  B,  the  second  equal  to  -^AB,  the  third  equal  to 
s 


.1      .  S         "^  ca  aa  cap  fa 

0  0  a         c  a         d  a         ea  ^    nit  ........ 


.  «        eo — em — ea        „  _      «   ,    "       ,        ,       „  .^ 

J^'355r^-15^S3;:5r:r«*i*f^t:\<^:.  >t,^^^oJf^e.T(j|^ue  of  an  annu^y  on 

"^l^tlS^iiau^^'iEi&i^^  bnt&cf^dmt^HV^      A  and  B'and  of.AiOid 


//  //<. 


S       r"  ba  ea  da  \  "^ 

■•wnd  8«iM  •boy*  mtntionady  or  -j-  X  [^""jg^  +  JJJT"  +  "Jjpj  +  *^» 


(or  of  ihe^rst  collateral  seties  in  page  196)  is  made 
-  A,i»d,  by  proceeding  in  asimilarifniLhit'f  wittfrespecT 


of  it  is  found  equal  to  B  X  -r  —  t^t  —  ^i  -B  X 

bdJx;    J    V  V\.  k--'    -.-^    .s    ■      ■:   -T     ■---:  •      -  ya 

0  I  .1  •:  I  .    ■     ■  _      S        ^ 

ofjtfc^lgiTmi  sdfi(i^>t(K'be  red^iTed  on  tbe  oontingKnej^^ 

;.fo9i'JiJr'.  0/1*  oj\^'-M^V:)d  v.h.^q'nif  :ior::  .'U '•>  i?^rilB7  riDua 

Vhere  ?  denotes  tlie  nuja^r  jof  ^p(^$oB^ali?^g.aV.th^.ag(e^  ^^a  l^r^  Wtl 
yew  younger  than  B,  K  the  value  of  an  annuity  on  that  life,  ancl  AK^the 
^Im  W^i'^s^^^iiii^^^i^^  bfi  MyL^   The  wiioie  value  ofW 

fupvivorship  18  therefore  =  S  x  '    ^^^ iri 4-  - — >> ^      '  -^ 

,  These  are  Mr.  Morgan's  oivn  words:  and  if  the  Mveral.,yaljie8,jih#^® 
§]il^^^  to,  be  express€|d  by  the  cljaracters  whicl^  I  have  adopted  in  the  fij^t 
il^^^k^'  they  wiU  be  fouj^d  to  asr^e  wJ^'the  prq^fss . giy^Q  jn^ J^^o^fH 

this  partieular'case ;  although  he  still  preserves  the  same  method  o/solutiot^ 
both  bkere  and  In  all  his  sabsequent  problems.    See  Price's  05«4edit«  1^03, 


flr.  Morgan  that  B—  ^y+j)-  >cyis  cjiual  to  ■^— -    X 


orraula,  above  given,  may  be  more  simply  expressed 

)v  ±J  ^-g^^  j  i±i?  V  J J[  5  X~   I    and 

iMAi  isene^f tber&fJinrUi^'wlucli'i  l^ave . grveir, ~\a 
l^du^eiin  page  18d>l fori  theivalue^ofthe  sucn  xlepdtt^^ 
lingflon  this  cqntingency.  Indeed  it  is  difficult  to 
ioiiceivfe  ^Jiy  fie  should  evet'KAV^'  thought  it  neces- 
iary^tlo  employ  those  quantities  which  'denote  ttie 
/alue  of  an  Annuity  odi  a  smg^  lite  j^sinct  it  is  clear 
from  the  nature  of  the  several  serieis  in  page  196;^  thAJ; 
such  values  could  not  properly  belong  to  the  subject; 
atnd  tkat  no  quantities  are  ftivalved  in  the  BOlettibii 
birt  such  as  arise  from  two  pint  lives.        "  '  " 

'^s^this  strange  error  tuns  throujgli  the  whoi&.offtlr^ 
Morgan's^  papers  in  the  Philosophical  Transactions^ 
where  this  a!nd  similiir  contingencies  are  involved,^  I 
have  thought  it  right  to  take  this  public  notice 

•^llnils'inAJel'^videht  on  inspection  of  the  firsP^iia  t'Bird  of  tide  col- 
lateral  sertes  in  poge  197.  For,  it  Is  miihifest  that  all'thie  subsequent  tetms 
oH^^Wo  ieAh  d]tef  the  j^it  «^^  dei^lf^^  Atii  wiiki^ 

^mtf^ftt  tbe  sQtt  of  those  twa  collat^l  Wfies  will  beeqHsi  t9^Kefii«t 


^^'jfl  Jib3^T^^i  e*3;)»j'-l  9v3     /*i;'n-»r..V,o^-  insjfpaidlr?  shf  lis-  ai  ha^  ^i*i:i  :[*o.:? 
fl^rrX— T — .    In  like  manner  we  may  provt  the  equality  of  tj 

two  quaotitifi  alluded  to  in  th«  text. 


!208  Oil'  HHi^fWHomrt'  M8aaAK(Wi«        0i  •  -9 

dl)ife;iiiiotronly  with  a^ifewto  obviate  aliyt  diffiealty 
that. may  arise  from  a  comparisoa  oiMs  formulae  witlj 
those  which  I  have  here  deduced,  but  to  clear  the 
subject  from  all  diffuse  and  uaconnect6d  matter 
And  I  shall  have  occasion  to  make  a  similar  remarl 
on  his  method  of  summing  the  several  series  when 
three  lives  arq  concerned :  for  which,  see  the  Obser 
i?/?/Zo/z^  in  §  2t5 1  &c,  at  the  end  of  Problem  XXIX 

anil  §  272' at  the  end  of  Problem  XkXV. 

i^ov'^tiiJ.^  'i:  ..'  .:^.  •  •     )    ..  ^r-":^^«  ■»  v  ^     ■  ■  •    ■.■,■. 

§  240.    To  determine  the  present  value  of  a  givei 
sufq  ^p§jyfi\i\Q,i)n  tha-decease  of  4j.prwi4^it^?lt?s^%> 

SOLUTION. 

^iflis^eyi^enti  ia this casfu'- that tlie ^banq^of  rec^^f 

only  on  one  contingency  ;  viz,  l^^t  |:^j9th  th?,  ^ v^s  Ji^^ 
^?!?(?i.?^^]ft^kiRj^ftfu.Re49d^!  rps^ain^d,  I^^oyv^y^^^^  t 
$>?/.?^/#fifl^  r  W  A  aim  ^^^'.  M .  R'^Pf?^t?Ui^, :  p 

l^r!»S^»^.^^ei4fftt  yfi^iisl^^^fTiU  .and-  wiiicfc 


S  Price.  Qji^\  12,  ind  Note  (M).    Dodson,  vol  iii.   Qjiifia..  24.^  Sirnt 
^•h  tfo  < i  M9^,fSr^£r  )!  Mtd'in  null  (TtatM^^af  JE7BE(^B»aWi9p  ^ 


.  'i 


t 


i^t^.      •«k>~4AmiQAmftmroi»atmx]NMe.  SOS 

jffoim  ij^Ii/nig   o;4i"-^    -^  ■iC'^i.i.':^  "  vf-i  "'.-i-  J  KnA 
--rJi  for  the  expectation  qi  receiviQg.sujch  sum  at  the 

5*llw  '^tJi'ya  lt-i:jv->^   '"j^i.  ::-.-i:.aiu^^  .  :i  -I.i  j.j'  >■■'■  :\-j 

^flil  \9C  the  first  year.r 

JfUUe  second  (^Q^  following  years,,  hp\yever,  the 
chance  of  receiyins^  the  sum  ,will  depena  on, the  hap- 
pening  of  either  of  two  events :  1°  that  both  the  uves 
fail  ill  the  year,  A  having  died  last :  2^  that  only  A  dies 
in  the  year,  andWai  tf'di^l^'yiit^^^  preced- 

i^SL-years.      The  .probability  that  the  first  evea  twill 

babifty^fflYi's^t^Ma-fek^i^piiMiigf  th  the  ^linffc 


/      // 

a — a  /  I         6 


period   is (I  —  7-).     These  two  values  therefore, 

being  added  together  and  multiplied  by  ^(l+g)'^%  will 


//        .  /  /  .      II    It  Ml  -/    " 


fo^ejt^ctlft?cfa ^^^^^[^^^"^e'  '^v'ln  itiii*  at  ^e 
telifttHtie^flrst'^vei¥^i>afi]}ki^gB'¥h^'aiiFdyea?^ 

A     JIL  II       III  .'r..^:-      V      . •  ■       "    J 

t^r^faBa;tJbc^.l3viM««aliaanb^ng^dded,-lHigMheiT  stod 
JniltipUed   by    *(l+8)-*,   will    give -l  (I +8)"*  'x 

2  A 


-ppc^tipa  of  receiving  the  sum  ?X  the  epd  of  the  tfiljir 
year:  and  so  on  for  every  subsequent  year,  to  th 
utmost  extent  of  human  life ;  the  siint  of  alf  Vtlic 
yearly  values,  or  the  series* 


I 


ao.ao     I     a  o 


'/I    I     N'^Sv^l     ^  '*^  ab    ^ah     .     ab 


-^\^~^/     /^  L  a  a         .  (^ij    '    a*  ~  ab 

&e  &c  &c, 

Wfll  be  the  total  present  value  of  the  sum  s  to  be  r 

iiei^ed  on  the  abov6  contingency. 

'^  4  241.  But  the  sum  of  the  first  two  of  these  pe 
^endicular  series  is^  by  Prob.  XXII,  equal  to  the  pi 

^ent  value  of  the  given  sum  to  be  received  on  the  d 
i^q^seof  A;  that  is,  equal  to  s  X-^tt  :  and  the  it 

raaining  four  of  these  perpendicular  series  are  t 
-sf^.^^ajs  those  prbdiiced  in  the  last  prbblem^ with  i&c^ 

trary  sigk;  ind  the  sum  o^  which  is  there  denoted! 

*  The  value  of  the  first  year's  expectation  has  been  fdund  if)  the  'frfc* 

'  %.  I»  /»  h 

ip^  part  of  theinTestigatJoti,eqTi«it«ii(l+^j**ix(— j-4, — j--*  — j- 


•rt    •       (^-hkj^ 


Pti'^.       ^w  «off  niMSKT  -Mmm^dws^  4(08 


i- 


1<*tal  valtie  of  these  series  will  beJ  e^tpressed  ^by 

COROLLABY  I. 

§;342.  ^  IJaving  thu3  found  the  present  value  of 
Ihe  given  sum  on  the  contingency  of  A  dyitigaf£er 
B ;  the  present  value  of  the  same  sum  6n  the  contin** 
gendy  of  B  dying  after  A  (that  is,  of  the  same  sijm 
Jto  be  received  on  ,the  death  of  B,  provided  his  life  is 
the  second  fhat  j^ils)  is  readily  deterixiined  by  sub- 
teaating  the  valine  above  ^undfrom  the  present  value 
of  the  given  sum  tp  be  received  on  the  e&tinction  of 
the  lepge^t  ef  tjie  two  liv^^ ;  which>  by  Prob.  XXIT, 

a)r.  %  is  exwessed  by  s  x^^^^^-^  .       Conse- 

aucDtly,   the  present  value  of  the  given  sum,   6n 

.we contingency  of  B  dying  after  A,  will  fce'equial 


.     2  (1+^;       ~  (1+^)         ,      r 

1  ■  ^  t  •  •  •  I  "  ■ 


% « 


■} 


3 


"  ■•  ■' ■    -J^.    ^.-r.  ..      •,  ,^,.    ,::'::>:...;.■..    ^j^Ij;-     :;,  a 


-  v:  -       -         V       i-^CpROIXARYi;.,.      w 

>^  §243.     If  the  contingency  on  which  the  sum  is 
^ta  ite  yeoeiy^  isiJ^^red^for  agiveatnur^er  of  yeji^ 
(=n),  less  than  that  to  which  jt  is  probable  tbe  life 
l^'Aray  eiteiid,  it  i«r evident  tlial;  thg  sum  b    all  the 

afftef '  the 

jcjual  to 

'  ^l3j  X-^(l+8) ""'^  i  and  the  sum'o/  all  ^  tht 


similar  terms  of  the  remaining  four  perperidicula 
series  will  be  denoted  by  the  same  expression  as  tha 
which  has  bjeen  deduced. in  the  second  corollary  t 
the  preceding  problem,  but  with  a  contrary  sign 
Therefore  if  the  value  found  by  that  corollary  b 
subtracted  from  the  present  value  of  the  assurance  c 
the  given  sum  after  the  extinction  of  the  life  A,  pro 
vided  that  happens  after  the  given  term,  the  differenc 
will  be  the  value  required. 

COROLLARY  III. 

§  244-  If  the  contingency  on  which  this  sum  : 
to  be  received  commences  immediately,  tut  contTnue 
only  for  a  certain  number  of  years  (=:w),  less  tha 
that  to  which  it  is  probable  the  life  A  may  extend 
or,  in  other  words,  if  we  wish  to  determine  the  valL 
of  a  2emporari/  assurance  of  such  sum  ;  it  is  evidei 
that  the  several  perpendicular  series  given  in  tbeprt 
blem,  must  be  continued  only  for  n  terms.     No^ 

r 

the  sum  of  the  first jUtexmsL  of  theJxst_two  ofihej 
perpendicalar  series  will,  by  Prob.  XXII,  cor,  2, 1 

found   equal   to  -iz^—^g^X  J(i  +g)^*  •    fro 

*"  When  n  is  equal  to,  or  greater  than,  the  nymber  of  years  between  i 
age  of  B  and  that  age  in  the  table  of  observations  at  which  human  IJIe  1 
comes  extinct,  we  must  Subtrtot  the^oleyoljipjit  the  fnnr  r^tn^jhing  ser 

as  found  by  the  last  problem.  ,    .  ",       ^^ 

TM  ia,  thecpr^e<^t  v^l^eio  bp^b  such  cases  will  be  ^eii^t^idby^^j^aqUipl 

a  "  ....  I  .     ,:        .  .    -r 

iuto   -— r- r- ~  -^  .aCFjS:>  -r^ii  ** 

( I—?) 


V' 


which,  if  we  subtract  the  first  n  terras^   of  the  four  * 
reoiatBing  series,  as  found-by  cor.  4  in  the  preceding 
problem^  the  difference  wilt  be  tlie  value  of  the.  as*^ 
surance  for  the  given  term.* 

1 

■  ■.   .  .  »         . ;       ■       .  ■  •    •  ■      .     ■  .'. 

*  See  the  note  to  Cor.  4,   in  the  last  problem  ;  where  tbe. process  there 
parsaed  will  enable  us  to  find  a  near  value  of  an  assurance  for  a  given  term 
according  to  the  conditions  of  the  present  problem.     For,  if  we  deduct   the 
near  value,  there  deduced,  from  the  near  value  of  ah  as^aitiheo  of  tlie  saihV 
sum  on  the  life  of  A  for  the  same  term,  as  found  by  the  process   laid  down 

in  the  note  to  Prob.  XXII,  cor.  2,  the^ifference,  or^^ —    2x  "^^- 

J^-^f?^      ^        B^  •  I,  Wiifi'  be  the  value  requiWd* '  •    '  •    •    -    • 

This  formula  is  the  same   in   fact,    as   that  given  by    Mr.  Morgan   in 
Note  H"  oi'  iJr.  Prices  6f)8.  on  l^ev.''\P(ty': ;  and  ' W  anorfier  distance*  6( 
ibe  wrhty  of  D^   MUvrc's'  h\T)othesi8  bat,  if  nuy  bo  rendered  more  -cow-, 
i«i|i^ni^fo«  prficlice  bythe^ubsfilHtio.qs  i^d^opted,  iu  the  note  to  Cor.  4  of  tl)e 

pre€ldii«l»r#Wein;  ?vrboMbyl^wlHbtHJvm<^    t^^  ■     .j^Xv    ^    v^;     .  ■•■.■ 
'■^^       -   ..    f*    y-     r  f     JA" '■  i-uj.fl  't        ■„     :    .ij.i     ■-t  ,:/■ 

WSenn  i«  equal  lt^y  o/jtreater  tlKin/the-nu'ufber  of  Jretrrs  lielvceii  tlicragc  .of 

Band  that  age-  in  the  ^ble  of  observations  when  human,  life  becomes  exiinct 

"i-'Oi..       °       ^  -  _  ;  ..  -\  -  5  -^n       .  i-i    [ 

B  is  equal  to  O  and  consequently  [l+(2+^>&'']x  r  (^+^)       ^'"n***nes  : 

Wei^f  Vhe  foi'muVa  fii  bbtli'  tficse^'ba'ses WeVd  bdcotiid  -n-^-* —    "  STx 

<-^M^  -^y^  1     f'.  t  ^.^"h?^^,  ^  .^>  'B<it  in  -a*  '^iicA  earos  th^  >^uc  is  .  besjt 

obtained  by  the  rule  givcu  in  the  prcceiin^^  note  J'  sinte   it  is  then  equal  id 
fl^'ditercnw  6eK*fe%i^ftieWlue&^^^^  bh^ili^lifc 'A  for  'the'  ^^t^*i 

^^^  and  the  value  of  an  oftiunnce  on  the  vJ^lfi^  \\h  K  pi;.ovided  ,ho Jb^  the 
ftfit  that  faifak.  "^^  r — -■  -u 


:'!;ri-   -iif 


li&6  eff-e^itifttiir'MiAfiiiioiJk'        '^^ 


X 


i  245.  If  the  two  lives  are  equal,  or  tif  the  s 
age  A,  the  general  expressi^m  in  the  problern  beco 
(agreeably  to  what  has  been  already  said  m  cor. 

the  last  problem)  equal  to  -|  X  ^—^y^  •  ^  *^ 

equal  to  one  half  the  present  value  of  the  given 
to  be  received  on  the  extinction  of  the  longest  oi 
two  lives.  J 

PROBLEM   XXiX.* 

'^  §  246.  To  determine  the  present  value  of  a  I 
isum  payable  on  the  decease  of  A,  provided  he 


tne^r^f  tjiajt  fails  of  thr^e  giv^n  lives  A,  B,  G. 

'tri  orcter% «ce4ve  tile  givferfsum  at  ttie  end  of 

one  year,  it  is  neceslsary  that  one  of  blher  of 

"different  events  should  &aj)j)en  :  :*1«"  Itikt  all'tiie  i^ 

-ii<?^fiiil  in  the  ydai-,'  A  hUVirig  die^  first,  2° :  ih 

and  B  fail  in  the  yetr,  A  having  died  first,  and" 

LC  lives  td  tiie  e»d  of  it  i  iS'  thatiA.  and  €  fait  -ft 

'^ear;-  A MMg  diedjfirstjand  tbit  B  liVes  to  the  en 

.  S  '   4U4*^t(iaty'n)y^Ad|esr^^^ 

f.-' '  ^oflt Hve  to  the  eM  of  Itt  ^e^probahl^fies  o^fl^e  1 

*-^     •  ^  ,  .0^5  0^  5:^ 

^  J  ^.^>??wn,ToriiL  Que*, 3a.    Horgm.  Prob,  I*  1  apd  ja  PM,/ 


-5.  »i 


i*i?J9-     <»SiS9mm¥^:^vmjf9'fh>. 


•VV-:i: 


spechvcly 3^^^   "  -'  »  '  •  s^a&e — ^^ aSS — » 

.ftpd  ^^tr '    5  which  being  added  together  and  miijti^ 
:plied  by.^  <l+«H,  will  give ^^(  1+8^^1  X  (^- 

,111  I       '  ^  y.        '    i  f  f  it  I  II 

^7 iz-  H — r-  +  -r J h  --J r-)  iorthe 

obe  abc      ■  -    croc      'abc       abc     'abc        abc' 

expectation  of  receiving  the  sum  at  the  end  of  the 
■first  year. 

In  like  manner,  it  will  be  found  that  the  proba- 
bilities of  the  happening  of  these  several  events  in 

*-  ■  -  ~  I    It    t    II    I   II 

41  J  a'      1       (^    a).(b — b).(c—c) 

-4h§  secoBia  ,ye|3ir  are  respecti^rely— ^-^^ — rr-r: — ^ 


babe 


■•.    "? 


■ij'    •"  "         '  ^*  **        .1  ^      II     '   I  II    H  I       II     II  It 

^"^T-aS  {h-^b^c     {a^a).{c—c)b-         ,  {a^a\bc        \^'    \^\^    •  j 

•^-2%    c>  k^Mc:     >  and  >-^j^:  which  being  ad- 
ded together,  and  multiplied  by  ^  ( 1  +8)""^,  will  give 
the  expectation  of  receiving^the  sum.  at  the  end  of 
,  Jhe  ^^QP,nd  J  ear.     And  by  a  similar  process  we  may 
^  find  the  expectatipn  of  receiving  the  sum  at  the  end 
^of  the  third  and  every  succeeding  year,  to  the  utmost 
extent  of  human  life ;  the  sum  of  all  which  yearly 
,  values,  or  the  series. 

///        /  I  t  -    i        i    I         til' 

2a oc       2abc       2a be    .Zabe.aba       abc  n  abc       abc 


+!>.,  t. -.  qlltc  ,      .  alf.p       rai^  c    '     a  d  c    *  a  Z»  c.      abc*e^bc  abc 
+*)*U    •^<?         «^c         a^T   *^"Ja^T      «TT      a  Ac    '  abc'^ubc 

'  I       Ui  It  11           tit  III  III          III  n  11          It  HI  HI       nrnr  ii        in  ii  iii       ii  fi  in  in  in  it 

"V^L   ^oc    '     abc         abe^^abc^abc       abc  '  %bc  abe 

*•                               &c                        &c            '           &c,         ,   ^  ^  &c,  ' 

^mU  the  lotifpfisem^nea^^^^ 
received  on  the  contingency  above  mentioned. 


2D8  ON   CONTINGENT   ASSURANCBS.  Q.  1 

•V:-*  £.»-^..r  >,  ^^■J'  --'  --  -rf  .  -i     ■    •  ■  * 

§^247,  But  the  sums  of  these  eight  perpeqdicular 
and  collateral  sefies  (independent  of  the  cbttitnon 
Riu4![ile  tV)  aiie  respectively  equal  to^^^ .    ■  — ^f^ 


/   /  « 


^^t^  ^  —  ABC.  4-:*    Whence,  the  sum  -of  tfe' 

Tlje  pum  of  the  first  ami  seond  of  tlit-se  collateral  scries  is  found  by 
ilie  ])ioce?s  laid  down  in    Prob,  XXII:  and   the   rcmaJDiiijr   orfe's.  in  the 

■      ■  X  ^_    -•.--*■"-,  .  I 

abc        j 
following  manner.  .  The  sum. cf  the  third  t>erpendicular  sgrics, or    ,       .  ■' 

i.  .         ,    , „■":_-        ■  ■  ■   ■ ^  _  -  '.  .«        I 

.__  "  1 '  -     "' '"  HI  i 

/ 

2  f                                               o  h  c 
and  leaving  out  the  common  multiple  ^)   is  evidently  equal  to  — t ---- 

*'    J     *  "I  II  II  nil  III  III  f  * 

-  ,.         abr-  d  be        .         abc        .     *         | 

.  J  +  •- — ~  1-    .      ■-,       :^- — -^ +   ¥  .  L  .jvlijkli,  sincf 

V.        «^^(l-f^)      aMl+^)2       ^c(li-,)'  J       ^  .,; 

II     I  .4  III  II  II  iiii  hi  lit 

'1  h  c                n  h  €                 abc  _  /  ,, 

— \ -r-r '. h h   &c  IS  equal  to  ABQ^   will: 

tLhc{\'^2)        abc{\^^,^       a6c(l+^) 

abr  ^     ^^^ABC        a 

become  equal  tj  — r-" — ,  ■  ■-■'■.(l-f  ^43(7).-^'  / 1  ^  , ."    X  "r--.    Inlikennm-. 

'  ■  2*         '  '■ 

ncr^  it  IS,  evident  that,  by  leaving  out  the  commcn  multiple—  the  fourth 

»      .  •  ^  •         •        ,    \*i    .      ■        ■  i*         ':■...:",'■;,■■;,  :D  1;        Li  -  > 

/     /  /  //  //  //   ///  /// 

ah  c  ab  fi  \  abc 


l,c^^.c.ndicular. eerie.,  or  „^^.,   ^.   +;^cuti^^:+:^:i^+  i^  :+.?^^^- 

« f"        , ,  /  ///,  ~  t^iiiiit  '  •n       •-     . 

'  ab  r      ^         abc        ,         a^       .    -        I        ... 


1^ 


»>    w 


v.a  l-.-^- ;.  1  i-wA 


;8.     iiFmhmt^^^f^ss,.      M 

gr.;,  tl^e .WTO: of  thft third fi.a4  fq^irt^  js  esqualtq 
jgG±^^Ba*X  ai6 -suta -of  the-.£ftli 

0  become  equal  U 

;Xv— .  ,.Therefore  the.  sum  of; the  two  seri^  taking  the  former  of 

I  as  negative^  agreeably  to  the  general  exfresiion  in  the  text^'^ill  be 

•  -'*■    •    -'  n     .  '        .  '    •  •  >     ..  •  \ 

^f^X^+iLBCx~5   and  aifWch  being  mn\^p]iti    byJthii^ 

nim  l&uliiple^,  wHl  produce  —  JL  X  p04-^^Ja_^ff^^n 

tMrrfi^O'  cfthe  seitoe;;  <  The  satne  iiiethqd  mcnrte  pursued  in  order  to 
ibe  sum  of  the  nexi  two  itriea^  and  also  of,  the  last  two  :  bat  enough 
beeilJiere  said  -to doable  tJie  readfer  to  perform  the  operations  without 
3g  die^rocess  at  lafg^* 

would,  hoftveveiv  obeerW^tfiat    these^ -Mvarai    series  may    be   ex* 

Id  *  by   other    formula  TliaiT'  those  ,  gfVei  *  In  the  text :    for,    the 

perpendictklar    series^     taking    aU    .th^^  terms     as     affirmative 

leihi^    oil t  the    xiaiA^on     multiple  aZl.»rs  also  equal  to x 

t  -•  t  •• '  "^  ■  "^  '  6  c 

ifce u  +  ^i  +  dULi  -i^ii^^  ^c{\^zi\.'\r  &c J ;  which  fsinee 
ram  of*  the  terms'  witlim   die  brackets  Is  e^tral  to  il  B  C)  wfU 


r    # 


•f    "^  fr-e  >  >  .  -.    \   ^ 


mttnaAtoABe  KUi^t'tM   ttw  firardi' p^fpeMfiboW    writ*: 

Dg  oTilihe  commoa  moitiple 


y-^'^--*      ■     'i^/i/V^  "-"'"   'Kyy^A/y  '^"*'. 


•ftefiH-^;      «fccfi+^;«     ciz><>7i+^/ 

2  c 


w       .,?i[^9pfl^a«^i.s^i«w/«s««s    ,#4 


M  wxth Ja  equal  to,^  |  ~^tt  AB^tJ^rM 
Ihe  sum  of  the  seventh  and  eighth  13  equqil'to 

(since  the  «mn  of  ihe  t^rins  wiilun  the  itrgckeU  i«.«l«*lio  J+itBjC) 


/  /  /  / 


becomes  equal  to  Jjlbll^  X-— •      Consequently,  the  sum  of.thethir^ 


-  \ 


and  fourth  perpendicular  series  given  in  the  text  will  also  be  denoted  by^-f 


t 


■ 
and  Xtitj  lie  subAtUut^ jftt^K?a|^ 


for  the  same..  And  universally  we  shall  find  that 


' 


••-!! 


I ' 


..       V  l±d5£±::::  ABG^  lir  ■■■-       •     v^ 
^  -  -  ■   -•       -        •     •    ■...•-.--■■'>'.•,-■  •■  ^  ■ '  '^ 

It  therefore  appears  that  each  series  may  be  summed  up  m  two  ditrcreBif 
ways,  and  that  wo  may  adopt  cither  mode  of  expression  for  th'^  viiltie*"<if1Mf 
scipac^  For  tii«  sake  of  uniformity  I  h'ave^  inthifcni^  lIiff>(oQf"i4 
problems,  kept  to  those  which  are  given  in  the  text  t  but  Mr.  Morgan,  Att 
merely  changing  these  expressions,  one  for  die  other,  accoiding  to  ttc 
seniottfymEthfiJives,  and  then  treating  them  as  different  quanMtici^)J|A 
thrown  an  afr  of  obscurity  and  confusion  throughout  the  whole  of  bis 


JkLJhA.1 


^      )• 


«       *"-  "J 


t  V 


-•  -n  /*^ 


'mrmtm^mm£SiM.       n\ 


•iiirtXc 


■~  •  s 


(^nsiqiicntTy,  the  tbtal 

present  value  of  the  given  sum  to  be  received  on  tlie 
"W  fcdhtitfgency*  wi'i  he  equal  to  ^multiplied  into , 

As  this  formula  will  qfteh  be  referred  to,  in  tlie  ^ub- ' 
sequent  problenfts^  it  wiil-be  convenient  to  denote  iti 
by  a  more  siitiple  expression  •  therefore  let  it  be  repre^ ' 
sented  by  ^S<Cuv  that  Is,  let  ^-^^  denote  the  pre-* 

sent  value  of  £l  to  be  received  on  the  above  contin- 
gency :  consequ^fitly  i^'X-^^stf -i^i^^  denote  the  pre- 

sent  value  of  tha  givi?a  sum  u^der  the  same  dircum- 
stances.  t--' ~^    -™ .   ^k     .   . 


^  JPpRpLLAllY  X 

\  248.  If  it  were  required -to  find  the  present 
value  of  tlve  %\keti  suitL^ayahl^  oai^he  ^acea^  of  B^ 
provided  he  b^  the-fir^t  that  fails  of  the^.three  iivigs, 
^ \Jmy-:  r^adi ly >  ub taia  such- valu^oky;  &ijibs tkuling  A. 
fcr  Bi'and  Bfcjfr  A;  m  tht  inveistiofatioh  of  the  pro- 
B|4ih?'^ ' Whence, "tHc  present  VftlueTequired  would 

«8iiW' '6'iit^ 6&^it 'to ; i'  intitiifaill'iiftb  -'gl?^  "t" 


By  a  similar  process  it  will  be  found  that  t,he  pres 
value  of  the  given  sum  payablie  on  the  decease  ol 
p'rovidedhe  be  thd  first  that  fails  of  the  three  liv( 

e^ar  to  *;mul|tipK6d  iata  ^^=^^4^  -L  Mi±i22i 

may  pcca^)9(i£^|y  b^.  found  pf  use^^  I  have  t;l:icn: 
prpi)eF^o-^9^pi«^  t^ip--h|(^^ 


I  ■  I  •  ■      ■ 

'       ■      •  ,'  ;  *     '    <  »  "  •  ■  "     !     •  '  '••'  =  ■> 

.     ...CQMLLARY    11., 

*  I  hare  represented  these  complex  formula  by  the  more  ^ 
qaantities  J}il  and  ^,45,  for  the  sake  of  a  more  con  von  ieijt  re  fen 
and  the  following  process  w^l  .^w.^U.H.  hc^w  little  trouble  they  n 
converted  into  each  other,— —Let  us  make 

■     3 

C^s.  ■•■  l-r-^ABC        a    .    b     .    Q 


b|  aodi  jJ  ^ii^^i^ilJSerr    c:/  c ;  then 


pressiohs  destroy  e^ch  otb(ec^;^f(Q(^^^^  is  then 

ttdlracd) t to  1^  X  '^'TIa/)^'^  an  etypress^  wUieJi  <j[2- 

liotes  one  ttiirdof  thfe  presefnt  vklae  oif'the^rvemJum  W 
WffecJelved  on  the  extincuion  df  the  three  joint  Kves. 


.  »  "    '  .  ■   .^C  '     ^  '         I  .  i  /■  - 


CO  ROLL  Any  m.*' 
§  250*.  U  the  contingency,  on  wTiich  the'sun^.  is 
tabe  received,  confioues  pnly  for  a  given  term  (=n)[ 
(Be  present  faliie  of  such  sum  will  be  equal  to  thft 
iom  of  the  j^xsih  terms  of.  ttie  several  series  given  ii^ 
i6e  problem  :tfie  method  of' determining,  w^ic^  will 
be  manifest  fron)  the  numy  example^  which  have 
preceded. -f 


\.  ^-  \ . 


*  Morgan^  Prob.  311      

f 'We  may  io:  general  obtaiB  'a  tieafiiiJde  of 'the  som^in  this  fata,  bj  the 
belp  of  M.  De  Moivre'a  b^pbtbesis,; which  w  II  sihVa  niacli  time  abd  troable 
For^^ie  series  gimi.ia  ^^»  ^f^lyviM  '"^'^ ^ "" ^l y  ei^iiit 


^'C^+^T  »     "^  . 0  c  lie        be        be  "T*    .^ 


2d  c 


£ 


fins  ocQ  &o, 

^i«^  being  cofttf nurf  t&' jl  tertns  H«ltl  W!h*  W^lVed  - Wue  of  the  given 

wm.  But,  aince  tbe  quantities  a— a,  £^r—a,ra-^a,.*c  are  aujykyajed  U>  bar 
<lH«ftd.imif«rni(lbal'i»,. equal jto  a s*--^) 'the- •lutt  <rfx^th»  .flftt  if 


**"*i^or(S««rWFerti p«fen£ealftr  ieneir"w5ll'6>*<l^  to  «•  -jj^     nmJ- 


series  he  proceetfhiki  thfel«rtto<Wi^  f^&SWjSS^ 

I  ~  ^^"^  ^^  «—  1*1 

dett    together   wilf  he  J^nd    =    S  iAo    -«--X    ff^ r- ^  + 


aeu    togeiner   wiir    oe  .^ipsna    =    o  awo      gT^^    i^ T T 


Thus  iar  Mr.  Morgiin.— ^And  these  sefetal  yi^i^;Jbeu||g  wtprewei  Vy  jjj 
the  ciiaracters  made  use  of  ia  the  present  work,  ^MT^&^oand  t(t\>Ae  ^itfaL^ 
tIiep9i49^lkli»4Mke^I3TmiCBi^llSlld^  X<L 

^    •  or    .       t   er  ^ 


U-t= 


66r  **  her 


expressions  involving  two  joint  lives,  and  may  be  u)orp^im|:ly  csnressed  br^i 

8  „„,,?ijfe,^f„rS^?f5j»)^«^^^ 


>  8!^^  Wf  iWlmifVlnfr  }uro  Il7 


pHO^s  (as  iQii^A//.  7i<sw.  f^ 
^'^^  into  the  more  compiex  mfim^ 

1* 


nil 

t Mm  tf f  all  srbioh  (iodependant  'of  tha  ai&nmon 

-  >     .  , .  I  .-       •         ■ .-  •  ■ 

BO        ,  '    AtO^ 

)y  proceeding  iOriikisimilii  Bifmhert^Jit  0U^^ 
wflf  collateral  iSeries,  in  {(age  214,  (indfp^ndent  of 

common  multiple- T''  equal  to  BCx  •j*  — ilBCx 


\ ' 


''''     X  4  +'^,^  X   f :  the  MWequal  to 


X  -  — iliJCX   ^—,^4+,)  '^7-r(i+,)   X 

|y4  ttiV/S»«r^**equid  to  BC-^  AJ5C^'^~j'  X 
^^  OC  \k. .  i  0(ms«qiMntly>  tlM  sunk  of  tiie 

•4f>he(f  IMA  sum  itpjtoe  ri^cs^v^m  ^  amtiifK' 

y  mentioned  iii  %  prplyleno():^»iMjf»t«]Merv««, 

I  .'  I    I    *.  .      ..>;■(•;  .1    ■■■:    •.     I  II'  .' •  ^/^    .      -y 

mud  equal  to  *  multiplied  into  J3Cx  XBT"^ 


2q 


'*, 


.(« 


,¥* 


I.    &  253..    Now; (a  moment's aUention*t&  th^?^ 

.••  ■'•11  •  .!<  •'•11     Ql  V  A.2 


..dently  destrpy  eacli  Q^.^r,  ^i^f  Tia^y%|^^^ 

.,u.    i;.!.:  Jv  i;\^V^  •-'•.'-5    :  —       X    .  -     •     -':'       ■-     >'     --        -,',-- 


'  y  •  •  -  -  f  * 


-uid'ihit^  «/o1iatSMP^iMi  WfSit'^m  <nmdikMaij^  mdi 

fiMBtly  th«  ram  of  thoM  tm^dlMiMrfi  mAmayd&iihi'uifiii;, 


-i?.' 


hfe  very  same  as  that  whjcli  I  tave  given  in  page 

term  obIj  :  that  is, '{independent  of  the  common  multiple— g"  )  equal 

1    -.^■y^hfi  '.y.-r:.      ,..  ^-''  .1-^   *•  .....    .«     .:•■.?■ -  ■^;: 

lal^'  5C  -T"  =^  Va^  1  •  \«     In  like  manner  may  be  ^iemonstratod  the 

puT/howeVefy  make  ahotiver  ob^viitiM  herei  i^iieH  I  thiftk  of  oon« . 

ttfo  impotftanoe;   ll-ltb^k)gh;'4he8e  :9!iinfiob|;'Aie  citactly   imd  'ma« 

fti^ J  flmr^e^  '  j^t|^o;f4i)g^ .  io.  tlie  'imperfection  of  the  Tables  wiiick 
lalof  jdf  litfe  Ana^iqeg)  they  oJftenti|pes  vary  in  a  material  degree 
^"arithinletictttty  i  ^ah  inaccnrtioy  whichi  being  repeated  so  fr&-. 

tly  in  the  aama  formi^v  iLust  ifaiieei^bd'iDldtknQi^ 


11 
isdlvi 


1   > 


;an  s  inyestigation,  extremely  erroneous.      ^ 

losy  the  compomul  qua^ty  J^C^^  ..  ^^   .  is  eqvial  to  — L.^  fnA 

mplidtj^and  elfigande  wepe  ouCvtf  the .  qoMtipn^  and^  &o  regard-  were- 

to  4)e^kbbur  add  iniricJocy  b^  4Jie  jBdutiooij  :migbt  be  substituted 

tul.    Let  usy   however,  reduce  these,  expressions  to  numbers :    for 

!i  ^ur£Ose  let  us  talce  fh&age  'ot'ip  i5*years,  the  oge'ofQ  18  years,  the 

^lilmkM  i^er  Mt^  ad«f  th^^ff^abilitles  of  Iiviilg  ariaf^cMrtbamptoflw. 

',  ■»  1 

:his  casd  we   should   hate.;  i   ;  ^  v  1^  '962;    but  the   value   of 

h'anses  fiiiMii  Ibt  rWaiit  bf  wore  enlcVgeji,  tables,  of  the  yalae  of 
ities  on  two  joint  lives,  ataid  ^hich  will  have  a  considerable  eflb^t  upon 
rojier  «oltttiob;ef  4ie  p^bleni.  This  remark  extends  to  a Z^  tbeformtilfli 
mi  hj:  Mu  Mi^gi^n  in  i^ /s^yeral"  ^plmjiea  pfj  1^^^  PhUotophieta 
•MteuyittMlw^1««9r.  ^jjbojg.  f(g(«^ 


?'*BiU  T15S3T?-Mir,iti'  ',   •"4.,  i/iotKi  .aajSojiiif 

oiLj.Jil>+»<'.lr,i.-  Sr  rrassJ £.?;?>,„    -b',!-,,,;;;  Iliiii,rali 

>°!  OsFcGmAhiait  aKilllbelreadily)  B$jeftJl^a^^^iP^jl^9g{;aD'i 
c  :ifoeB»Ua:;CQiiiistSi-ei  iiottliie:iki,  m9^'^ifif.:t?^yt».ll^ 

loi^tjBhjlairfraiilpjmpeawsariJj!  j»t)^piM!,#B|  J^ 
ipus,  butrilso  Uable  to  'cobB'idipiiible  6rror  iA  m 

'^"ma/iiSmaP^^ihnr  ^^^itJbiitairiiMtj^aiitlie 
datiire  of  me  tieriA«  in  page  207.  that  na^xpressbn 

singular  tbkt  this  Tonsideration  dm  not  inauce  Mr. 
^"'Sli'r^{ifWSb5«S(I««f^i>Ws{*i«sl>»Mi3i«ftlria- 

]EE3pj'V<f TSiRTRfe 'i!tbi'9wii9 of'itfe'rli'n A.itialMM .^  bxitt 
—  tD-Tqjder-lhy  pr^eH>abi»|Ueni»ra  aif^UhXaAtnUf^' 

""'ioveslieation  on  which  tthialcni  ec^^lynecrasaryto 


ivhich.  he  has  deduced,,  as'above^  "gives,  the  cizacti 
■  "•' raKe'Vfen  efttel-'t  o'r  fc'i?  flif  old«ihlre''*» 

oflntffl  En.-  ---'.'■■■  .■•.'•■  ^ 

»Ai  ;"iit!e§  iibut  wheji  A  is  the  oldest,  it  will  be  neccss'arf 

*  It     cerlf^ly  .^:  nfll  »ff«+fjr^,  ,to   cliangs   t.he   eymbols  ;^  ^since,  in 
isi:iMdHl«»Bluift«,||ll(s.  *ti«iicf(ir^,fti;s  voriej,   we  must  cume  to^c  saiW 

Ai  a  display  of  ingennlly  it  muat  compeftiyM^lilftsfcjtfl^^rtWTfill " 


tmd  wiib  very  diffetent  cnuitimii  frodYH'Mf  «f  4dili!fltimi.    -.C^  ***■ 


'^hitcase,  involvmg^ofAer  characteri»  <an3^  BJ^I^t^ols 

From  «ll  which  'he  would  -^eem'^  io  'imply-  thiit  tn* 

first  Ibrmala  was  not  &|fpllc9j^  16  the>Bccbnd  ctiAe. 

i'l^Sftt^tliy^^eilidformulKKhich.ki)  hta'dcdioed  i4 

'^)HHt><te»S'(l«Wt«d'Mio>«li>rar  hrith-the  .  uselen  Mid 

■'^1iif«t!Sd!ft[ifffiti(lei't>«tei^«i>a  ta)iu  thi^l  .vrbidi  I 

sd).  Hi  lOTio  sld^lftwiioi  jl,sU.;4  OTic-|li..l    sjo; 
»il|liBdAptotadnsli,S^J^^4jBlg^J'(ft^f)jual 

no:a83iqjL3j.ii  Judl  ,WS  ?a/i,|  ni  *inT5a  -ii'll  lu  Miifsn 

■'  iy4^M=*i**|S^tq  JtBOiJi;  .J4i'i««Matdrlt'adut 
M  s-JiaArjon  ii)-,  iioilTO'iiauoT  firli  lilli  lalu-,  .|, 
■iilitoreifi«d^ifct*i},w}te,»„Bfig5jaifliir  11)^  jfij'y 

«1  V^KIoon Viiiii^,9  JmiiidfT  dDiilw  no  ncji^np  ■mr'*  . 

hi?^  ,,,:i/3^^"  ,a„j,is,„  ,1,.,  ,„;  ,     .        ,, ,    ,, 

♦i,«ff  II*!  yew JQilBge:  and  onij  jeur  older  tl^n  A  reEpcctirely  ;  end  nhere  a 

,  "Bu(  ^jl''e<^/^^x'"{'unttuX' bciCg  diTcMcd  ofilince  n«eiM«  quMlMci 
^1  '"Stfcfr  n^'«;jii' Wc  ^llloei  "ef  nbnnitieH  on  rnm  joint  Wvw,  may  b«  Ndncnl  U> 
,j^  JUie  I'lmple  lerms  ailuilnl  in  ih«  text.  Sr*  the  orighul  ronnall  in  PUk 
W  I,  r*W!f.  /4l.)7pl,  {>agc  fCl :  «t  in  Piiev's  Ot(,  «n  JIw.  i'ajr,  PtoUcib  1  ii 


have  g\viii5;iti''fi§%-^1t:^!sanihyf-dll^  fftlei' 
TOt  '4(fe|^'ni  on  tlfd  s^ffiority'  of  *  the  iivJrt^'tw 
tllWiub^tifUtiohs-ltbb^H^'ii^hib06d'al^inefr<fra;tl^^^ 

lie  varte'd^^o-'^tA^e^'tfiffereht'  ^»^^;  'tflei^iy''!^^W4 
Mi^Wef 'b^'^il^t^fiig'  tip'  th^  sgV6ral  (J^aeif&mKls- 
giVe^'  in"  p^^'e'^O^ j"a^reeaMy  tb'the  'fhtfUftia'' I^Wl 

dG«»m  1tt'Tlre%dtd- Iti^  p»^  ^0;^'  ■-'B%t  4<teE''VifrififK(i. 
is  by  no  meaiis  nece'Ssary  or  useful.  Mr.  ~  Morgan 
has,  in  a  very  circuitous  °  and  diffuse  tnaniier,  de-' 
monstrated  . only"? ^>j/tf ^(liy^^ '^iHl;^  :♦  but,  by  this 


any  investigation  (litit  more  particularly  the  retaining 
of  them  in  any  resulting  formulae)  and  the  capricious, 
changing  of  the   synrivilsv. employed,   ought   to  be 

of  ^e  true  ^  ends   of   science   (\<^hose  bbjecl    i& 

'*'  That  Is,  wbien  B  or  C  is  the  oldest ^f  ^e  tfiriee  livesy  and'vheh  A^is 
th^  oTdest  of  the  thfee  liv^^  ^Boti*  \tr  ndbe  ot'  th^ '|>ri>bleh^  (iwUdtMf^j 
ikhAn-^ipm.  'Tf^n^  for rnrSB,  1784  mrn71^);^a^:TBi»V.4i|>^ 

him,  in  the  respective  problcmi,  will  be  trolly  correet  wbether^^^J 
G  be  the  oldest  life. 


•jaade  »w05of  by  him  fot  tl^a^  pMicl^p^  i,tfaere|^K^.i^ 
Wgps  jp  rwhJQh  Mr,;  M^f^W^iN'SPr.'Jft^^.f^*  ^9<i^??if 

Jl^  ^pt^4,  wprderito  determine  ,ji?^  s»fm,.^ir4. 

•GD- .7'-''i*:iA;<rT  i-!<»'ii'.';>?-  iH^f-i'/*!.  *;:{■-  ^  ••■•:■  "'■■> 

till. \;'i  U'i :-'  ^M^^mm  3^^^^•  i..- 

^^^50:  ''^'i'crtrete^aftie  ^hfe'p«setieviA«fe  Sofia- glv^i 
mi  pay^%\y'6tf  thi'dfeceaift'of  A;^rt)vkfea  Imbette 

^tunihhyi  ad;  vh.«ii;';>;:i).i,vr  ^>-'V-,s  iw.i  .->;>  »vi:.M  m.  V  ■■■'»»■ 
^^«tem'^a/te  rete?ved  'il^^hd''eti'd  :i#W'iwit 

■'    V  -  -        •.  ^  ■  ■  -  ■     *-  •        •   .         ■  "  * 


It.      •». 


.\j    I      >'.    >  .1    r»     •  i  «« 


v..     \ 


A  having  died  last,  and  that  C  livBs  to  the  end  of  it : 
8^  that  A  and  C  fail  m  ttb  yeat,  A  h^vin^dfytVV 
and  that  B  lives  to  the  end  of  it.  The  probabilities  oC 

the  happening  of  these  several  events  are  respective!^ 

• »       ■  .  ■•■;■'•  1 1* 

(a — «)  .  (b^b)  .  (c— <?)       fa— #»>  .  (h-^h^i  •        fa— «>  .  fc— «)i 

^ ^1^ y    "■■iMiMj^i  y^  *aiia-.  TTrr^jprHw: 

ifrtiioh^  being  added  together  and  moltipAied  'tof 
~^l4-g)^S  will  give  the  pxpeoiatioii  ofreeeiviny  tbi^ 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  yectrsV  tbe  giv& 
«lim  may  be  received  on  the  happening  of  eiKber^  : 
seven  different  events :  l^  that  alt  the  tbr^  live*  bci- 
eome  extinct  in  the  year,  A  having  dijed  sec<md :  *f^  - 
that  A  -and  B  both  fail  in  the  year,  A  having  diet 
last,  and  that  G  lives  to  the  end  of  it :  8^  that  A  and  - 
C  both  fail  in  the  year,  A  having  died  last,  and,  thai:  , 
B  lives  to  the  end  of  it :  4*  that  A  and  B  both  fail 
J9  \he  yeai:,  B  haviug  dipd  1^,  i^ind  C?/|iavipg  ikped 
>^Uher  of  fte  prffcpdiEig  ye^r^^:  ^«J  j^^^t  ^.^i^^P^^ 
both  fail  )n  tbeye^r^P  having  dw^^a^.j^i)4jSj^^      ^; 
failed  in  either  of  the  preceding  years :  6^.  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and  C 
having  died  in  either.^  t^H^  preceding  years :  7^  that 
p^yA.d^s  in  the  year,  C  living  to  the  end  of  it^  .^nd 
B  having  died  ^n  either  of  the  preceding  years,  llie 
probf^bijit}^  of  tJiie  happening  of  these  $everal  ^vibAtt 

Itk  the  sieecihd  year,  are  respectively^gTi'ii^.^^ilf^ljfil 


JeSjS^  Sht^lTHrgrj^Y  i^«»  S  ^'4"^  ^V^  ****<*^ 


rdcervii^tJhefsUnPif  the  ea4'«f  (Ke  second  year.    In 
tM)a|qieiaa|^d£ttaestf4e9Qnd  €^^13  ^tbircL|r^a^)^ 


moa 
}£dt 


be  jtoduceq. to  tbeir  ? least  t$Tm>,  and  ibeo  a^JScngedrts 

un^^ach  othf^Fj^^jk  the  preceding,  pobkfai^:  :ihey  St 


/•-^^y'^- -  2  p  •  '  '      •'^S       '"       ''"  *^* 


But,  the  first  three  terms  here  given  are.  by  Ptbo. 
XXVII,  equal  to  ^  ^ ;  the  next  three  terms  are,  by 
the  second  corollary  to  the  saine'  problem,  equal  to 
^P;  and  the  renfaiiiidg Mwn  tertris if e,  h^S^fob. 

'X^tX,  feqtial  to  — 2^^.  Consequehtly,^th'e  totll 
present  valufe  of  tile  givfen  sum  depending  on^tfife  it^- 
tingency  will  be  equal  to  s     A^+A^—^A^^  •* 


'-J   <*".   ~  T  T»7   <»  ^,  •). 


-i  ^"^    ."COKCXiifiOBy  :?•:':?  :?:'c;l---3  cr  ?! 


•  ••  X 


-I  v,^     I.-  .  ■  J 


%  25&*     If  the  three  lives  are  equal,  or  of  the  same 
age  A,  then  ^    and  jJi^  will  each  of  them  become 

(iilj  in  Prob.  XXVII,  cor.  5)  equal  W'^^r^d 

'AP^  Will  become  (aVin  Pro1>.  XXlX;<fbr*  2>9qnillo 

;^j|:^^  the  presenl  \dlue' oftfie 

'■    ■  '  .      ■■    "    ■-'.-.■■  =    -   ■  ■^    •  .-    :  r':       _!     .;  •;    if.j^ 

*'  It  vvill  bft  evident  fi;oin  an  inspeetion  of  the  several  quan:ities  whence 

this  formBla  is  deduced,  that  a  more  convenient  one  RiighVlrLvei>i!enionifed 

for  tlie  nt^m^fieai  soldtion  of  the  jvoUem':  similar -tc^th^3ii;edidd:)&#^ 

in  ibeSOth  wid  snbstqiiest  |>rM)leiDt.    Bat  tbe^^rcajeat  siutjpWil^gBMlj^^ 

the  same  time  that  it  is  more  easily  retained  in  the  mcmorv,  has  ulst^^^ 

additional  advantage  of  enabling  us  readily  to  discover  any  ei^or  wiiie!i  m^ 

arise  in  the  process,    I  have  therefore  on  this  aecoani'inseirted  4i^:3btlK|li* 

reader  may,  from  the  values  of  the  feverai  sertet  abov»  giv^  ^Wi»^^ 

formuliLin  auch  other  manDei  is  be  may  find  most  convenfent  tu  himself' 

The  same  observations  will  apply  to  many  of  tlie  subsequent  pfoWcalw 


iveii  s^jo^  \<!5^^'^>  wch  f^«(^  l^c  r^reseShted  by  *  X 

ihe  of  tfie;]g^en  sanS  j^fe^ble  0B^  the  exti 
ny  two  out  of  the  three  gi^eu  lives. 


-  i    i.  ■ 


'§'  S5a.    To  tdetertntne  -4^;%  pe9§i»1t  ,^»lne  qi  a  gilea 


i. 


SOLUTION. 


It  is  evident  that  tiio^saiii^oiMi  be  received  at  the 
d  of  the  first  year,  only  on  the  extinction  of  all  the 
^^A  lia^t^  (Jifed  Wrt^t^e^pbabfl^  of^fiitfh  is 

>^)>tfft-^>  x(c-Hc)  ^  and  whichV  Being  muitiplled  "by 

Hp^)"^ ,  will  gjvg^tte  expect|itiw  of  repeiying  the 
na  at  the  pnd  of  the  first  year.  - 

But  in  the  second  and  following  years  the  sum 


ly  be  received  on  ttife  hippe'Afh'^  6f  either  bf  four 
lieirent  events^:  l^that'allthgUves^^^ 
hdVing^di^lasft:  2^  that  A  ^uidpfaiLin  the.yjear, 
h^iviftg  aied'last,  aud  that  €fa31s  ifi  either  of  the 

htxHng'diedlastV'^nd^th^ti&latlsi  in^^^^       of  ihe 
seeding  yeafS:  4^  thafOiMy^A^ie^  in  tfes  yeair^  B 

Morgan,  Prob.  21 ;  and'ia  Pliil.  Trans,  for  1791>  Prob^^j^ig^Jt^. 
pion,  Probt  90.  ' 


216::  ,9i9^^9V9V9m\T^mmmKa^fi^''       (M^^^ 

and  .0  hajvi^gfaUoflivi  either  of  tli^  pi^^ediBg  je^Tikoq 
The  probabilities  pf  th^se  i^eyeral  events  happeoiog/^ 

in  the  second  yeaur,  are  reBpeclively^^"^?^'^^^' ^^A-\  \ 

9       II        t      n  *  »       u  I    -m  I 

(„^a) ,  (b    h)  _c  V        (a-a).(c-«);  y^  Jt  \.       and  J 

Uab  \^  c  ''  '-Jac  ^       .  ft  '* 


-?(1 T-)  X  ( —  — ):  which  being  added  together 


Treceiying  me  sum  ai  me  ena  oi  me  secona  year. 

In  like  maferief  may  be ^fou n^  tM  expert atfoA^^^^^^ 
receiving  the  sum  at  the  end  of  the  (hi fd  and  every '^ 
subsequent  year  to  the' utmost  extient  of  human  lifei* 
attd,  if  theSe  s^el^lye^rty  cfxp6ctatibrid*be*d^ 
their  loivest  terEiJE)^  an^^^rrom^fled  andef^edich  ^het'P 
they  will  fof tn  eighteen  collateral  seriesi  ttiie^s^caftCi^} 
>yhich  will  be  thQ  pres^iat  value  required :  and  which 
will  be  found  to  be  equal  to  ^multiplied  into  rf^.  — 


l-'oAB     ,  1+^^      a  Aj>     '  b-sAO    A.   l+AO    a 


this  expression  is  eqii^  to  £]^  ~*4f  -**4=^:-i- 

^  ^]]:  which  therefore  denotes !tl9&i>^^sen^fiUi(^^ 
required. 


.T^-4.*t 


%  260.  If  the  three  lives  are  equal,  ^^^^-^^Slfi 


ag*l4;tTi8  jif^Seht  vjirueof  the  ^iJiren  sum  i*riH;  Aj^ree- 
atdy  tbVk^bat  hat^beeu  said  ki  the  corollary  to  ih'e  last 

byonie  third' of  the  present  valde  of  the  given  sum  to 
btiteceiyilfedon  the  'extinction  of  the  longest  of  tiie 
ihree  lires. 


» .       ..«-.■ 


SCHOLIUM. 

r.-  -       ■        •  -I*  ,  ■  •       •  ■  -     .     i '      .  ■  ^  ...... 

§  291.  ..If  the  present  values  of  the  given  sum,  as 
opd  by  ;^/;pl);,X}M^„^XX.  and  XXXf,  be  added 
Off ^jher^  they  will  be /ound  equal , to  the  pr^seqt 
?aIue;of  the  same  sum  to  be  received  on  the  decease 
)f,A,; .that i,s,  the  sum. of  those  three  values  will  be 

sqi»ljto  #  X  T^^j;  .w.hich;  proves  the^accuracy  of 

-  -.  ■'.  ^  '-"^^n^BtEM-  kxxii .*■  ■  "^''' 

» 

>                          •  ,  .  .  :  ;  ";  ■•       »        . 

**-  t' 

^,  '*  

|.^(^.2. .  To  40ternianeihe  present;va)ue,of a  givep 
fimnji  ps^able  on  the  decease  of  A>,  provided  he  )>e 
^iir^$rcst(X)nd^^i%\U  %3i'  i^^     given  lives  A, 


SOLUTION. 


-The^given  som  may.  be.  received  at  the  end  of  the 
%t  yeaf»  ofi  tJiQ  happ^oiog.of  either  of  four  different 

** Blorgan, Prob.  24;  andinPhih  Tnui^fdr  178l»  Probr  5>  pagd29, 

.  .     .      ■        .  .     .  .        J  ,  ■        .  '  ,      .  ; ;  ' 


oiLt.  lilitl(:r,r.-,:  ctmir-JlfA,,    -a'lljii:*-  Ik  jqra'J 

mi  fanthajio'fB  in  p»ge)i2K)«,  j,,-  pcv,  f,!;,..,,-,,,'!  jeiS 

.?i  JjaFrOBnthJait  iBillibelreadilyi  B«BRi^^^^ij]^^9ggan's 

lotQitotaiaiUJaiiJjBaipoaeBwi)?  jijtj^ftjHJ  Jj]^ 
ipus,  but~aIso  liable  to  cbnsidlpt^ble  error  ia  tb'e 

Daltire  of  tlie  seriM  in  page  207,  that  no^pression 

lsifiava<\^%«iw^rplliieOaiLpr4i^BJ^'6eLlad^^  it 

singular  tihi  tbisTonsidenition  dtd  not  induce  Mr. 

■'  ■■)IBBTtrK!H**Ttw'((t<(i*1sf'iA*t««ib«tirtl,*  »n)tr 
~  -to  l^der  thy  pr^eMiafetttueoinBre  aiqckpljlAi^pIfi&r. 

investigation  on  which  rthintrit  eduallv  necessary  to 
-  nig^e  Pomejob^^^liotfMA  Hgji>ala»hartWlbAgeP 

■which  he  has  deduced,  as  above,  *'  gives  the  exact. 

*'■  value  when  either  B  or  C  is  the  oldest  of^lRe^'ftiree 
«rfi  ;"fi)ffis,;.  ,but  wheii  A  is  the  oldest,  it  wiH  be  mces^dri/* 

■    *  U     eerlBJfl^  ^..  n^  *«(f<«tprM  j^o  ,/)))fy:g/f,  ^,e,  ,pJi!ibd?i,^j^   ni^ce,  in 
read  with  vet;  diffucnt  emotlaiii  fratii^iMW'«f'ftAldfftti«.    •i'^  •*«' 


rMaa       •KimnMniiwrMiiwMXW'         rfli>lL' 

°)lii»cue»  invotvtug-DfAer  vharecterilt'An^  sj^tioU 
,^j^jjj^^«|,  t^^  mYedjgitioi(^»^ll  mDra,c»ri%si<J, 

Froqi  ^1  itrhich  'He  %o^ld  ^eem^io  "iinply^  that  tM. 

first  fbrmala  Was  not  g^fVpIkw^  tb  tbetBcumd  CAW.  ' 
<'°^)»ei(''tKrf4jetlM<f<iril)ul«wbi<ibl.it>e.  bte'dedaged  M 
<^«HR«>siM!:<(illiMd'Mi()w<ni<r  tvU^lw  Mseka  ^d 
^'<)itHi!Hd!K|<Ma«l<lei<|iMfe»Wi4Daita)i>«thi«l«'ki$daI> 
-'Ml«t  ^i»4K!JiriSii  «iitq?aid»<ipt«fli<iotlRii!k«iuuig«iif 
sd).  ^1  loiM  ald^itlBno-)  alislicil  o^iliqlud   .aLioi 

noi»83iqiixin  }Ei()  SOS  iSBq  ni  Mirsa,  sill  lo  »,u)bo; 
>'  !yi^»'^4|^ii^  JBOuttu\Li.|««««4drfta,]iAat 
.iM33i.nAi-.jon  Mb  iioij'siiMjuoTwdJ  liiji  .stu-jiia 
■£ilib*wtt«id{i%,ih!(8W|(e,»„Ijig^I5J',ij4gP,jiay 

'■"fmphlf  i1?E^«!^i'fitfi  diss,  3t-'  ■ 

""^  ^'Bd^  i8S'"qoMft1i:r'"forta(iT((;'  bcibg  <iivtsttd  of '  il>e«i  <  iMei««t  qinntMc* 
"'wVivtfi' n^if^M' W  ^li'ltiei  of  RlinniireB  00  t«o joint' TivM.'ma^bartdDped  id 
'  ilie  ■jmple  lerina  aituded  in  ihe  tcxi.  Sc«  the  oiighut  formula  ia  PhUt 
^Ifyant.  ;i^t7pt,'j»ge  UL:  ofio  PtiWa  Oit,  on  Acv.  A15.  PtoUhh  1  ia 


§  liG3.    Wheh^flre^hree'^iTei  tire  •equal,  or  all  of 

the  same  ^grf^AHfa^^^x[ife!rsfoA'(ag^^^^  ^hat 

liad  been  ^aia^4n^*ftfe  fe8i^l¥t^^-Proiy/:XX^X)  will 

become  'eqfiil^  fe^  jr^J^^^^^t <^^^ :  ^irr]  eqdd  ito'ftfe 

dinerence  between  tlie  value  of  an  assurance  of  the 
jg4v^^  surn  dii  tBe  f \gafi ji?int  lifeig;^  ^5uL one  tfelrJ 4tf 
tbf  vabe  ,of  afcassiiFqpce^ellj^ftjsaise.aMim  oa^.tblt 

ik^e^^iotf^^yefc  nciJfiloeqss  eilJ  sv.-g  Wvv  .'''., :  :-  .'t 

sum  payable .Wt^?;^-f%egg^^§|  I^bPWiM  ^*? 
the  >fW  ftf.fM  Wiiil|^oj;j.^r^|^,^^ypn.Jives  i,, 

^-  :  =  ?  :.'•;.;  J  ii:ii:l  bnfi  ^i^/:!  hoib  ^;:i'-i  d  A  ^'  '•  ■  :*--^ 
.:  The  givett  8tt«i3fl&y tepit^ide^^k  «fceetiia  of  th« 

Ah,H;^XXXI  Klvhftrrfrflideht  frrn^AXnaafc-'^^^^^  question?.    FoV,-tIil 

m  t 


first  y  Wkr,ott  the  hafypefrimg  of  eithet  of  three  ditfferetiC 
events :  Itj  (hat  all  the  three  lives  become  extinct  )q 
the  year^  A  having  dl^  the  second  or  third  :  2»  that 
;AaL)d.&  both  fail  in  the  year,  A  having  died  last,  and 
tita^  C  liv^s  (0  the  end  of  it :  3«  that  A  and  C  both 
;f|^I  in  the  year,  A  having  died  last,  and  that  B  lives 
^\)»  fmd  of  it.  The  probabilitieii  of  the  Jhappeaing 
of  these  severalevents  in  the  first  year,  are  respectively 

jy^yg^i^vr.^)  fa^^U^^Sc  and^^^^f -^^^ :  Which 
fcilng^  added  together  and  multiplied  by 
'('+8>)"S  will  give  the  expectation  of  receiving  (he 
sum  at  the  end  of  the  first  year. 

But  in  the  seeppd  f|.nd  following  years,  the  sum 
may  be  received  on  the  happening  of  either  of  eiijht 
yiffcrent'e vents :  I*  that  all  the  three  lives  fail  in  the 
^^liV;  A  having  died  seconder  third  :  2^  that  A  and 
obalh  fail  in  the  year,  A  having  died  last,  and  that 
C  lives  to  the  end  of  it :  3©  that  A  and  C  both  fail  in 
the  year,  A  having  died  last,  and  that  B  li^^s  to  the 
end  of  it :  4«  that  A  and  B  both  die  in  the  year,  C 
i>^^yi^gd#d.  in  either  of  prepeding  years :  5**  that  A 
and  C  both  die  in  the  year,  B  having  died  in  either 
di\xQ  .pteoediog  years :  6^  that  only  A  dies  in  the 
year,  B  livingto  the  end  of  it,  and  C  having  died  in 
f.itl\e?  of  the  prece^ding  years  :  7^  that  only  A  dies  in 
th^iyeair,  €  livingto  the  end  of  it,  afnd  B  having  died 
to  Either  of  thd  preceding  years :  8»thatonlyAdi6« 

%  m 


peDing  of  these  several  events  iu  tbe  second  year 
y^ar  are  respectively  ^t^^^^-f^!^ 


will  give  the  expectatioi^of  i^eMrif  %1^%|]f^ 
end  of  the  second  year  In  like  manner  we  may  find 

the  expectation  .p|',/eQeivm^  '^cpffM  ^*  *^®  ®"^  ^^ 
the  third  and  eVfefy  subs^e'citiem  year  to  the  utmost 
extent  of  human  life  ;  the  sum  of  all  which  expecta* 
r»wili¥^ "tlie-  lofiP  l^kent-^^ftJb^Tf  ttie^%i4en 
^trni;'  depending  on;  the^bore  dih^ni^ils^    ^"» 

These  several  yearlySfexpectations,  Bemg  reduceata 
their  least  terms  and  sitrangeds; under  each  other,  will 


'A       1 


•  •=■'  ■    •'- -troii^LAiiirl^^^^^^^^^^^S^i^^^ 

%  265.    When  ftlClhe  liv^raite  ^^£qail,1tu)fcflQfdtte 

"-■    ^     :'*^t^.:         ?vMi  >J  1^^^  b:;^S  ,t2-rl  bsib  ^ntvfiri  A 
to  be  jcceived  on  the  acoeQ.de  of  A,  and  its  yalue  oepenaTiig  oa   tot  col 


^       w. 


i 

iual  to'-WTZ^^^^^^^^^^^^  to  whatirasTieeri  alreaaj^ 

Wpwsiioajs  iadiisga^e  reduced  fo  A^X^^7?f:M^/^^.4^ 
thai  isy^equal  to  the  difference  between  tfie  vatiiie  of 

cm^gt^drdt'o^lh^.yftljift  of :  aca -jasnuraaqp  ^f  theiafuf 

iiAf^h  lT^4^P^m^^^  pr??en|y^liie  of  a  ^7^93 
sum  paj^afel^|i^I)ftc3^  b^.tl^ 

J^i^  orrjM^f  that  fails  of  three  given  lives  A,  B,  C^. 

lb//  ,i9rborioBe)  isbnuflM^flPlom  ijo^,  c:i:i-^i  i?x5l  nsili 

lliv/   ibitlw    ilfi  10  jcrij:?.  sJj  i3\joaliy)c:i[io-^  r,:)i  ci^^jl 
The  given  sym  my  be  rgceu'ed  at  the  end  of  the 

first  year  on  theiJiap^TnglSrEifli^r  fef 

events  :  IHhatall  the  three  lives  fail  in  the  year,  A 

having  died  first  or  If  ^j^j^^t  A  and  B  both  fail 

in  the  year,  A  having  died  first,  and  that  C  lives  to 

atiielendcDf,ilsia^ti^t?i^  jlt)B$ja{b^^        inct^^  3peap^ 

A  having  died  first,  and  that  B  lives  to  the  end  of  it : 

*ktH«<d»ly  Afi^ilktoTO^itheyCTr^HStiid^  tbat  oftr  aifti*  c 

Wli^e'^fe'  ffie'M'cSr  ir  rir^babi^liti^s^^  Sf  'tffe 


^4        ^f^vvnmftKp'itimtm^sK^Q      ^JQk-'WL 


2uU  ,  Uaite  »  SJJST      T '  ^^^     aba 

whicb,    being   added  together  aad  moltipJie^  l>y 

*il  4-8)''^i.  wUl  gWe  ih  ee^pwtatwtt  of  jeqwvii^g  tb^ 

aiffi:  at  the:  eii4  of  tb?  &x$t  y«2i v      v  -•  ,  :, . 

.  ;But.at  the  end  of  the  secondhand  follpw^og  yeaw 

Ihe  giveiji  sum  may  be  received  on  th^  bap^pening  of 

either  of  seven  different  events :  V  Ihat  all  the  Kvjes 

:iail  iri  the  year,  A  having  died  first  or  last :  *4*^  that 

^.-A'aj^d  B  fcoth  faJlinlhe  year,  A  having  died  tirst, 

and-^rhat  C  tiVes    to  end  of  it:.3o,that  A  and  fc 

both  fail  in  the^y^pTi  A  having  dio^  first;  an d^hatfl 

lives  to  the  end  of  it :  :j4^  that  only  A  dies  in  the  year 

£^nd th^t 4$  aftd.Q hQth. live  to jthe enjLoi  it ;  J^j;  that 


theye; 

and  B  hiving  failed  inr  either  of  th^  preceding  years: 

7^  that  oijtly  Adi?s  iix  th.e  yev»  B  atid  C  having  both 

failed  in  either  of  the  preceding  years;    The  proba- 

^^  bilitiesof  the  happeniog  of  these  several  evetUs  tn  tfie 

second  year,  are  respectively    -  ^  -    ii:e^'' '  "*^* 

,  :lH;^  (!^  and  %2^  (l^  X  1  V«i> i   ' 

•^VliicB.  "bdhg"  addea  tbgetbeir  *iid  TOttTtip^       j 
#  (1 +$)*",  wiI}^|lv'tf*'l!i«'e:lp«iettrtitMi«A£i 


i»^M 


tlwrswrn  fi.i  t|>e  end  of  the  second  year*     IrT>liVe%man- 
neOve  ffifh  y^rdtJHn?:tpactTtttg!i?o^  sum 

at*N  eod  oFlhe  thirrF  aiut  evefy-^bs^«j€ot  y^ar  to 
tlj6  it«6ii^Jj  tf^t^  ft  tttnJUi^  Kfo^:"  «h«^)ij  m  of  al  I .  wh  ipfc 
yearly  values  will  b6'tiVe'te)fei&"^ir%Seht. value  of  the 
'gr^^  ititrf'fd  be  feceived-cift  fKI  iibdvi^  cotftiagferi6y. 
'-  These  seV€rat-y(&ai?l;^ex^*Wti9asi  being  reduced 
to  their  lefasttw-ths  fefUt  aWa*ffg«dilobi:ar  each  trthec, 

iwKlelv  wilf  be  fottifH  ^^m  %b^s^i<^'^M^2.!^^L, 

;  =  \  ^^  •  -.;  '■'   b  A  ';.'-:c(JBi>t£*Ryji  r .     ■  ■  -,  ■.^.■ 

i  267:    Hvlhe^liie^P^S^H^^sjire  equal,  of  oiPtfie 

be- 

Com^  equal  to,;?  >^^^-S^!:..^h^l^\:y.  \'^^i  '?r  equal 
to  the  diiferenee.  b?tw^|icf}j4B^;;ji}ii^^ 

fi3pes^ad^«^fb>two  vl>ird«  uf4lje,KaUiax)f  dn;aJi3.urah^e 
qf  tile  sarjae\sun:^on  the  three  jomtlives.  i^\ 


i  268.    If  tlte  present  vdilues^f  the  kivtH  torn,  as 

^  t  ThH^orm^ft  i5iyT^6'o)»tatnfU^y%ttftg«rrf^      the  triji.e*  dedtrced 


^ddedtoge  ttierT  tB^^y  wiltbe  found  equal  to  iwice  the 
present  value, of  the  same  sum  to  b^  received  t]^tlia 
aeceefse  of  A  :  that  is,  ttie  sum  of  those  three  vahies 

will  he.  eqiial  to  2  j?Xvt^^    .  - .  <     •  v  .   -    *       ;j 


1  4  269i  1*0  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  eiihcn 
of  them  be  the  >7rif/ that  fails  of  three  given  lives  iL 


i»+ 


Th^» given  sum  may  b^,Teceiyed  at  tae,  end  of  an? 

~  • -i  events^  l>?>|bat  aU»the  lives  faU.iu  the»year,.Aor  B 


MrJlSi.       0m^i»mvit^Hm9MtamL9»w»  «N 


'"  .^   ,  ana 

erofcv  aa-iiV  ejM^ 
and  multiplied  b; 

Uon  of  receiving  the  sutn7^)t)(^^fii%P«h%d  ^^^ 
year. 
In  like  manifey^3^^e^4f9u^Qftib^ex  of 


and  .every  subseauent  tear  to  the  utmost  .extent^  of 

human  lilc:  .vrhicn, several  yeaijy  va^lue^,  reanceplo 
ji^.&9vii  fljtyy^  9SHJ1  lo  t^m  iQiiT\v\\\a,i4  sci  .713/!;  Jo 
ineir  least  terms  and  bein^  arran^^eu  under  eacn  other 


as  in  Pro.').  XXIX,  will  form  the  following  series/ 


I 4nhc        4ahc         oZ»Cc^?3'i4fca  abc  ,    abc  ,^abc      Vahc    j 

(■?)  L-J*^*'*         abc'^    ab  c'     ab  c       a  b  c*^  a  b  c^^a  b  c       abc^ 


t  4ai&c        4a  be        abcj^abc        a  b  c      a  b  c  .  zap  c      labc    [ 

irivcn.:  ^ad  tJiat.tlve  o/z/i/.xliffeKence  D&fovben  them  is 


Consequently  the  sum 


of  these  seVinblp«sf>§todi0flitiiib^^  series  may 


S40  Off  cotfTncomiT  AsstntkxctiL         tSk,  6» 

be  rei^ilr  obfainecf  from  tne  process  there  laid  down, 
For  the  first  and  second  collaleral  series  will  be  thus 

fouftd  eqiial  to  f  X-^^^J   *he  third  aad  fourth, 
equal  to  —  ^W~~  —A  BC.f\ ;  the  fifth  and 

sixth,  eqimt  to  —  •^L'^Jh?^**^?^'?  I*    *°^ 

the  «erenth  and  eighth,  equal  to  ^r-  ■  ■' H  ^9.*, .^. 
ABCr^  ,  Therefore  the  total  value  of  the  general 
series  above  givcft  will  be  equal  jto^tnuUijilied  iieto  a 


2^^     1 — ABO 


t*0am^k 


As  we  shall  have  occasion  to  refer  again  to  this 
formula  in  some  of  the  followinjr  problems,  it  will  be 
convenient  to  denote  it  by  a  tiiore  simple  expression ; 

therefore  let  it  be  represented  by  ^^^* ;  that  ts,  let 
^Q^  denote  the  present  value  of  X I  to  be  received 

on  the  above  contingency;  consequently  x*/dB^  >^ill 
denote  the  present  value  of  the  given  sum  uJ^der  the 
same  circumstances.* 


•  ^y  coroprriogthis  fofwol*  wif.1i  llie  Poeond  for»«Ta  19  Prok^  XXJJ^    ' 
ff  K  k  will  U  ictft  \km.M^^  ^1":^?.?  .^  ruj[| 


edit 


jPr.  35.        ore  coNrrNoi>rr  issuRAKCM,         ^  til    ' 


COROLLARY, 

\  271.     When  the  three  lives  are  equal,  or  of  the 
same  age  A,  the  last  three  terms  iathe  afeove  expres-; 
won  destroy  each-other ;   and  the  whole  is  then  re- 

IduQWbto  I^X^^f^^:  or,  Ho  two  thirds  of  tbe  pre* 

I  - 

lent  v^lue  of  the  given  sum  payable  on  the  extinction 
ofAelhre^  joint  lived.  .  . 


Oistlrmtions  on  Mr.  MorgarCs  Method  of  investi] 

jcatirijii  this  Problem.  __ 


. .« 


I    ^''^72.     I  cannot  omit  the  present  opportunity  of 
Jecllling  the  reader's  attention  c^ce  naore  to  the  sin- 
Ifular  and  confused  manner  which  Mr,  Morgan  has 
adopted,  in  this  case  also,  for  finding  the  value  of  the 
^g*Jneral,  series  in  p;ige  233 :    and  \  am  the  more  in- 
duced to  do.  this,  because  it  appears  that,  the  further 
'Mr.  ]VIorg(in.pr;oceeds  in  tiis  subject,  the  more  disorder 
*nd  irre^ul^pty  seems  tp  run  through  the  whole  of  his 
lovesCJo^ations.     I  would  previously,  however,  inti eat 
%e  reader's  patience  whilst  I  conducUiim  through  this     ^ 
*ftathematical  labyrinth. 

The  sum  of  the  several  expectations  of  receiving 
he  gffen&tfffrtj  €w^the 'cVdli|)s*<^ficf  m  *^ 

^robJem,  Mr.  AWt^atrT£3[t5a»  ecp 

2  F 


w. 


■;■'•■  *^.;:  -'■'■    . 


/ 


( 
f^4 


I 


J— 


^7  "JPjrf'^. 


^"sj     fe     ^ 


+ 
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•<^-.IS 


4- 
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.   ^ 


^  ^fi;-  — 


X 

+ 


-t- 
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fie 
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i    + 
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i  t 

Fr.2^'   .      ON   CONTIKOBNT  ASSUBAITCEt 


-UBB4C> 


§  2734;     Now,  .the  last  ^i^r  collateral  series  ifi  the 
above  general  expfessioa  may  be  reduced  to  the  two 


folloTODg;  ones :  viz. 


'<* 


(1 + ?■) 


(i+t)* 


ft  '•'•i  I  t 

(h-'b)a  c    I     (h — h\  a  c 


2(il)e 


Haljti 


(o^h)  a  c    ,    (b-^h)  a  r. 


fV 


%ihe 


«        //    ///  u 

(h^b)a  c 


tube 


i-^ 


*Zabc 


41      lit  fll  Ml 

(  b. — b)a  c 


2abe 


+ 


+ 


£c. 


in  which  case,  that  expression,  instead  of  being  com- 
posed of  <2(?e;?(y*' different  series,  might  have  been  re- 
duce^ to  tvjclve.     Or,  had  the  whole  of  these  colla- 
tei^l  series  been  rediiced  to  their  simplest  lerras,tliey 
wdliild  have  fqrtned  the  very  same  expression  as  that 
git?ea  in  page  239;'  ^nd  which  consists  of  only  eight 
di|rejfent  terms! ! (    "But,  owing  to  this  tireless  and 
dpifee  mode  of  treating  the  subject,  it  follows  that 
tlftibrmula,  which  denotes  the  value  ofthe  given  sum 
4?p^ndingon  the  contingency  mentioned  in  this  pro- 
^^ero,  contains  (upon  Mr.  Morgan's  method  of  solu- 
•  ^1^^)  *^o  less  than  twenty  different  terms  rf  and  when 
H  is  considered  th^t,  in  order  to  obtain  those  terms, 

^.      "^Each  of  tho  ten  collatpral  series  in  paie  242,  eviuently  forms  two  dis- 
^•^til* series  wliert  expainlcd  by  rauluiilicutiou ;   the  sum  of  both  which  U  is 
■  ^^^^'sary  to  find. 

«*     "F  Lest   1   »iiouM    b3'    charged    \iith  "  misrepresentation   I   shail   here 
^fUs\*rt  iAlr,     MiiF^n'H    F^rmulu    ia     hiff    own    characters ;      viz     S 


/3(FK— A1FK) 


+OK-ABK; 


^^C*— lUBC-^^^ABO)    ,    fnrPC— APC) 


17 sT^: — "  ^ 5^;^ ?^  I  ^"^ 

.^  ^   '*•  £^     '-^1  *    I     4.    S  (  S  denoting  the  Take  of  S 


/3(FC— AFC) 
{BT  — ABT)  + 


00  the  eon- 


Li     C^ 


^     *-- 


Li       ^      »-/ 


:>  • 


244,      .  ON  X05TJNa£NT.  ASWRAVCES.  (^  M. 

it  is  necessary*  to  sum  up  between  thirty  and  forty 
different  series,  the  reader  is  equally  struck  with  sur- 
prise and  indignation:  and  is  left  in  doubt  of  the 
motive  which  could  hare  induced  the  author  to  pursue 
so  anomalous  a  course. 


§  274  There  is,  however,  still  another  part  of 
Mr.  Morgan*s  investigation  on  which  I  consider  myself 
equally  obliged  to  make  some,  comment,  lie  says; 
that  the  formula  (above  alluded  to)  gives  the  exact 
value  when  C  is  the  oldest  of  the  three  lives;  "  but  if 
A  be  the  oldest,  the  symbols  must  be  changed : "  and 
the  value  of  the  given  sum  he  has,  in  this  case,  de- 
noted by  another  formula;  which  (being  introduced 
in  a  new  dress,  and  in  new  characters)  appears  ma- 
terially different  from  the  former  oue.f  It  is  hovv- 
eyer  (when  divested  of  all  its  useless  and  extranepas 
quantities)  precisely  the  same  as  that  which  1  have 

tingency  of  C's  surviving  B).    The  other  symbols  being  the  same  as  already 

explained  in  the  note  in  page  216.    See  the  original  formula  in  PhU»  Trant'^ 

for  1791,  page  267;  or  ia  Price'a  Obt  on  Bev.  Pay.  Note  (P),   Problem 

VIIL 
*  1  mean  upon  Mr.  Morgan's  principles   as  explainel  in  page  217* 

t  Ttke  Mr.  Morgan*s  own  wordF,     "  The  general  rule  expressinpt*  •' 
rhe    value     of    the    reversion    will     be  =  S     intc^ — • ^ 

T 

^_a^  r*  WIF--flFC)        HB~HBC    '^  |8(AF^AFC)     + 

""    2a     L  "  I  "*"  2.1""  5S       ^ 

a(r— l)rAB— ABC)  ^    fw(AP— APC)    /".    «     *p(BN— BNC|  .. 


X- 


V 
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giv^n  ia  page  240,  except  as  to    the  substitution  of 
,,.  i\    (i4-ABC)ah     ABC.ab    \    for  its  equal    + 

jj  {}4-ABC'c ABC.c  1;   agreeably  to  the  pritici- 

s^L    0-h^>  '   'J 

pies  explained  in  the  note  in. page  210. 


§  275.  It  surely  cannot  be  unknown  to  Mr. 
Morgan  that  the  value  of  the  given  sum  does  not  in 
this  case  depend  upon  the  seniority  of  the  lives  oon- 
cemed.*  For,  let  the  ages  of  A,  B,  and  C  be  what 
they  may,  and  let  him  change  his  symbols  as  often  as 
he  pleases,  he  must  still  come  to  the  mme  general 
series,  at  last,  as  that  given  in  page  239  :  the  sum  of 
which  may  be  expressed  in  three  different  ways  ac- 
cording to  the  method  of  summing  up  the  several  col- 
lateral series  of  which  it  is  composed. f  And  either  oi 
these  formulae  will  denote  the  value  of  the  given  sum, 
whether  A,  B,  or  C  be  the  oldest  of  the  three  lives. 


«~1-. — 2^ — L    |.»»     \V1icf6  V  denote*  the  -perpetuity ;    tuid  the  rc- 

^>ii)V»g; 4eMer9,  tha  same  qimotitiGS  m  iilrendT  cx]iUined  innho  notetn  page 
22.U  See  the  original  fonnulu  in  PhiK  Trunft.  for  l7dl-  p/ge  2e3;'fttt(l  in 
Pricb's  Obs.  on  Rev.  Pay,  Note  fP),  Problem  VIII. 

* 'lliis  observation  will  topply  to  the  whole  of  the  problems  inserted  by 
11*.  Morgnn  in  the  Phil.  Trans.  Ut  1788,  178D,  and  17D]U, See  the  note 
n  page*222, 

X  See^what  haa^been  already  ,said^a-this  aul^ct  in  pagf«  323|  and  ia  ih^ 
«t6  to  pagt  220.  -^       '* 


onlyB  dtes  mtheyeftr,  C  Kmrt^  to  the  eifid  (Sf  tt?yP 
A  havingdied  iiveitlier of  the  preceding  ij^af^     IffiS^ 
probabil^es  of  the  happening  of  these  severc^l  eivfettWP^ 


in  tlie  second  year  are  respectively  g(^t-^V.7>-^^g^^ 

I      II       t       n  II         I       ti     I       It   II  I        II      I       II  u  I       I*     'I       II 

I  I     II      I     II  I  I      II      I       It  I 


/   /'  II 


^^^  (!lzlh{l —    J?):    which   being  added  together, 

and  multiplied  by  .v^l  4- o)-*^, Will  giv'3  the  expectation 
of  reQH^^if^g':the  »u^^iii*at  the  end  of  the^cciOhd  f^tkk  W 
like  manner  maVibsfimnH  thec>ci^3Cl^tic3li6f  i^ecefVliij'*''' 
the  mm  al  thetTffiKKtfihetlifrvl  Uif^tevery'sift^^seq^ 
year^ tqiiUwintmastiex-tent^if -hirniriti  life^  :  tt^  siiii'af'^^ 
all  which  yearly  values  will.be  the  loul  ^ii^esent  value, -j 
of  thegivjHi  5iim,  to  be  receivei  oa  the  above  con- 

Now  tlieSelse^'^i'iT  yttxrTy-'^'xpVctations,^  B^fng^ft-^^^ 
duceflJ^to^tl^ir  l6we<tt  i^rm^  -aiid  arrangcxuiidei'  tAT*lr 
otheJVwlH  fofiii  efglReenl^Meva^  s^riei^Vtlfl  silrhfefaiP* 

whicTt^Villli'C  found  ^qual  (o  s     l-—^  +  JL  \+ 

JU\~2^':t^\xc.j^x  ba.ib  ^ntvjsd  0  .<f-/  sx::.*  of  fje'^flbi 

COROLLARY.        ^  •.   -  ^c  * 

^  277.    When  all  the  liv^are  equal,  or  of  the 
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sameagpe  A,  this  expressron  (agreeably  to  what  has. 
been^aid  in  the  corollary  to  Prob.  XXX)  will  become 

equal  to  |  x  '^'^'"^^tt^/^^^  '  ^*''  to  two  thirds  of 
the  present  value  of  the  given  sum  payable  on  the 
eartinction  of  any  two  out  of  three  given  lives. 

PROBLEM  XXXVIL* 

4 

f  278.  To  deter i&ine  the  present  value  of  a  given 
urn.  payable  on  the  decease  of  A  or  B,  provided 
itkisp  of  them  be  the  last  that  fails  of  three  given 
m  A,  B,  C. 

SOLUTION. 

The  given  sum  can  be  received  at  the  end  of  the 
rst  year,  on  the  happening  of  one  event  only ;  viz. 
16  extinction  of  all  the  lives  in  that  year,  C  having 
eea  the  first  or  second  that  failed.  The  probability 

f  t&is  event  is^ (?-«;. M;>r^-e;.    ^^^^^^  ^^j^^  ^^j^ 

plied  by  ^(1 — g)""',  will  give  the  expectation  of 
Jceiving  the  sum  at  the  end  of  the  first  year. 
But,  in  the  second  and  following  years,  the  given 
am  may  be  received  on  the  happening  of  either  of  six 
ifierent  events:  1^  that  all  the  three  lives  faild  in  the 
car,  C  having  died  first  or  second :  2^  that  only  A 
Qd  B  fail  in  the  year,  C  having  died  in  either  of  th« 

♦  Pliil.  Trans,  for  17»l,  Prob-  10,  page  272. 
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pcgceding  years :  3°  that  A  and  C  both  fail  in  t 
year,  A  having  died  last^  and  B  having  died  in  eitl 
of  the  preceding  years  :  4^  that  B  and  C  both  fail 
the  year,  B  having  died  last,  and  A  having  died 
either  of  the  preceding  years  :  6^  that  only  A  diet 
the  year,  B  and  C  having  both  failed  in  either  of  i 
preceding  years  :  6^  that  only  B  dies  in  the  year, 
and  C  having  both  failed  in  either  of  the  preced 
years.  The  probabilities  of  the  happening  of  th 
several  events  in  the  second  year  are  respecti^ 

2(a-'a),(b—b),(e'^e)     (a^a)'(i''b)   ^  y. £_x      ^g—aj.fc—c 

3abc  9  — ab  V  c  ^*  Sac 

and  ^^^  0— i)-  (1-  4)-  which  being  ad 
together  and  multiplied  by  s  (l+S^^ ,  will  give 
expectation  of'receiving  the  sum  at  the  end  of 
second  year.  In  like  manner  we  may  find  the  ex| 
tation  of  receiving  the  sum  at  the  end  of  the  t 
year.  And  so  on  for  all  the  subsequent  years  to 
utmost  extent  of  human  life :  the  sum  of  all  wl 
yearly  values  will  be  the  total  present  value  of 
given  sum,  payable  on  the  above  contingency. 

These  several  yearly  expectations,  being  redi 
to  their  lowest  terms  and  arranged  under  each  ot 
.will  form  twenty-two  collateral  series:  the  sum  c 

which  will  be   found  equal  to  *  P^^Slfi^z^ 
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COROLLARY. 

^  279.  When  the  three  lives  are  equal,  or  of  th6 
same  age  A,  this  expression  will  become  equal  to 
^^J=gM^^±AA^  .  or,  two  thirds  of  the  pre- 
Bent  value  of  the  given  sum,  payable  on  the  extinction 
of  the  longest  of  the  three  lives. 

SCHOIIUBC. 

§  280.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXXV,  XXXVI,  and  XXXVII,  be 
added  together,  they  will  be  found  equal  to  the 
present  value  of  the  same  sum  to  be  received  on  the 
decease  of  A,  added  to  the  present  value  of  the  same 
sum  to  be  received  on  the  decease  of  B  :  that  is, 
the  sum  of  such  three  values  will  be  equal  to  s 

••*  mm 

PROBLEM  XXXVIII* 

§  281.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided 
dther  of  them  be  the Jirst  or  second  that  fails  of  three 
given  lives  A,  B,  C. 

soLtrrioN. 

It  is  evident  that  in  this  case  the  payment  of  the 
given  sum  at  the  end  of  any  one  year  depends  wholly 

•  Phil  Trans,  for  1800,  Prob.  1,  page  22. 
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.'-'^ 


on  the  extinction  of  th^  joint  lives  A  B  in  that  yav* 
independent  of  C  :  its  present  value  therefore  wilh:by 

Prob.  XXII,  be  in  all  cases  equal  to  s  X-^^=^- 

SCHOLIUM. 

§  282.  In  the  preceding  problems  I  hove  deduced 
correct  expressions  ior  the  value  of  reversionary  abms 
depending  on  the  several  contingencies  therein  nxA* 
tioned  :  but  the  remaining  problems,  for  the  ttiofit 
part,  involve  a  contingency  for  which  it  is  vwy 
difficult  to  find  such  an  expression  as  will  denote 
the  true  value  of  the  same,  and  be  likewise  fit^  for 
general  use*    The  contingency,  to  which  I  allude, -ii 

It. 

the  probability  that  one  life  in  particular  will  die 
before  or  after  another,  during  any  given  period  i)f 
their  joint  lives.  This  subject  has  been  already  djs- 
cussed  in  the  fifth  chapter^  where  it  is  applied  to  the 
method  of  determining  the  present  value  of  certain 
reversionary  annuities :  and  I  now  come  to  consider 
it  again  in  its  application  to  the  method  of  deter- 
mining the  present  value  of  reversionary  moi* 
In  the  investigation  of  the  following  prjpblems, 
the  contingencies  above  mentioned  will  be  expresfild 
in  italics.  And  since,  by  means  of  the  two  Lemrnata 
in  Chapter  y,>»e  may  obtain  a  more  con ve'ai?iit 
expression  for  the  expectations  .of  receiving  the 
"gWen  sum  after  the  extinction  of  the  oldest  life  in* 

■'33*' 

volved,Ishull  divide  the  investigation  intot^odisyiict 
parts ;  the  first  of  which  will  denote  the  value  of 


6flD»/0O]aBwcnm(ry4McnRAi«GSs.  JSS 

t^lteitcpedfatfent  for<  the  first  «  yearoi^or  during 
ytfaei  contioUaoce  of  tbeoMest  Hfe  invdKied;>  and  tke 

second  wiU  denote  the  value  of  all  the  expectations 

aftef  that  period. 

•)5  -      .  ,    PROBLEM  XXXIX.t 

2c  §:  383*    To  determine  the  present  value  of  a  given 

»I«Q^  paya1)le  oa  the  decease  of  A  or  B^  provided 

:^bero(  them  be  the  second  ox  ^r^f  tbat:fail8  of 

vlbreeigiven  lives  A,  :B^  C.     .    -  :    - 

aT..=i:  ■'■■■•■'  '  .    ■ ,:      ■.:.    .•-.,;.    '•-.■."       ■  "'    :  '  :: 

SOLUTION. 

."'The  giveh  sum  may  be  received  at  the  end  of  the 
first  year  oh  the  happening  of  either' of  four  differetit 
,  events :  I  ^  that  sail  the  lives  fall  in  that  year :  2^  that 
A^and  B  fail  in  that  year,  and  tfifit  C  lives  to  the  end 
of  it :  3?  that  A  dies  after  C  in  that  year,  and  that  B 
Jives  tq  t||he  end  of  it :  4^  that  B  dies  after  0  in  that 
year,  and  that  A  lives;  to  the  end  of  it.  The  pro- 
babilities  of  the  happening  of  thiese  several  events  are 


t  f   .     t '        '  / 


ri"  '        '.*.",  "[ 


-/   .      .■•#./ 


: . 


Swi  (*.i/^  "!"  '• ., whieh,  -bewg  atjded  .k>g^th©r ,  g^d 

'T.  *:    .  :   • -i    . '  •  ■■     ."•         .■  ■■■     -   ..    ^J...   ''.  .,-.■."_        .'.vi*:.  -     Ui 

*  I  sball  here  observe,  once  for  all,  Ihat  I  take  n  tor  denote  the  number  of 
yters  betvireeh  the  age  of  the  oldest   life  and    that  age  in  the  table  of 
ob8ervatk>ii8  when  hiinan  life  beeomes  extiikst  :  coirseqaently  the  valtie  o 
fl^w\\vary\n.fa€h  problem  according. to  the  tensority  of  the  livti  ooo< 
Mroed* 

T  rbiL  Aids,  ibr  l$0O|  Prob.  2,  pagt  2a^ 
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'.    ■   •  1-      '■ 

multiplied  by  ^(l+a)"^ ,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  first  year. 
.    But  in  the  secondhand  following  years^  duringthe 
existence  of  the  oldest  life,  the  given  sum  may  be 
received  on  the  happening  of  either  of  thirteen 
different  events :  l^  that  all  the  lives  fail  in  the  year: 
2^  that  A  and  B  fail  in  the  year,  and  that  C  lives  to 
the  end  of  it :  3°  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  that  B  lives  to  the  end  of  it : 
4®  that  B  and  C  both  fail  in  the  year,  B  having  died 
last,  and  that  A  lives  to  the  end  of  it :  5^  that  A  and 
B  die  in  the  year,  C  having  failed  in  either  of  the 
preceding  years :  6*^  that  A  and  C  die  in  the  year, 
B  having  failed  in  either  of  the  preceding  years :  7^ 
that  B  and  C  die  in  the  year,  A  having  failed  in: 
either  of  the  preceding  years  :  8^  that  only  A  die* 
in  the  year,  B  living  to  the  end  of  it,  and  C  havinjf 
died  in  either  of  the  preceding  years  :  9^  that  only 
A  dies  in  the  year,  O  living  to  the  end  of  it,  and  B. 
having  died  in  either  of  the  preceding  years:- 10^ 
that  only  B  dies  in  the  year,  A  living  to  the  end  of  it, 
and  C  having  died  in  either  of  the  preceding  years: 
11^  that  only  B  dies  in  the  year,  C.  living  to  the  end 
of  it,  and  A  having  died  in  either  of  the  preceding 
years  :  12®  that  only  A  dies  in  the  year,  and  tkatB 
and  C  both  fail  in  either  of  the  preceding  years,  B 
having  died  first :   13?,  that  only  B    dies    in  the 
year,  and  that  A  and  C  both  fail  in  either  of  the 
preceding  years,   A   having    died  first.      The  ipjfo- 
habilities  of  the  happening  o?  l\ve^e  ^^N^\il  wents 
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in  the  second  year,  are  respectively '  "^^^ '  ^^""^^ '  f  ^— <^)^ 

/I/       /       n   It        t        H     ^      II    II  I       II         i      II   II        I      II  I        II 

(a—aj.fb — b)c    (a -a), (c — c) b      (h — h) . (o-^c) a    (a — a) « (b — b)     ^ 
abc  '  2abG       v">  2.abr,  '  ab  ^ 

/I  0    .   (a'-a).(c-'-o)    .  b    ^      (b'-b).(c^c)   r- a 

V'        T),  ac  \^  b    A  be  V*         a    '9 

I       M      II  I  I        II      II  I  I  II  II  I 

(a-ajb     X,  g    \      (a—a)o      .  b  >.      {b—bja    ^,  c 

•"IT"  ^.A Th  —^a       \ b''  ^b      vA—   -^^ 

MK(]_i),  (a-al  (I      i).(l      O,  and  ^zzlx 

(1 — -) .  (1 — -^)  :*  which  being  added^  together  and 
multiplied  by  ^(1+?)"* ,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year :  and,  if  these  several  annual  expectations  be  re- 
duced to  their  lowest  terms  and  arranged  under  each 
other,  they  will  form  sixteen  collateral  series;  the  sum 
of  which,  continued  to  the  utmost  extent  of  human 


*  In  these,  and  all  similar  eases,  throughout  the  remaining  part  of  this 
dispter,  I  suppose  it  to  be  an  equcU  chance  which  of  the  two  lives  dies 
before  or  after  the  other  during  the  proboble  term  of  their  joint  existence: 
Now,  though  this  is  not  strictly  correct,  (and  I  have  on  that  account  pointed 
out,  in  page  139,  a  method  oi  finding  an  approximate  value  of  such  chance 
hi  order  to  determine  the  value  of  contingent  Annuities^)  yet  in  the  case  of 
AMurances  the  contingencies  are  so  involved  that  no  material  error  will 
probably  arise  in  any  practical  eases  by  thus  indiscriminately  supposing  the 
chances  to  be  even.  The  resultintr  formula  are  hereby  rendered  more 
simple  and  easy,  and  are  sufficiently  accurate  for  general  use. 


life,  would  be  equal  to  s  multiplied  into  5^^+77  + 


2, 

a  i 


-ilBC.   '    +ABC.—.  But  this  expression,  in- 
dependent  of  the  common  multiple  s,  may  be  reduced". 

1i-t(A+B-2ABC)  ^-AO-^BC  ffAB-ACii- 

to  ''('+^^  -A  B  +-i- 1-^-71+/- 


—  ^BC.a 


^  1      (Ai-BO)b_^BC.b  '  +AEG? 
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-^:  and  vrbich^  for  the  sake  of  a  more  convenient 
reference,  I  shall  denote  by  JQ)  : .  -  * 


§  284.  Now,  since  only  part  of  the  several  collateral 
series  above  mentioned  (and  which  series  are.  repre- 
sented by  the  quantities  here  given)  is  to  be  continued 
to  the  utmost  extent  of  human  life,  and  as  that  part^ 
will  depend  on  the  seniority  of  the  lives  concerned;  it 
will  be  necessary  to  divide  the  subsequent  invesitigjir/ 
tion  of  the  pro^Ieni  into  three  distinct  cases,  accord*^- 
ing  to  the  seniority  of  the  three  lives.     For,  in  eadi^ 
case  those  several  collateral  series  must  be  continued 
ov\y  during  the  e^nstencc  of  the  oldest  of  such  Jiv»:^ 
b^cau^e,  •q/ltdr  that. period,  we  may  obttih:  ttitidtt] 
correct  value  of  ail  the'^subsequent  expectations,  by 
means  of  the  fitst  Lemma  in  the  fifth  chapter. 


i  385>  7  Case  1.  Let  A  be  the  oldest  of  the  three 
lives.  Iiii;his  case,  all  those  collatenil  series  in  whicli 
the  gfejA  is  it)voiVfed  mup.t  of  ccmrse  be,CQiitinued  to 
the  utmost  extent  of  human  life  :  but  all  those  series 
iva?)«!pti  the  fife:  A  is  hotJb'^  be  cdhtif 

iiued  for  n  terms  only.     Cotisequently,  the  quantitiels 


<L  .  " 


&li^  H  -mM,  •>'"  «»P«=twdy  be- 

r   1— ?g        1— gg°  .  g/|-a.v.y~»  1      f  14-gC^  _ 

fly  in"^ 

W^lir^r'  I  ^ ;*..  whence,  tfaeadm bf  the  fir^fw  terms 

See  the  method  of  proceeding:  in  these  cajBes  explained  in  Prob.  XXII, 
eor.  2,  and  Prob.  XXVII,  cor.  4.  I  shall,  however,  here  tak^.  the  oppar- 
'**9W«*»«^ar  fn  err^r  on  this  stibj^ti  »nte  which  Mr.  Mdrgari  has  Jn- 
^'^-Sw^^^-^^^r '  *^^^.^^  Pf  rvades  the  two  popen  inserted  by  him  in 
mi  ahd'OOth  volumes  uf  the  PhUMophteal  Tran9acUon9. .  In  poiiiting  ■ 
>ift'ilife'fe4*hod  of  finding  the  value  of  the  first  n  terms  of  the  several  series 
»^w?Cjllli4«d:to,,in;w^ich,thB  oldest  fife-  is  not  involved,  he  directs  us  ti 
^'^^'f.^J?*  W?fl?i?%'^prei|si^  ;tb^  Maine  i  of  .«iumtoifi04>iith^'«*o?c  life, 
nto  similar  expressions  for  the  given  terpt.  Thia  however  is  wttinly  in*, 
!«tety=f6r,  it  is  not  the  iznnuUies  on  those  lives  which  are  to  be  coatioued. 
wirfiwnii.  hot:  &e: #flriM  rrom  which -those  annuities  arise  ;  and  which 
ijjyg.  mipt  ca^^jmak^  tji^.  yaUif ,  M  t\m  ftsnuiUds,'  tt»tMtig'  ther^froai,  ^ 

TOif,  lAHhe'inYgstTgaVion  oT  the  present  problem  in  the  Philoiophical 
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of  the  several  collateral  series  abore  mentioned  (that 
IS,  the  sum  of  all  the  expectations  for  the  first  f^ 

years)  will  become  equal  to  s  multiplied  into  D-^ 

fc -  — 

x-l^(l+8) ". 


•■T 


'-       I 


But,  after  the  decease  of  A,  the  expectations; 
arising  frorii  the  several  contingencies  on  which  the 
sum  depends,  may  be  more  correctly  'Expressed  for 
all  the  subsequent  years  by  means  of  the  first  Lemflia 
in  Chapter  V.  For,  since  the  chance  of  receiving 
the  sum  at  the  end  of  any  one  of  those  year  depeodi 


Kactily  appear,  by  attending  lo  the  steps  of  the  process.  The  annuity  on 
the  life  A,  he  also  says,  should  be  continued  for  w  years  :  whereas  neitber 
#  nor  a — 1  will  i^ive  the  correct  take  in  his  formula  ;  for,  the  tmo  Talae 

which  ought  to  be  there  substituted  for  A  is  A'  -| ^^^^r-  X — ?r"«     ^ 

this  error  runs  through  the  whole  of  the  investigaiions  inseiud  byUr* 
Morgan  in  the  two  papers  above  mentioned,  I  have  though  it  necessary  to 
advert  to  it  in  this  place,  in  order  to  explain  any  diflerence  which  migbt  be 
observed  between  his  formula  and  those  which  are  here  given. 

I  cannot  dismiss  this  subject  without  censuring  the  careless  manner  in 
which  Mr.  Morgan's  papers  in  the  Philosophical  Transactions  lave Xeen 
printed*  Were  a  proof  of  this  chaige  required,  I  could  not  give  a  moff 
convincing  one  than  the  two  formulain  the  page  above  referred  to,  aipd 
which  are  too  erroneus  to  be  of  any  public  utility.  I  at  first  imagined  that 
these  mistakes  might  be  errors  of  the  press;  but,  when  I  observe  them 
.iaitl^iiy  copied  into  the  kLst  edition  of  Dr.  Price's  treatise,  I  can  beat  jo 
loss  in  attributing  them  to  their  proper  soure '^ 


,-.-.i*  • 
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on  B*s  dying  in  the  year,  and  on  A  having  died 
before  C  in  either  of  the  preceding  years  (the  pro- 
bability of  which  latter  contingency  is,  by  the 
Lettima,  denoted  by  <u*)  it  follqws  that  the  sum  of 
tbe  expectations  for  those  years,  continued  to  the 
utmost  extent  of  human  life,  will  be  equal  to  s.^  X 


[- 


an     expression     which,      by      l^roblem     XXII, 


.  ^  Mr.  Morgan  1^  livep  two  Beparate  tables  for  4eteriniiiu)g  tlie 
pcobabiliiies  of  suivivorship  between  twolive^ :  the  first  (which  is  insierted 
in  Phil  Trans,  for  1788^  page  887;  shows  the  probability  of  one  life  dying 
i^e  eno'tlier ;'  and'  the-  second  (whieh  is  inserted  in  Phil.  Trdnw.  for 
.  17H  P&g6  229)  shows  the  probability  of  one  life  dying  a/ter  the  other. 
Zhevare  both  given  in  the  last  edition  of  9r.  Price's  Obi,  on  Eev^  Pay. 
Td  1,  page  406,  &c. 

i.  Ilieae  tables  jure  deduced  from  the  priacipks  ktid  dow^i  in  the^rst  and 
tceond  Lemma  in  the  fifth  Chapter  of  the  present  work,  The^r^^  tablf, 
berejilluded  to,  will  occasionally  be  foutid  useful  in  determining  the  values 
of »  and  ^,  which  are  frequently  introduced  in  the  ensuing  problems'  But 
18  ihat  table  is  very  limited  in  its  extent,  I  have  fin  the  note  in  ^Mge  114) 
laid  down  a  method' of -approximatmg  to  those  probabilities ;  which  in  most 
probable  cases  will  be  found  Sufficiently  correct, 

Mr.  Morgan  might 'have  saved  himself  the  trouble  of  ealculafing  the 
UDimd  table  above  alluded  to ;  sincp  its  ^application  to  any  practical  cases 
'.ttay  always  be  avoided  :  and  moreorer,  ^q  values  in  that  table  are,  in  my 
opinion,  incorrectly  deduced.  It  is  certain  that  the  solutions  to  the  ensuing 
problems  may  be  more  simply  ^xpressl^  \}j  referring  only  to  the  firjst  table  ; 
as  any  person  will  readily  discover  by  comparing  the  formula  in  the  present 
work  with  those  given  by  Mr.  Jfprgan.  See  what  l^a^  been  already  ol^served 
on  this  anbject  in  the  note  in  \>ag«  118. 


I 


cor.  1,  is  eqqal  to  s.  «  x~:|iV-^  (i+?H* 
Consequently  this  value,  added  to  the  s^ta  of  the 
first  n  terms  of  the  several  collateral  series  Sbiwe 
mentioned,  will  express  the  total  present  value  -of 
the  given  sum  in  this  case  required ;  and  wtoh 
will  be  found  equal  to  s  toulti plied  into  ,     ^^ 


B 


'.I 


^  286.  Case  2.  Let  B  be  the  oldest  of  the  thfree 
lives.  In  this  case  all  those  collateral  series  in  which 
the  life  B  is  involved  must  be  continued  to  the  utm^t 
extent  of  human  life :  but  all  those  series  in  whjch  the 
life  B  is  not  involved  must  be  continued  fpr  nMVPS 

only.     Consequeutly,  the  quantities  2jrf$r* '  ^(^ ' 
and  -a^Y^^g > ,~-  will  respectively  become j  equal:- to 


J  T  *■ 


^(1 +8)-"]  *  3nf ,-  l~TR^;f  fl+^)-'3 

whence,  the'  sum  of  thp  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  eq^ial  tf> ' 

multiplied  into  B  —1(1+77  7    (*  +?)-'^2ct+r)X 
.    But  after  the  dec6a§e  of  Bit'hje  eXpeetatidhsi'ltrising 

*  See  the  note  in  ptge  147.  ' 


*fh>in  tfad  several  contingencies  on;  which  the  sutn  de- 
;?]fen{l5,  Q9tay  be  more  correctly  expressed  foi;  .aW  tke 
:^Mibi$equ0Dt  y;ear^  ^y .  naeaRS.  of  the  first  Lenima  in 
Chapter  V.  For,  since  the  chance  of  receiving  the 
MIDI  atL  t]t)te  endnQf.  ai?y p^ie  of  thosie  yefirs  depends  dn 
•A's  dying-ip  the  )}ear,  and  on  B  having  died  before 
Cja  either  of  th?  preceding  years  (the  probability  of* 
which  latter  contin^ncy  is,  by  the  Lemma;  denoted 
by  f)  it  follow^,  from  what  has  been  said  in  the  last 
me,  that  the  sum  of  all  the-expectations  for  those 
ijfckrs,  continued  to  the  utmost  extent  of  human. life, 

^be ^ual  to  sl^Xf^X  f-(l'+2)--^.  '     Cotise- 

qued'tly  this  value,  add^d  to  the  sura'  of  the  first  h 
terms  of  the  several  collateral  iseries  above  men- 
tioaed;  will  express  the  total  present  value  of  the 
given  sum  in  this  case  required ;  and  which  will  be 
fcHittd  equal  to  s  multiplied  into 

§  287. ,  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  all  those  collateral  series  in  vvbich 
the  IifbCis  involved  must  be  continued  to  the  utmost 
Extent  of  human  life  :  but  all  tbjose  series  in  which  the 
life  C  is  not  involved  must  be  continued  for  n  terms 

Dnly .♦     Consequently  the  quantities  ±=|1»    ti£^^^ 

*  jdr.  Morjdap,  in  his  inyestigation  of  these.  seTeral  cases,  hat /olio  wed 
lit  gen^frd  ^hciic^  of  changing  th$  gynibok  in  the  Uul  ease,  and  of  iolr^- 


ff 


cor.  1,  is  equal  to  s.  «  x^^V-^  (1+?)t^** 
Consequently  this  value,  added  to  the  siSta  of  the 
first  n  terms  of  the  several  collateral  series^  aSiiiWe 
mentioned,  will  express  the  total  present  valued 
the  given  sum  in  this  case  required;  and  whidi 
wU  be  found  equal  to  «  Multiplied  into  ,     ,^ 

JT) __: V       <         ' ,  ,       • '■^—^ '■ 


'•I 


^  286.  Case  2.  Let  B  be  the  oldest  of  the  tbree 
lives.  In  this  case  all  those  collateral  series  in  which 
the  life  B  is  involved  must  be  continued  to  the  utmost 
extent  of  human  life :  but  all  those  series  in  whjch  the 
life  B  is  not  involved  must  be  continued^  fpr  »  teofus 

only.     Consequeutly,  the  quantities  2714:55"'  JjTffjf' 


and  'g^H-g  1  •"T"  ""^^  respectively  became;  equal' to 

whence,  the'  sum  of  the  first  n  terms  of  the  sevej:al 
collateral  series  above  mentioned  will  be  eqiiailo  J 

multiplied  into  IJ—-5(3&*'^    (l+SD-'^^X 


But  after  the  decea§e  of  Bi  t'hje  eiiDtti^XiCti^Mmi 

*  See  th«  note  in  page  147«  J^ 


*fh)m  the  several  contingencies  on;  which  the  sum  de- 
ojjeiids,  laay  be  more  correctly  expressed  foi;-  all  the 
.^h^equent  y;ear:§  ^y  meaBS  of  the  firi^^  Lemma  in 
r.Chapter  V.  For,  since  the  chance  of  receiving  the 
/»ttoiattfee  epd-ftf  ^i^y  .o^e  of  thosieye?irs  depends  dn 
•A's  dying4p  the  )}ear,  and  on  B  having  died  before 
GJn  either  (^fth?  preceding  years  (the  probability  of" 
which  latter  contin^ncy  is,  by  the  Lemma;  denoted 
by  ^)  it  follows,  from  what  has  been  said  in  the  last 
case,  that  the  sum  of  all  the^xpectations  for  those 
years,  continuW  to  the  utmost  extent  of  human  Jife, 

i^Tl- be e'qual  to  sl^x~^X  ^( V+2)--^.  '     Conse- 

^trentiy  this  value,  added  to  the  sura"  of  the  first  h 
ietms  of  the  several  collateral  series  above  men- 
tfoned,  will  express  the  total  present  value  of  the 
given  sum  in  this  case  required ;  and  which  will  be 
found  equal  to  s  multiplied  into 

§  287.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives,  til  this  case,  all  those  collateral  series  in  which 
the  lifei  CTs  involved  must  be  continued  to  the  utmost 

»v    ■ 

extent  of  human  life  :  but  alt  those  series  in  which  the 

'  -  ..  ■^. .    ■  •    '^    ,     

life  C  is  not  involved  must  be  continued  for  n  terms 
only.*    Consequently  the  quantities  i=i4-,    |=^^^ 

*  jdr,  Morjdaci,  in  his  investigation  of  these,  several  cases,  has /olio wed 
his  genleral  pnuBtiee  ofckanging  ih$  tymbok  in  the  hti  ease,  and  of  ioir^- 


■;.     3-'.  J  .         '-,'"•   f       -  ■>  ■  ■ 
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-    .  ...  '^  '^'''  '■"''* 

COROLLORY 

4  288.  When  the  three  lives  are  e^iialj^'  or  allcff 
the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  jQ)  vanish  entirely  ;  and  the  general 
expression  for  this  case  will  become  equal  to  i  X 

\^2(A+AA—AAA) 

SCHOLIUM. 

§  289.  As  the  expressions,  deduced  from  the  me*: 
Ihod  of  investigation  pursued  in  these  three  cases, 
will  be  frequently  referred  to  in  the  subsequeot 
problems,  it  will  be  convenient  to  denote  them  by  ^a 
more  simple  character.     Let  us  therefore  make 

wzz  ?£ . 

(^^^).(l^2A^)a  +  JL\(\+A'0')a^(l+k''C')a'\ 

X':n  — — rr 

r 

Z  n ■ 


Then  will  the  present  value  of  the  given  sum  de-; 
pending  on  the  contingency  medtioned  in  this  prob- 
lem  be  reispectively  expsessed    by  these  severaF 
formulae. 
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ccpfiding  as  A^  B,  or  C  is  the  oldest  of  the  three  lives. 

PROBLEM  XL.* 

i  290.  To  determine  the  present  value  of  a  given 
urn  payable  on  the  decease  of  A  or  B,  provided 
iher  of  ihem  be  the  Jirst  or  last  that  fails  of  three 
iyeu  live&  A,  B,  C. 

*•'  SOLUTION. 

iTie  payment  of  the  given  sum  at  the  end  of  the 
fst  year  will  depend  on  the  happening  of  either  of 
X  different  events  :  T®  that  all  the  lives  fail  in  the 
ear:  2^  that  A  and  B  fail  in  the  year,  and  that 
1  lives  to  the  end  of  it:  3^  that  A  and  C  fail  in  the 
ear,  A  having  died  first,  and  that  B  lives  to  the  end 
fit:  4^  that  B  and  C  fail  in  the  year,  B  having  died 
rst,  and  that  A  lives  to  the  end  of  it :  5*^  that  only 
.  dies  in  the  year,  and  that  both  B  and  C  live  to  the 
ad  of  it :  6®  that  only  B  dies  in  the  year,  and  that 
oth  A  and  C  live  to  t-he  end  of  it.  The  probabilities 
fthe  happening  of  these  several  events  in  the  first 


.'.  / 


ew  are  respectively        ^\'a/ K-^ — X      ^  , 

eing  added  together  and  multiplied  by  s  (l-f-^)"* , 
'ill  give  the  expectation  of  refeeiVing  the  sura  at  the 
ad  of  the  first  year. 

•  Pbil.  Tran«.  for  Idob,  VfKth.  9^,  TmgWS, 

2  I 


A 
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'  • 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
nine  different  events  :  .viz,  in  addition  to  the  six  just 
enumerated,  7^  that  A  and  B  die  in  the  year,  C  hav- 
ing failed  in  either  of  the  preceding  years  :  S^  that 
only  A  fails  in  the  year»  and  that  B  and  C  bothfaiiin 
either  of  the  preceding  years,  C  having  died  Jirst ;  9^ 
that  only  B  fails  in  the  year,  and  that  A  and  C  ioih 
fail  in  either  of  the  preceding  years^  C  having  did 
Jirst.  The  probabilities  of  the  happening  of  ihe^e 
several  events  in  the  second  year  are  respectively 


/         //     '    I  II  I         U  t        il  I         It    II  I  II  i        II  u 

(a — c  j .  (b^b) .  (e-^c)  (a — a),(b-^b)c  ^  (a'-a),  (e-^)b 

akc  '  abc  '  2abc         ' 

,'     '/.    ,'     'in            I      II  II  II         I      4>'i>i        .i      **    ,1      i'  ' 

(p'~'0}»(e^cja        (ar'^a)b  c      (b — b) a  c       (a—a).(b — b^  ^^ e\ 

2abc         *  abc      >  abc       '  ab  v*""      7^* 

:^(1-tM1-4)  and  ^4  (1-  i).(l-j): 

which,  being  added  together  and  multiplied  by  s 
(1 +?)"*,  will  give  the  expectation  of  receiving-ibe 
sum  at  the  end  of  the  second  year.  In  like  manner^we 
may  find  the  expectation  of  receiving  the  sum  at  tb^ 
end  of  the  third  and  every  subsequent  year  :  and,  i 
these  several  annual  expectations  be  reduced  to  tb^if 
lowest  terms,  and  arranged  under  each  other,  they  wiU 
form  sixtejen  collateral  series  y  the  sum  of  which,. cofe 
tinned  to  the  utmost  extent  of  human  life,  would  be 

?qual  to.  multiplied  inta^j  +  j^  +  AR^ 


Pr.4X>.        0*  cMi!N6*Kt^  AilsuftA^ciii.  i&T 

1+^.  b  ^^:zsdSS.+ABC.^^.ABX).: 4BG.  v. 

aa     expression      which,     independent     of     the 
comaion  multiple  s,  may  be  reduced   the  formula 

iJBC.a  I  — — I    r^-ic;^    ^jBC.^   I     ABC. '  . 

and  which,  for  the  sake  of  a  more  convenient  re- 
ference I  shall  denote  by  JS, 

§  291.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned  will,  by 
pursuing  the  same  steps  as  in  the  first  case  of  the  pre- 
ceding problem,  be  equal  to  JB— ^=^'4(1  +0'"'* 

xltSl^.^r.,  ,>)--«_ i+^t7.p^i^r  *".  After 

the  decease  of  A^  however,  the  expectations  arising 
from  these  contingencies  may  be  more  correctly  ex- 
])ressed  for  all  the  subsequent  years  by  means  of  the 
second  Lemma  in  the  fifth  chapter :  for^  since  the 
cbaaee  of  reeiving  the  sum  at  the  end  of  any  one  of 
those  years  depends  on  B^s  dying  in  the  year  and  on 
A  having  died  after  C  in  either  of  the  preceding  years 
[the  probability  of  which  latter  contiagency  is,  by  the 
Lemnia,,  denoted  by  — *»),  we  shall  find  that  the 
fum^af  the  Expectations  for  those  years,  continued  to 
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the  utmost  extent  of  human  life,  will  be  equal  to 

^•(1— ")XTTO.4-('  +'^"-  Consequently  this 
value,  added  to  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned,  will  make 
the  total  present  value  of  the  given  sum  to  be  equal 
to^[JB+M;], 


§  292.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  fir^t  n  termsjbf 
the  several  collateral  series  above  mentioned  will,  By 
pursuing;  the  same  steps  as  in  the  second  case  to  the 

preceding  problem,  be  now  equal  to  jEJ — ln!f')  X 

Aftei*  the  decease  of  B,  however,  the  expecfalfon 
arising  from  these  contingencies  may  be  more 
correctly  expressed  Tor  all  the  subsequent  years T)y 
means  of  the  Lemma  above  mentioned:  for,  siiibe 
the  chance  of  receiving  the  sum  at  the  erid  of  any  one 
of  those  years  depends  on  A*s  dying  in  the  yeaf,a!icl 
on  B  having  died  after  C  in  either  of  the  precediibg 
years,  (the  probability  of  which  is,  by  the  Lemfna,  de- 
noted by  1 — 0)  we  shall  find  that  the  sum  of  the  ex- 
pectations for  those  years  continued  to  the  utmost 
extent  of  human  life,  will  be  equal  to  ^.(1 — ^)X 

^^^•-f-(l+S)•"^      CpnsequentL^,  this  value  added 


tDtl»«um..  of  the  first  «  terms  as  above  fouody;  Y^ill 
^express  the-  total- present  value  oJ[  the  given  sum  in 
this  case  required-  Whence,  such  present  value 
Will  be  equal  to  s  [JB  +^']*  - 

^  293.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms 
of  the  several  collateral  series  above  mentioned^ 
will  (agreeably  to  the  method  pursued  in  the  third 
jCasetothe  preceding;  problem)  be  equal  to  JE  — 

;^,  X -fci +8)-" -is^,-f  (' +«)- -^-B-' vf 

;Btit7  after  the  decease  of  C,  the  expectations  arising 
from  these  contingencies  may  be  more  correctly  ex- 
"pressed-for  all  the  subsequent  years  by  means  of  the 
Lemma  above  mentioued  :  for,  the  chance  of  re- 
xieiyiDg  the  sum  at  the  end  of  any  one  of  those  years 
will  depend  on  the ,  happening  of  either  of  three 

m 

events :   1®  that  A  and  B  both  fail  in  the  year :  2® 

r.that  A  fails  in  the  year,  B  having  died  after  C  in 

;  either  of  the  preceding  years :  3^  that  B  fails  in  the 

.  year,  A  having  clied  ^fter  C  in  either  of  the  preceding 

years.    The  probabilities^  of  the  happening  of  these 

tliree  events  in  the  (w+l)^^  year,  are  respectively 

^^^^4r^M  W-|-)*and  ^i_„-^)* : 
which  being  added  together   and    multiplied    by 

•  Bet  the  Scholium  in  page  lai.     .      \     ■',    ^ 


?5W^  6*^dbim!toBi»i' 7Lifitjiii*rc*i.       '^fe 


- ,  '^-i  •• 


'(l+s)""^^^^^  Will  give  the  expectation  of  recei 
the  sum  at  the  end  ojf  the  (n+  Vf^  year. 

In  like  mauner,  the  probabilities  of  the  happe 
of  these  events  in  the  (w+2)nd  year  are  resprcti 

iz%^,  ipci-^-i-;    and    Ml--- 

which  being  added  together  and  multiplied 
(l  +  3)--f'*+2j  vviii  give  the  expectation  of  recei 
the  sum  at  the  end  of  the  («+2)  nd  year.  B^ 
sarne  method  of  reJisontng  we  may  find  the  e? 
tation  of  recgiving  the  sum  at  the  end  of  the  (wH 
year  :  and  so  on  to  the  utmost  extent  of  human 
thjai  :€|um  of.  all  which  annuaL  expectations,  > 
reduc^  to  their  lowest  terms,  will  be  found  equ 

^multfpliM  irttotl— ^)  X  y^  +^)^^+  (1- 

(1  +2)-^  :  which,  being  added  to  the  sum  of  the 
n  terms  of  the  several  collateral  series  above  i 
tioned,  will  express,  the  total  present  value  ol 
given  sum  in  this  case  required.  Whence,  such 
sent  value  will  be  equal  to  [JS+j/+^]- 


.  7 


COROLLOftY. 


I  294.    Whea   aU  the  Itvea  «re  equal,    o 
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tbe  same  age  A,  the  last  three  quantities  in  the 
formula  denoted  by  JS  vanish  entirely;  and  the 
general  expression  for  this  case  will  become   s   X 


n+9) 


SCHOLIUM. 


§  295.  Since  it  appears  that  the  present  value  of 
tbe  given  sum,  payable  on  the  contingency  mentioned 
in  this  problem,  added  to  the  present  value  of  the 
£ame  sum,  payable  on  the  contingency  mentioned  in 
the  preceding  problem,  are  together  equal  to  ^  X 

r—^—-:  it  follows  that,  the  value  of  one  of  them 
being  determined,  the  other  may  be  easily  obtained 
by  subtracting  such  value  from  the  general  expression 
here  given  :  provided  the  ages  of  ^the  lives  are  the 
same  in  both  instances. 

PROBLEM  XLI.* 

§  29G.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  that  dies  of  three  given  lives  A,  B,  C^ 
and  provided  C  dies  before  B.t 

*  Simpson's  Sup,  Prob.  88,  and  Prob.  4,  in  page  74.  Dodson,  vol.  iii« 
Qaes.  42  to  47.  Morgan,  Prob.  18 ;  and  in  Phil.  Trans,  for  1789, 
pige  41. 

t  That  is,  provided  C  dies  first,  and  A  second  of  the  three  lives  ;  or, 
provided  C  be  then  dead  and  B  living  :  but  I  have  thought  it  best,  for  the 
•ike  ot  vnifQonUjf^  to  pcfiienra  tht  mod«  of  expceMion.adopted  ia  thtt  text. 


^{1^  oft  i»AlmaENt  "issDwJSfi^M'I'''        uA.'tS 


SOLUTION. 


The  chance  of  receiving  the  given  siini  at  the  en^', 
of  the  fi;st  year  will  depend  on  the  happenibg  b^ 
either  of  two  events  :  1  ^  that  all  the  lives  fail  in  that 
year,  C  havinsf  died  first  and  A  next :  2°  that  A  and"  , 
G  both  fail  in  that  year  A  having  died  last,  anifl  tliat 
B  lives  to  the  end  of  it.  The  probabilities  bf'llie 
happening    of    these    two   events   are  respeclivdjf^ 

lir-I^tezl),  and    ^-t^'^f;   ^bicfa,  i>eiag» 

added  together  and  multiplied  by  ^(f  +  g)"""^*  ^"-^ 
give  the  expectation  of  receiving  the  siini  at  theeni^ 
of  the  first  year.  '\    ■     '  "  '^-p 

But  the  chance  of  receiving  the  given  sum  at  the 
end  of  the  second  and  following  years  will  depend    , 
on  the  happenfng  of  eilH^r  of  four  different  eyerifs.;^ 
1^  that  all  the  lives  fail  in  the  year,  C  having  die^fi^fit'^* 
and  A  next :  2"^  that  A  and  C  both  fail  in  theyeafj'' 
A  having  died  last,  and  that'B  lives  'to  the  end  off  if:  „ 
3°  that  both  A  and  Bfail  in  the  year,  A  bavi.pg.4i!?d;i» 
first,  and  th^t.C  dies  in.eitlier  of  the  pneoedihg^yearre**'^ 
4®  that  only  A  dies  in  the  year,  B  living  to  thig'^rfl'' 
of  it^  and  C  having  died  in  either," df  Xi}^  PX^^^J^M*\M 
years.    The  probabilities  of  the  happening  of.  the^J* 
several  events  in  the  second  yejif  art?  rfes^jjffedtitSlV'^ 

t  '    u         i      ii      .1      II      ,  I      II         I      II   n         t      ii         I       II  t 

(a^a),(b-^b),(c^c)Ja^a).(c^c)b^  (a^a).(b^b) ^l c  )    ftffi 


IS 


J" 


'.  a 
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multiplied  by  ^(1  +^)^^,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  rc^ceiving 
iHe  Mim  at  the  end  of  the  third  and  every  subsequent 
year,  to  the  utmost  extant  of  human  life  ;  the  sum 
ojrajl  which  yearty  values  will  be  the  total  present 
value  of  the  given  sum  to  be  received  on  the  above 
contingency. 

"^these  several  yearly  expiectations  being  reduced 
let  their  lias t  terms)  and  arranged  under  each  other, 
«rj|iform  twelve  collateral  series:  the  sum  of  all 
K^^ich^  or  the  present  value  required,  will  be  found 

equal  to,  [^^-^^^j.* 


•  f 


•  This  problem  is, one  of  frequent  occurence;  and  is  the  first  of  that 
>ttj^  of  problems,  inserted  by  Mr.  Morgan  in  the  PhVoszphical  Tran' 
'^ttUWf  for  determining  the  valae  of  eonting^ent  reversions  ^where  three 
ivef  are  invoived  in  the  survivorship,  Mr.  Morgan  has,  in  his  usaal 
iiqoer,  giv^n  ^too  formula  for  tlic  solution  of  the  problem;  kading  us. 
befehy  to  imagine  that  the  value  df  the  given  sum  depends  on  the 
Bafaritlfjf  of  the  lives  concerned.  This  however 'is  »ot  the  fact:  for,  the 
heppfm  vfaich  IhBTft  given  io  the  text  is  a  jrendro/  one ;  ^d  will  ap^ly  to 
ither  case.  ' 

As  it  may  be  satisfactory  to  the  reader  to  see  the  diffcrcniVresults  which 
re«(tiif hed  frbih  the  present  fiivestigaiion  and  from  that  pursued  by  Mr. 
foQfio,  I  shall  here  sol^oin  his  fbrmaln.  But  since  the  same  lives  are 
)t4nTolved  in  .the  ^ame  contingencies,  I  shall  ^in  order  to  prevent  any 
tsdbderstandibg    on  this  snbjcct)    prefix   his    own    statement    of   the 

**  To  deferaine  th^  value  o£/a  given  snm  pay^Ie  on  the  contmgeoey  of 

p  Mrviting  By  protided  the  life  of  A  shall  b^  then  extinct* 

»4nAB  <fih##%tr  C  k  tk4  Mtm^^ike  thrW  KVis,  the  valot  «^tlir 

2k 


VJli,  on  OQSTIKOBNT  AVUBANCES.  £SA.4 

■J  ■"'•.■".  '•  .•  *S1 


COROttOBT. 

^  297.  When  the  lives  are  all  equal,  or  of  the 
same  age  A,  this  expression  (agreea&Iy  to  i/vhat  has 
been  said  in  the  corollary  to  Prob.  XXX)  will  become 

equal  to  ^  X  ^-^^^^^^^^^^^ :  that  is,  equal  to  ohe 


•J." 


given  sum  will  be  =3  S  into   «   X   f^^Ez^EJ^^(WS.    ABE/"]  +* 
4-X  (FC-AFC;-^-^X(BC  -ABO^^XfPC  -APC)+^X 
Ubt-abt) ■ S~~^J  ' 

**  When  A  is  the  oldest  of  the  three  lives,  the  value  will  be  s  S  into 

-5^  X   rAC^ABC)+5^X  (NC^  NBC)+r3;X    [_ ^ + 

■  I    :'*  where  2  denotes  the  saroe  as  JB(7  in  the  ootatHB 

used  in  the  present  treatise^  and  the  other  characters  the  same  ii  akeadjf , 
explained  in  the  notes  in  page  215  and  221. 

These  formula  ore  taken  from  the  last  edition  of  Dr.  Price's  Obi,  ^ 
Itev.  Pay.^oh  1>  page  392  :  the  gross  and  careless  errors  therein  b^g-iol 
corrected.  It  is  hardly  necessary  to  remark  (after  the  repeated  obfcrvfyi^Vf^ 
that  I  have  made  of  a  similar  kind)  that  oil  those  expressions  in  th^  secoai 
formula,  and  some  of  those  in  the  first,  which  {nv.olvo  ttoo  jomt  livei  «t 
totally  useless  :  since  they  might  be  made:tf  vam^y.in  the  aitniief  {toktllrfi 
out  in  a  page  216.  They  ^consequently  now  only  Und  to  ma^^tbA 
aritmetical  solution  uxmeeessarily  tedious  and  confused :  and  the  reader 
perhaps  may  be  si^rpnstd  te  learo  that  these  twoformnlsi  ac^preeisql/  )|m 

under  4^^^^^  symbols  J  !  I 
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sixth  of  the  present  value  of  the  given  sum  payable 
on  the  extinction  of  any  two  out  of  the  three  given 

livAe 


lives. 


PROBLEM  XLII.» 


■.«Cf 


^  298.  To  determine  the  present  value  of  a  given 
siatn  payable  on  the  decease  of  A  j  provided  he«  be  the 
last  that  dies  of  three  given  lives  A,  B,  C,  and  pro- 
vided O  di^s  before  B.f 


SOLUTION. 


-Tbc  given  sum  cannot  be  received  at  the  end  of  the 
first  year  unless  all  the  three. lives  fail  in  that  year, 
and  in  the  order  above  mentioned ;  the  probability  of 

^hich  is  (^rihd^lJ^;  which  being  multipled  by 

*(1+§)*^|  ,will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 
.-^oBttt  in  the  second  and  following  years,  the  given 
sum  may  be  received  onthfe  happening  of  either  ot 
%tee  different  events :  19  that  all  the  lives  fail  in  the 

"f'i  »      -     ■       .        1 

?i?ar,,ift  the  order  above  mentioned :  2^  that  A  and  B 
»oth  fs^l  in  the  year,  A  having  died  last,  and  C  having 
tile^ia  iefitJifer  ^f  tJie  preceding  year^^  3^  that  only 


•  tfoiganj  l^rbb:  2fl  ;  antf  in  VhW  Tttns.  for  1794,  Prob  «,  page  8^' 
t  Tktt  ii,  proYided  C  ditiifinit,  fi'^next  iand  riwiL'  ' 


h 


•  • 


A  dies  in  the  year,  and  that  both  B  /tniCf^Ha 
either  of  the  preceding  years ^  0  having,  Med^r^t.^  Jhc 
probabilities  of  the  happening  of  these  several  events 

in  the  second  year,  are  respectively       ■    ^^^^^"^  '''', 

— rns — -  i}—  — )'  ^"3  -^  (1—  ^).  (1— 7) 

vv'hicb,  being  added  together  an4^J^'^(Pp)ifid;l)x' 
(1 +?)''%  will  give  the  cxpectaMpn  oCirecejiying  |J» 
sum  at  the  end  oithe  sepond^^^r,^  .Jiiji^l^  Vffflfff 
we  n:ay  find  the  expectation  of  receiving  the  sum  at 
the  end  of  the  third  and  every  subsequent  year  during 
the  continuance  of  the  oldest  of  the  given  lives  j'and, 
if  these  several  annual  expectations  be  i^u66d-to 
their  lowest  terms  and  arranged'  uhdtr'eaiK'dtliSer, 
they  will  form  fourteen  xiollateral«serieBr;itheMfiiBt« 
terms  of  which  will  vary  according  to  the  seniority  rf 
the  lives  concerned. 

§  299.  Case  L  Let  A  be  the  oldest  of  the.thxee 
lives.  In  this  case  the  several  serieis  here  alluded  to 
must  be  continued  to  the  utmost  extent  of  human:life; 
because  the  life  A  is  involved  in  each  collateral  series. 
Therefore  the  value  of  such  series  will  be  equal  to  t 

multiplied  into  ^^)+^  _^B.4-^;+ 

l-^ABC    b    .jjj^       '  iJ^-ASd     e       ARC.  ^  .  .n 


»ieipfl^ssK>awhich,1ndefM^d(intof  tbecorhtnoB  itiulli- 
ils^m-fMit  reaucfed-to  }-^(^AfABa)-.^AC_^AS_.^^ 


'      ^l±4^+^5C.2c 


•  % 


»       r 


iftd'^hich^'I -shall  denote  by"l?!  Therefore  when 
^^Aw  the' oldest  rtFthiV  three  lives,  the  present  value 
'W-ffiiS  gttfeh:  sum  'will  be  represented  by  ^  X  W- 


o;i 


giiii;'.  .t 


f) 


»b::r.§  30P» .  Cr/fc.^*  I^t  B  be  the  oldest  of  the  three 
ojIijV'€S,.;..I«  thii^  cajse  the.  3um  of  the  first  n  terms  of 
,=^bfjS^Ver,aljCfi)}atq[ral  senes' aljloy^  mentioned  will  be 

tt  fwnd^qqd  to  JF-^.g-r^       (1  +g)"'*  +  4^t^^X 

^(l+8)~"^I-^.:X(i+g)^,.  ;    But,-  after  the 

^^ttcti»clibn<)f  the  life  of  B;  tliesumof  the  expectations 
0=  fiott^'alLthesubseqiient  years  niay  be  morc  coVrectly 
t^lexpressed » 2ts  in/itlte  ifeeoond  e^se  of  Prob.  XL,-'by 

•2^efil.J)^xlf^-^(I+,)--«.        Therefore    if   this 

>alue  be  added  to  the  sum  of  tiie  first  n  terms  of 
,  the/s§yeral  series j'ust  found,  it  wiU jpake  (he  tpial 

present  value^f  the  given  sum,  when  B  is  the  oldest 
^  of  UiclUree  Ikes^  equal  to^[JP+*2].      l 


-i/^ 


-4  SOi;  <?5^;3^ :  LetCl>e  tlirddcst  of  the  three 
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lives.  In  thfe  case  the  sum  of  the  first  n  termsofdiV 
several  collateral  series  above  alluded  to  wiH  be  foiirS 

equal  to  F-|=J^;-f(l+0--^'iJ^^^^  ^ 

+  A' Br  J_{\+sy^.    But,  after  the  extinction  ef 

the  life. of  C,  the  chance  of  receiving  the  given  suA^ 
at  ihe  end  of  any  one  year  will  depend  on  the  Hrippen* 
ing  of  two  events  only:  1^  that  A  and  B  both  fail » 
the  year,  A  having  died  last:  2^  that  onlyAAih; 
in  the  year,  B  having  died  after  C  in  either  of  the 
preceding  years  :  the  probabilities  of  the  happening 
of  these  events  in  the  (w+l)^^  year  are  respectively 

(izi^ij!z^  and  ^^(^-^"^1  ),which  being mJ. 

tipUed  by.  (J+p)-'n+i  will  give  the  expectaition  of 
receiving  the  sum  at  the  end  of  the  {n  + 1 )«'  year.  J» 
like  manner  we  might  proceed  to  find  the  expecta?? 
tions  of  receiving  the  given  sum  for  every  subsequiotf 
year  to  the  utmost  extent  of  human  life:  and  the 
sum  of  all  those  expectations  will  be  found  equal  toi 

multiplied  intori— a) xl;:2^.-5.(l^Vn^i±4:?.X 

J!fL(l+0'^«+    A'B\  «^  n+,)-n^x+JL^B'     gg     X 

aP  -'^ 

(i  +^)  -n  ^A^B\1^  ( 1  +^)-  ».      Consequently  tKte 

value,  added  to  the  sum  of  the  first  n  terms  of  ^|be 
several  collateral  series  above  mentioned, will  express 
the  total  prescni^t  vali^^^f  the'gfiVen  sdnipift  t^ 


required.      Whence,   such  present    valtie  will    be 

COROLLARY. 

§  302*  When  the  three  lives  are  equal,  or  all 
of  the  same  age  A,  the  last  three  quantities  in 
the  formulae  denoted  by  JP  vanish  altogether,  and 
tli2  general  expression  in  this  case  will  become  s  X 

i:T^^'^~''l^+^^^^  that  is,  equal  to  one  sixth  of  the 
present  value  of  the  giv^n  sum,  payable  on  the  ex* 
tittction  of  the  longest  of  the  three  lives. 


PROBLEM  XLIII.t 

§  303.  To  determine  the  present  value  of  a  given 
sam  payable  on  the  decease  of  A,  provided  he  be  the 
^fU  or  second  that  fails  of  three  given  lives  A,  D,  C  ; 
Snd  provided  C^  in  the  latter  case,  dies  before  B. 

*  Mr,  Morgan  has  divided  this  problem  (I  know  not  for  what  reason) 
into  four  disti net  cases  :  and  id  his  investigations  of  these  casos  lie  has 
fallen  into.tlve  same  errors  and  absurditic^s  that  I  have  so  frequently  noticed 
in  the  preceding  pages.  But  as  it  is  not  my  wish  to  swell  the  present  work 
iml)  those  disgusting  repetitions  ;  and  as  the  remarks,  which  I  have  already  ' 
Bade,  apply  with  nearly  equal  propriety  to  all  Mr,  Morgan's  problems,  1 
^^iJnoMtora'^ter  more  rato  detail.  It  may  hewiever  be  useful  perha)^ 
or  Mr.  Morgan  to  know  that  it  is  impossible  thut  L  for  the  vulue  of  an 
ao^t^.qHiJIfL  Iviligest  of.  the  three  lives)  .can  properly  ori^e  iu  any  of  bis 
ToblemSy  unless  those  lives  are  equal. 

t  JPhil.  Tnuw.  for  ^800,  Pr«b.  4^pi^  ai*  _ 
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SOLUTION. 

ff 

The  payment  of  the  sum  at  the  end  of  the  first ^ 
year  will  depend  on  the  happening  of  either  of  four 
different  events:   1^   that  all  the  lives  fail  in  the 
year,  A  having  died  first,  or  C  having  died  first  and 
A  second  :  2®   that  A  and  B   fail  in  the  year,  A 
having  died  first,  and  that  C  lives  to  the  end  of  it: 
3®  that  A  and  C  die  in  the  year,  and  that  B  lives  td  ; 
the  end  of  it:   4®  that  only  A  di,es  in  the  year,  and 
that  B  and  C  both  live  to  tfie  end  of  it.     The  pro- ; 
babilities  of  the  happening  of  these  several  events  are 


1 1        ^i  .     t.i 


respectively  (fi-a)'(f^-h)  (e^c)^  (n^aUh^Dc  (a'^a\(f.''C)h 

2abc  'Zabc  abc         ' 

and  (^-^)f>c:  which,  being  added  together  and  mul- 

tiplied  by  ^(l+?)-"^  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of  | 
six  different  events ;    viz.  in  addition  to  the  four 
already  enumerated,  5^.  that  A  and  B  fail  in  the 
year,  A  havinof  died  first,  and  that  C  dies  in  either  of 
the  preceding  years:  6^  that  only  A  dies  m  the  ^ear^,  i 
B  living  to  the  end  of  it,  and  C  having  died  in  eitheir.p 
of  the  preceding  years.     The  probabilities  of  the  fiap- 
pening  of  these  six  different  events  in  the^seoemifl* 


//     A      J*    ,/      n    '  ,f     ■ir^':i-J^'^'^ 


year  are  respectiyely   rg-r«; ■  (b-h) , (c-^^^i  -(^-rf^iy A-^ig>  ui 


BM        dimA(>rtfiyM^'iiM(nmmi:         m 


I  ^     .  ■  T 

^  ■   ■    J  t      I 

*  tt       if 


^rt^f  ^)'  V^ch  being  added  together^  and  mul-^ 

tiplicd?  by^+*)"^#  ^11  g1<^e  the  expectation  of  receiv- 
iDg^tfae  8um  at  the  end  of  the  second  year.  And  so  fi* 
every  subseque&t  year  to  the  ntniost  extent  of  humati 
\\%:  this  sa^  of  all  which  values  will  be  the  total  pre- 
scat  Vi8tlue  of  the  feuto  required :  aud  which  will  be 

fo&nd  equal  to  ^  x  ^  ,  ot  to  the  present  value  of  the 

gi^'^n  sum  payable  oh  the  decease  of  A  provided  he  be 
the  fitst  that  dies  of  the  two  lives  A,  B ;  as  found  by 
PA\y.  ^XVir.  The  truth  of  Whicih  is  evident :  for, 
the'paymeiit  of  the  given  sum  can  be  prevented  only 
by  the  event  of  B  dying  before  A.* 

PROBLLEM  XLIV.t 

\  304.  To  determine  the  present  value  of  a  given 
suQQL  payable  on  the  decease  of  A,  provided  he  be 
tho  B^QQtid  or  third  that,  fails  of  three  given  lives  A, 
B,  C;^  and  provided  C  dies  before  B.j 

iOLUTION. 

The  fi;iv^n  8UI11  n^ay  be  received  at  the  e^d  of  the 
first  year,  oij  tl^e  happening  of  either  of  two  events ; 
1^  that  all  the  lives  become  extinct  in  that  year,  C 

^HOnVih^  ¥^  useful^  to:  xemaik  that  ^prciieot  TiJae  found  bj  tkUi 
irobl^  J8  Mual.jto  the  sum  of  the  two  values  found  by  Prob.  XXIX  and 
tU  ^^fj^jt^i'^'tgri^m"^  i  p«Et3buIii»  co^Bnu^  tlie  fitfetijacy  vF  ty 

ifiAigatiirt"  *^  '^"' 

t  Phil.  TitQi.  for  1800,  Vi^^  VH^i^f^     -.  ^     ^ 


having  died  first:  2«*  that  A  and  C  both  fail  iatlijrt, 
yeai",  C  having  ditd  first,  and  that  B  lives  to  the  eT)(J4 
it.    The  probabilities  of  the  happening  of  these  ^SJ;^ 

ai-e  rccDCctJTclv  («-«)'(^~^')'(^-^-)  and  '  (^^^^^^\ 
aie   respeciiveiy  ^^^      rr-,   dou      ^^^  ^^^^ 

which,  being  added  together  and  nxult^pliewj,  tj^j 
(+j)"^^>  wiU  give  the  expeetajtion  of  receiyiijg  t^ 
siun  at  the  end  of  the 'first  yean  ^    ^z     v/jj 

But  in  the  second  and  foUpwing  years  t^^  |[ij^ 
sum  may  be  received  on  the  happening  of  eitlierijf^irjj 
different  events :  1°  that  all  the  lives  fail  in  tljeye^i^ 
C  bavins:  died  first :  2®  that  A  and  C  both  fail  in  the 
year,  C  having  died  first,  and  that  B  lives  to  )he  #9i 
of  it :  3^  that  A  and  B  both  die  in  the  year,  C  having 
died  in  either  of  the  preceding  years :  4°  that-on|y 
A  dies  in  the  year,  B  living  to  thei  end  of  it,  and 
C  having  died  in- either  of  the  preceding, yesysiS' 
that  only  A  fails  in  the  year,  and  that  B  and  C 
fail  in  in  either  of  the  preceding  yecirs^  C  hav'iff^ 
frst.  The  probabilities  of  the  happening  of  tHfcft 
several  events  in  the  second  year  are  respectively 

^1    ti  ^  -i    ji  -I    It        't    II     I    II  II       I    11^  ,t   11  ^- 

(a—a). (b^h) . f c— c^      (a—a),(c^e)b      (a-^j.fb^b)    y,^      c-ij 


^(1-  J),  and  !^I-  ^1X1-  J):  which,  bemj 

added  together  and  multiplied  by  ^(14-2)"^^#^*1 
give  the  expectation  of  receiving  fl^e  suw  at  tJ^f  fjH 
of  the  second  year.  Iji  like  loanoer  we  ixva^^.^fll! 
the  expectation  of  receiving  the  sum  attht^epd^ 


II' r    4 
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qfe  thiirtf  and  every  sacceeding  year:  and  if  these 
several  annual  expectations  be    reduced  to  their 
lowest  terms  and  arranged  under  each  other,  they 
vill  form  fourteen  colhteral  series ;  the  sum  of  the 

_  ■ *    • 

first  n  terms  of  which  will  vary  according  to  the 
tebiority  of  toe  lives  concerned, 
'■^  305.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  terms  of  the  several  series  here 
to  miist  be  continued  to  the  utmost  extent  of 
n  life,  because  the  life  of  A  is  involved  in  each 
ctfftatefal  series  :  therefore  the  sum  of  it  will  be  equal 

i.  .  mohlplled  u.to|g^+  i±|S_i±^-  f  _  ^^ 

i>":   .•  •     \  ■■  i, 

ij^^ABa-  i-lt,i^'^'t     ^ABC.l  :   an  .ex- 

ffifs^ion.   which,    independent    of    the    common 
jDjtjtiple  ^,  may    be    reduced,    as    in  the  former 

cases,    to  — ^^-. 6(i  +  g)        "'         ^^-gT^X 

t-*? 0.2*3-  l,[e±^  +^BC.c]  ;    and 

^hich  1  shall  denote  by  ©.    Therefore,  when  A  is 
he  oldest  life,  the  required  value  will  be  represented 

jrx  o^  '■■■'■■■■■ 
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§  366.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  b 

°^  ( +8)    '     But  after  the  decease  of  B  the  expecta- 

ae 

tions  for  .all  the  subsequent  years  may  be  more  l6^ 
rectly  expressed  by  means  of  the  first  Lemma  m 
the  fifth  Chapter :  for,  since  the  chance  of  rec^iviii^ 
the  sum  at  the  end  of  any  one  of  those  years  depends 
on  A*s  failing  in  the  year,  C  having  died  heSpve  B 
in  either  of  the  preceding  years  (the  probability  of 
which  is,  by  the  Lemma  denoted  by  1*-^)  we  shall 
find  that  the  sum  of  the  expectations  for  those  yeai^ 
continued  to  the  utmost  extent  of  human  life,  wiD 

be  equal  to  ^,(l^^)xi=~  .J(+3)~^  Consequently 
this  value  added  to  the  sum  of  the  first  n  terms  m 
the  series  above  found,  will  express  the  total  present 
value  of  the  given  siHri  in  this  case  reqjlired :  and 

which  will  found  equal  to  IjQ + ^l  •   ^ 

§  307.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  severd 
collateral  series  above  mentioned  will  be  equa\  to 

??I^*  ^CH')"**'  But,  after  the  decease  tst'C, 


the  chance  of  receiving  the  given  sum  at  the  end  of 
my  subsequent  year  will  depend  solely  on  the  death 
of  A,  C  having  died  before  B  in  either  of  the  pre- 
ceding years ;  whence,  the  supa  of  the  expectations 
for  kll  the  subsequent  years  will,  as  in  the  preceding 

5W,  be  denoted  by  <f  .<1— ^)  X  ^7^  't(  1  +  ^  )^^' 

Coosequently,  this  value,  added  to  the  sum  of  thQ 
^  n  terms  of  the  series  above  found,  will  represent 
tbfitotaKprcjsent  value  of  the  given  sum  in  this 
(986  required :    and  which  will  be  /qund  equal  to 


1     ' 


J 


COROLLARY. 

\  308.  When  the  three  lives  are  equal,  or  all  of 
Ae'same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  G^.  destroy  each  other,  and  the 
general  expression  will  in  this  case  become  ^   X 

PROBLEM  XLV-t 

§  309.  To  determine  the  present  value  of  a  given 
}nm  payable  on  the  decease  of  A,  provided  he  be  the 
ffirst  or  last  that  fails  of  three  given  lives  A,.B,  C; 
an4  provided  C,  in  the  latter  case  dies  before  B..  : 

*  It  tnay  be  here  useful  to  remark  that  the  present  ^aiue  found  hy  thlb 
problem  is  equal  to  the  sum  of  the  two  ?ahlei  found  bjr  Prob«  XLI  fond 
XLII :    and  their  agreement  ia  this  particular  is  a  proof  of  th^  luQcnracjpoC 
iht  inyestjigatlon  •  -     ^ 

t  f  Ml.  Trans,  for  ISOO,  Prob.  6,  jpage  ^ 
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SOLUTION.  '^^ 


Thegiv^i^sum  may  be  received  at  the  end  of , the 
first  je^r  on  the  happening  of  either  of  four  diflferent 
events :  I^  that  all  the  lives  fail  in  that  year,  A  liaving 
died  first,  or  C  having  died  first,  B  second,  and  A 
last :  2^  that  A  and  B  fail  in  that  year,  A  having  died 
first,  and  that  Cliyes  to  the  end  otit:  3^  that  lA 
and  C  fail  in  that  year,  A  having  died  first,  andthat 
B  lives  to  the  end  of  it :  4°  that  only  A  dies  in  that 
yean  and  that  B  and  C  both  live  to  the  end  of  it.  Tl 
probabilities    of   the  happening  pf  these    severa 

events  are  respective\y(^—^)'(^-^Mc'-^\.     (<y>^g).(W)c 

2abd  2abc       ;• 

r  -  •  ■»-.-.■  .    V     •■  ■'■•'* 

(a^t).(c^)h^    and     (a-^ajili.     which  being  added tiK. 

:  2aZ«  abc 

gether  and  multiplied  by  j(  1  +  ^  y^,  will  give  the 
expectation  of  receiving  the  sum  at  the  lend  of  the 
first  year.  '  , 

But,  in  the  second  and  following  years  tKe  givea 
sum  may  be  received  on  the .  bappeniug  of  either  of 
six  different  events:    1^  that  all  the. live^  fail  in ib^ 
year,  A  having  died  first,  or  C  having  died  first  9 
second,  and  A  last :  2^  that  A  and  B  fail  in  the  yi^a^ 
A  hairing  died  first,  and  that  C  lives  to  the;  end-irf 
it :.  3^  jthat  A  5ip4  tJ  fe^  in  the  yea^r,^  \h^'^g^^^\e^ 
fir^,  and  that  B  lives^to  the  eEKl.of  it :  4^  tfiat  only 
A  dfes  in,  the  year,  and  that  B  and  C  both^  live : 
6«>  tiiat  a'  and  ft  bojtr^l  ill  1^^  A  hajriqgpf^ 

last^  and  C  having  failed  in  either  of  the  preceding 


JSr.45.  ON  ^  $.0jfTIN01NT    ASSURAlfCEif  287 

years;  6°  that  only  A  fails  in  the  year,  and  thatB  and 
C. both  fail  in  either  of  the  preceding  y^ars,  C  having 
dkd first:  The  probabilities  of  the  happening  of  thesQ 
several  events  in  the  second  year  are  respectively 

/      /I  /       //  /        //  /        //  I        N    II  I       II  I        II    II  I        II    II  #/ 

2abo  2abc  'icibe  *  abo 

\     '  ~ '  .  I  ■',.■.■ 

■  «  I 

(;(■-;').( a-A)^  .  J _c'     and  «-£  ( i  Jk    x  „/?i —  £) ; 

ivKich,  being  added  together  and  multiplied  by 
f(l  +^)^^,  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner we  may  find  the  expectation  of  receiving  the  sum 
?t  the  end  of  the  third  and  every  subsequent  year 
during  the  continuance  of  the  oldest  of  the  given  lives ; 
and  if  these  several  annual  expectations  be  reduced 
to  their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  twelve  collateral  series ;  the  first  n 
ternis  of  which  will  vary  according  to  the  seniority 
of  the  lives  concerned. 

I  310.     Case  1.    Let  A  be  the  oldest  of  the  thre^ 
lives      In  this  case,  the  several  collateral  series  here 
Mentioned  must  be  continued  to  the  utmost  extent  of 
buman  Ufe,  because  the  life  A  is  involved  in  every 
tenn  t>f  it:    therefore  the  sum  of  it  will  be  equal  to 

s  mul^plied   by    i-^g^       ab AD.  ^       i+^g    . 


0 

a. 


'1 —         '  -57  :  an  expression  whieh,  ind?* 


T-r" 


pendent  of  the  common  multiple  s,  may  be  reduced 


^AB-ABC)a\v-^.\-ABC.i^,  and  which 

1  shall  denote  by  JET*  Therefore^,  when  A  is  the 
oldest  of  the  three  lives,  the  value  required  will  be 
equal  to  ^  x  M-* 

*  It  is  really  aaous'n^  to  observe  the  mnnner  in  which  Mr.  Morgan  hts 
summed  up  the  several  series  arising  from  this  problem ;  and  siuce  tbif 
manner  is  by  no  means  unusual  with  him,  and  as  it  gives  me  an  opportanity 
of  explaining  more  fully  what  I  have  already  said,  in  the  preceding  pageSf 
on  his  singular  and  confused  method  of  investigating  such  eastts,  I  shall  here 
f fur  the  last  timej  enter  once  more  on  the  sabject.  ,  " 

He    mak«s   the   total    value  of  the   series,   continued    to  the  utmosi 

extent  of  human  life,  equal  to  S  into  ^— "^  ("^  -  A- ABC)   +  J^ 

Zr  2 

_AB  ^    wrf  .(i^APT)^^  ri  +  AT  +  BT— ABT;  ^  JL     y 

AFK  +  -^  CA  F+  FC  —  AFC;  :  See  Phif.  Trans  for  1800.  pag< 
37.  Now,  this  is  certainly  the  correct  value  of  the  series;  but,  i\ 
is  necessary  to  remark  that  ^^f       is  equal  tc>.       (  ^  +  B  T  )  ;    and 

as  these  two  quantities  are  used  wi;h  contrary  tigns^  it  is  evident 
tbat  they  ought    not    to    have    been    introduced    into    the    cquttiaB- 

r— 1 

Conseqoently  the    formula   should   have    been  reduced  •  to    -^   ir    ^ 


ir     ^zbor  2er 

Il^Xr^^i  £.(Ar-.AFC). 
'  The^Mader  will  obietvti  thtt^tM  it  tkt  M9l^  Tak«*«f  th#vJtri«ir  v 


§  31 1.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will 

be  equal  toB-^/^  (!+?)-»  +  |^  X 

2(i+,)-«  _  i|^.k(,+^)-«.  But.afterthede- 
cease  of  Bythe  value  of  the  expectations  for  all  the  sub- 


foiftibued  to  tHe  utmost  extent  of  human  life  ;  and  therefore  that  it  will 
traly  denote  the  value  of  the  given  sum  wJien  A  is  the  oldest  of  the  three 
Uves,  Mr,  Morgan,  however,  when  he  comes  to  consider  that  case,  says 
that  the  symhols  must  be  changed ;  and  he  then  makes  the  given  sum 

equal  to  S  into  JlrifV-A— ABC)+-J^-j!^— ±^  +  «'™C 

^(AT- ABT)  +"2^1  +  NO  +  NB-NBC)  — ^  (1+NBT). 

^ow,  a  moment's  attention  to  this  formula  will  show  us  that  it  does  not  in 
'wlity  differ  from  the  preceding  one  :  for 


md 


fl+APT)a-2:S2£ 


25cr  2a 

*zb  2acr  ^  '  ^ 

whence,  these  values  may  he  safely  suhstituted  for  each  other,  since  they 
*^y*il{r  means  denote  different  quantities,  but  arise  merely  from  the 
^iffe^^pt  methods  of  summing  up  Ihe  same  series,  agreeably  to  what  I  have 
^^()re  remarked.  <  Bat,  as  the  first  formula  had  ^been  already  deduced  by^ 
bim,  and  was  stated  at  length,  it  certainly  did  not  become  necessary  to 
confuse  the  subject  by  introducing  a  second.  ~  ----- 

Th«v  n»8l.  ■  iteiftrkable^  -.eiiciimstaBiee,^  hoivevor,-    attending      this 

2   M 
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sequent  years  may  be  more  correctly  expressf(^  a^in 

the  second  case  to  Prob.  XL,  by  *  (1 — ^)  ^'XlgV^ 

(1 4-^)^^  r  and  which  being  added  to  the  sum  of  tte 
first  n  terms  found  as  above,  will  make  the  toiil 
present  value  of  the  giv^n^sum,  when  B  is  the  oldest 
of  the  three  lives,*  equal  to^  [jfj  +  i*]»  - 


.    'r 


lOTCStigation,  is  that  (after  discarding  the  two  useless  quantities  ^y^^  ^^X 

(1+BT)  from  this  second  formula^  he  should  insert  in  their  stead  ti) 
other  useless  quantities,  5'^^  and    V#fl+NC);    whieh,  beiag  eqiiil4i 

each  other,  and  used  with  contrary  #l^nf,  Ought  of  course  to  llave^^ 
discarded  also.  Surely  Mr.  Morgan  could  not  have  been  writii^  :#iii^  ^ 
the  convenience  or  the  informalion  of  mankind  !  1 ! 

I  ahall  here  undertake  the  opportunity  of  repeating  the  obserTatioo  nnit 
in  the  note  in  page  219  ;  that,  although  the  quantities  here  alluded  taftre 
strictly  and  n^athematically  equal,  and  being  used  with  contrary  signs 
destroy  each  other,  yet  Rowing'  to  the  imperfection  t)f  the  Tabled  wliiek 
show  the  value  of  Life  Anni^itijss}  they  oftentimes  produce  a  r^l  expreflr 

sion  wh«n  solved  arithmetically.    Thus^(14-NC)T-i:™L.(wbick^ 

'     cf  c 

pressed  by  the  characters,  made,  use  :  of  la  thia.  irork»  beton^ 
l-\-AC  jo AC,     \  is,  from  what  has  been  said  in  ^the  note  'Jn  pag« 

186,  equal  to  0  :  but  if  reduoe^  to  numhere  (taking  the  age  of  A  15  yetfS 

the  age  of  .C  Id  years,  the  rate  of  interest  A  -pec  jcentyJiiid  the  {itoUbiflties 

of  living  as  at  Northampton)  it  will  become  equal  to  13*362— 13'348=:'0l4. 

This  fact  will  sufficiently  show  how  necessary  it  i&  to  discard  all  iUffei^tnta 

q[uaRtities  t  and  that  Mr*  MorganVDorfliulss  ajre«  at  best^  bflt  appi^|Zi|B%lJ«9P* 

r'-r 


"'f  ^1^:  'Chse'9P  luU  C  be  the  dldest  6f  the  three 
hWj  In  Ibis  case,  the' first  » tierms  of  the  several 
C)i)Iateral  series  above  mentioned  will  be  equal  to 

•^(1  +?)- »».  But,  after  the  decease  6f  C  the  chanpe 
of  receiving  the  given  sum  at  the  end  of  my  subse- 
quent year  will  depend  on  the  hajipening  of  either 
of twA events  :  1^  that  A  dies  after  B  in  the  year: 
Jf  that  otily  A  dies  in  the  year,  B  having  died  after 
Ciik  either  of  the  preceding  years.  The  sum  of  th'e 
expectations  on  the  happening  of  these  events  has 
t^fu  already  found,  by  the  third  case  in  Prob.  XLII^ 

tobe equal  to  (i_«)x?^.^(l+,)-^l^^ 

(|+«)rti— ^•B^J_^(1+  )-»;    which,  beingadded 

fe'the  sum  of  the  first  n  terms  of  the  several  col- 
feteral  series  above  mentioned,  will  make  the  total 
present  value  required  equal  to  slJff+z]* 


COROLLARY. 

='  I  313^5.  Wheftthethree  lives  are  equal,  or  all  of 

"'^a  timy  be  ti^fiil  to  remark  that  the  present  value  fouud  by  this  prob- 
•«ift^e^fi»*<t^«  IfeB  r.«ttte  -^f  ifti^'til^  fialue*  fatind  by  Prob.  XXIX  and 
tIJI ;  which  ooafirms  the  accuracy  of  tha  investigition. 
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the  same  age  A,  the  last  three  quantities  ia  the  for* 
mula  denoted  by  JEJZ  destroy  each  other^  and  the 
general  expression  in  this  case  will  become  equal  to 

PROBLEM  XLVL* 

§  314.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  und  B,  provided 
they  be  thej^'r^f  that  fail  of  three  given  lives  A,  B,  G- 

SOLUTION* 

In  order  to  receive  the  sum  at  the  end  of  the  firsi 
year,  either  of  these  two  events  must  happen :  1^ 
that  all  the  lives  fail  in  that  year,  C  having  died  last : 
2^  that  the  two  lives  A  and  B  fail  in  that  year,^nd 
that  C  lives  to  the  end  of  it.  The  probabilities  o' 
the  happening  cf  these  two  events  are  respectivelj 


/  / 


(g— a).:^— !>).c— c)  ^  and  («— «)'f^— ^)c :  which,  being  addfec 

together  and  multiplied  by  ^  (1+g)  ^i, will  give  the 
expectation  of  receiving  the  sum  at  the  end  of  the 
first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  oi 
six  different  events :  1^  that  all  the  lives  fail  in  the 

*  Simpson's  Sup,  Prob.  39.    Dodson,  vol.  iii.  Ques.  48.    Morgan,  Piob 
22  ;  and  in  Phil.  Trans,  for  179I9  Prok  ^  page  268, 
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year,  C  having  died  last :  2^  that  A  and  B  both  fail 

in  the  year,  and  that  C  lives  to  the  end  of  it :  3"^  that 

A  and  C  both  fail  in  the  year,  A  having  died  first, 

and  that  B  dies  in  either  of  the  preceding  years  :  4® 

that  B  and  C  both  fail  in  the  year,  B  having  died 

first,  and  that  A  dies  in  either  of  the  preceding  years  : 

5®  that  only  A  dies  in  the  year,  C  living  to  the  end 

of  it,  and  B  having  died  in  either  of  the  preceding 

years :  6^  that  only  B  dies  in  the  year,  C  living  to 

the  end   of  it,  and  A  having  died  in  either  of  the 

preceding  years.     The  probabilities  of  the  happening 

of  these  several  events*  in  the  second  year  are  res- 
I    II     I    II    I  II       I    II    I    II II     ,f  I'    t    II 

pectivelv    (g— fl)»(^^^)'(<^ — g)         fa— a).(ft— fc)e        (g— «).  (c-^c) 

Qabc  abc  ^ac 

(•-I-).  ^^#^^  X  (1-4).  ^(1-4-)'  ^?d 

-^  (1 — — ):    which  being  added    together  and 

oiultiplied  by  ^(1 — ^)^^,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year. 
'n  like  manner  we  may  find  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  third  and  every 
^tibsequent  year,  to  the  utmost  extent  of  human  life : 
^ud  if  these  several  expectations  be  reduced  to 
their  lowest  terms  and  arranged  under  each  other 
tbfey  will  form  sixteen  collateral  series,  the  sum  of 

^ill  be  found  equal  to  6^^^+ J5^— ^^  J 

COROIXAHY. 

^315.    When  the  lives  are  all  equal  to  each  other^ 


ort>f  the  same  age  A,  this  expression  (tigi^&My% 
what  has  been  said  in  the  corollary  to  Prob.  XXX) 

Will  become  equal  to  s  X  ^'^^^^^/t:^^f^^ :  that  Is! 
equal  to  one  third  of  the  present  value  of  the  given 
sum  payable  on  the  extinction  of  any  two  out  oif  tlie 
three  given  lives. 


,  ;  ^ .  ■:  ^ . 


PROBLEM  XLVII .• 


1.  •  ■  * 


§  316.  To  determine  the  present  value  of  a  givtid 
sum  payable  on  the  decease^of  A  arid  B,  provided 
they  be  the  last  that  fail  of  thi'ee  given  lives  A,  B,  C. 

k 

*    ,       '    i 

SOLUTION. 

It  is  evident  that  the  given  sum  cannot  be  receiyad 
at  the  end  of  the  first  year  unless  all  the  lives  becomg 
extinct,  C  having  died  first :  the  probability  of  whiob 

.g  (ri~aV&--^^)/.~^) .  and  which,  being  multiplied  by 

j^l+g)  '^i,  will  give  the  expectation  of  receiving  th« 
sum  at  the  end  of  the  first  year. 

But^.in  the  second  and  following  years,  the  giyjHl 
sum  may  be  received  on  the  happening  of  either  bl 
four  different  events  :  1®  that  all  the  live&  fail  in  thg 
year,  C  having  died  first :  2^:that  A  and  B  fail  in  the 
year,  C  having  died  in  either  of  the  preceding  yeafti 

9 

'^  Morgwi, Prob, 25 ;  aid  ii  Pliii  T«in«:.fof  I7H  1?rob,  5,  pajaill?."' 
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3f  that  only  A  fails  in  the  year,  and  that  B  and  C 
h^hfail  in  in  either  of  the  preceding  years^  B  having 
akd  last :  4®  that  only  B  fails  in  the  year,  and  thqt 
A  and  C  both  fail  in  either  of  the  preceding  y^ars,  A 
having  died  last.  The  probabilities  of  the  happen- 
ing of  these  several  events,  in  the  second  year,  are 

respectively  f g— « j - (b—h) . (c—e) ,   (a^^),(b^h)    .,      c, 

4  (l-i-).(l-f).and     ^   (I-:-).(l-J):    ' 
which,    being  added  together   and    multiplied    by 
*(l  +^)~"^>  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.     In  like  man- 
ner, we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year: 
and  if  these  several  expectations  be  reduced  to  their 
fewest  terms,  and  arranged  under  each  other,  they 
Will  form  nineteen    collateral   series;    the  sum  of 
which,  'if  continued  to  the  utmost  extent  of  human 

life,  would  be  equal  to  s  multiplied  into  ■/  "~^^  ■  -f 


2(1+^;    b  2(l-f^) 


+ 

±h^O      ^__A±POil  +  Bh  X     ^     I  ^—oABC  .  ^4-ABC 

12(1-1-^;  •  a  2(l+^/~2(14.v;         b    '^    Hii-f-^J   '^  v(L-rii)  • 

ABC  J.     I     l±^  y  b    ,ABC  _L 


M 


!it££    ^^ABC.^:     an    expression    which, 
inde|^p4eat  of  the  conamoa  multiple  s,  rc^iy  fee 
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reduced    to       ^->(^^-^^B +^ABO)-nAo-zB(^ 


(\-^AB-^nAC-\-ABa)a  ^  ABC.2a   +11, 

6a  L  U+V;  '■   ,  'Jf     '^-' 

+  ABC.2a  I  ;  and  which  1  shall  denote  by^  Jf, 


c 

I     l+d"" 


§  317.  Ctf^e  1.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  tern)?  of 
the  several  collateral  series  above  mentioned  will  bfc  j, 

^  0+')-  -  ^4  n+.)-»-  Bot.afteri"' 
decease  of  A,  the  sum  of  the  expectations  for  all  thfj^^ 
subsequent  years  will,  as  in  the  first  case  of  Prob.  XL, 

be  more  correctly  expressed  by ^(1>--*^)  k  |7+ j^^ 
r-(l+2)"^-  and  which,  being  added  to  the  Iffrsi!*^ 
terms  just  found,  will  make  t4ie  total  present  valu^, 
when  A  is  the  oldest  life,,  equal  to  ^  [J  +  ti;].' "    • '•  *^ 


I 

t 
I 

k 


§  318.  ,Case2.  Lfet  B  be  thaoldest  ofthe  thr^f* 
lives.  In  this  case,  the  sum  of  the^^^firgb;^.  terjM^frt^ 
the  several  collateral  series  aboye  menjUoned  ^iU 

be   equal  to  J  -  ^^  (l+8)r-'»  +  *^-  X^^' 


me  of  B«  the  sum  .of  the  expectations  for  all  the 
ilsmquent  years  will,  as  in  the  second  case  of  Prob. 
1,  be  more  correctly  expressed  by  *(1 — ^)    x 

;" y ^*-- '—(1+9)^'^:  and  which  being  added  to 

le  first  n  terms  just  found,  will  make  the  total  present 
ilue»  when  B  is  the  oldest  life^  equal  to  s  [R+a,*]. 


5  319.  Case  5.  Let  C  be  the  oldest  of  the  three 
ves.  In  this  ca^e^  the  sum  of  the  first  n  terms  of  the 
iferal  collateral  series  above  mentioned  will  be  equal 

w.^  1 + 'r+-^4(  • + 'r+^x 

2rO+^  )'"*••   Biit  after  the  decease  of  C,  the  sum 

f  the  expectations  for  all  the  subsequent  years  will, 
tsiQ  the  third  case  of  Prob.  XL,  be  more  correctly 

^pressed  by^  multiplied  into  (1 — *)  x    4^^   x 

;(i+8)-+(i_.)  x^-4(i+.r-^ 

(^(i  +,)— +il'JB*.-g<  +9  )-*:  and  which  be- 

>g  tAded  to  the  first  n  terms  just  found,  will  make 
)e  total  present  value,  when  C  is  the  oldest  life, 

.  r  i  ■■  ■         ■ 

t  N 


S9I  OK  COVTIKOSNT   AS>U#iVdli(l.  ^tki%. 


COROLLARY.  -    , 


§  320.  When  all  the  lives  are  equal,  or  of  tte 
same  age  A,  the  last  three  quantities  in  the  formiin 
denoted  by  J  destroy  each  other,  and  the  gencWil 
expression  in  this  case  will  become  equal  to  i  X 
^-P(^^-^M+AAA) .  ^j^^j  -  ^q^^^  j^  ^^^  third  o^i 

present  value  of  the  given  sum  to  be  received  on  the 
extinction  of  the  longest  of  the  three  lives. 


..t 


PROBLEM  XLVIII.* 


^  32 1 .  To  determine  the  present  value  of  a  giveo 
sum  payable  on  the  decease  of  A  awrf  B,  provided 
they  be  the^rst  and  last  that  fail  of  three  given  lives 
A,B,C. 


SOLUXrON. 


■  \ 

— *  -  4 ; 


The  given  sum  cannot  be  received  at  the^odi  ofd^^ 
first  year^  unless  all  the  three  lives  are .  en&inclb  (^ 
having  died   second ;    the  probability  of  whifib  i* 

*(l+^y^^  will  give  the  expectation  of  rec^ivme  the 
Butn  at  the  end  of  the  first  year.  /        ,, 

*  This  case  appcarp  to  hava  been  omM^-ij^Ar.iioffSd^Ui^^ 
MJutiba  of  i^prior  to  the  prea^nt  on^  has!hUh(tit9  j^^  p^^idbi4,.,^^ 


But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of 
five  different  events*  1®  that  all  the  lives  fail  in  the 
Jlf^^  Q. baying  died  second :  2°  that  A  and  C  both 
)^i)Lifti  the  year^  A  having  died  last,  and  B  having 
|(jled  jn  either  of  the  preceding  years :  S^  that  B  and 
p  botjb  f?iil  in  the  year,  B  having  died  last,  and  A 
haYJng  failed  in  either  of  the  preceding  years :  4°  that 
only  A  dies  in  the  year,  and  that  B  and  C  both  fail 

.  "j  t  I 

%htithtr  of  the  preceding  years  ^  B  having  died  first: 
6°  that  only  B  dies  in  the  year,  and  that  A  and  C 
both  fait  in  either  of  the  preceding  years.  A  having 
died  first.  The  probabilities  of  the  happening  of  these 
several  events  in  the  second  year  are  respectively 


^■'-   :::  30^ — ^-^, sa? ^  '""•*>'• 26' ^ 

(1 — -^i  which  being  added  together,  and  multipled 

bjf  #(1+^)^*,  will  give  the  expectation  of  receiving 
tbe  sum  at  the  end  of  the  second  year.  In  like  man- 
Der  we  may  find  the  expectaton  of  receiving  the  sftm 
It  the  end  of  the  third  and  every  subsequent  year  ^ 
ind  if  these  several  annoal  expectations  be  reduced  to 
their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  nineteen  collateral  series ;  the  sum  of 
vvhich,  if  continued  to  the  utmost  extent  of  human  life, 

would  be  equal  to  s  multiplied  into^=:iji+  "5^1?)"^ 
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But  this  expression,  independent  of  the  eomm(»i 
moltiple*,maybe  reduced  to^r^fHdb^^^ciii!^ 


(1+*)  '        '         'J 


8«        ' 


~    eb   I         (i+v)  ^  '  '       ' 

[ 

f  322.    Case  1.    Let  A  be  the  olde^  of  thie  tfare^ 
lives.     In  this  case,  the  first  n  terms  of  the  severa.' 
collateral  series,  here  alluded  to,  will  be  equal 


(i+AB6)ii     ABC.r\'^  and  I  shall  denote  itby  jK  - 


JB'C?'.2^(l+8)-*.    But,  after  the  decease  of  A,  thp 

chance  of  receiving  the  sum  at  the  end  of  any  sub- 
sequent year  will  depend  on  the  happening  of  f^o 
different  events :  l?  that  B  and  C  both  fail  in  the  year, 
B  having  died  last :  2*^  that  only  B  dies  in  the  year, 
C  having  died  after  A  in  either  of  the  preceding  yealsi 
The  probabilities  of  <he  happening  of  these  two  evb&ts 

in  the  (;z+l)a^  year,  are  respectively  ^^^OLtJ'^  and 


rr.**4B.         oir  cvtranaunT  AUimAVCBM, 


301 


.t^i""  c);*    which  being   added   together   and 

multiplied  by  <I  +S)  -(«+»)  will  give  the  expectation 
^ttlceivihg  thift  sum  at  the  end  of  the  (»+!>' year. 
Infike  taahner  the  probabilities  of  the  happeniag  of 
these  t^o  events  in  the  (w-t  2)"^  year,  are  respective! v 

(^-hiy-'r)  and      iM  (^_     y  ) .     which   being  ad^  ' 

ded  together  and  multiplied  by  ^(+8)— r»-»-2.)  will,  give 
^e  eicpectation  of  receiving  the  sum  at  the  end  of 
^he  (»+2)»d  year :   and  so  on  for  all  the  subsequent 
Ktars  to  the  utmost  extrem  ty  ef  human  life.     But, 
•ixe  sum  of  all  these  annual  expectations  will  be  found 

c>  be  equal  to    s  multiplied    into  "    x  '^7[^   X 

5L(1+8)-«  +  2±^.A  ( 1  +  p)-"  —  B^C  X 

'    (1+  n)-"» :  and/  which  being  added  to  the  first ;? 

(cff ms  of  the  Be veral  collateral  series  above  mentioned, 
will  make  the  total  present  value  of  the  given  sum* 
when  A  is  the  oldest  life,  equal  to  ^[JK — lu]. 

^  ^23«  Cas^  3^  Let  B  be  the  oldest  of  the  three 
ives.  in  this  case,  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  eqiial  to 

*  S«e  the  Scholiam  in  page  122. 
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^-.^T+^'7<l+8)-«-^-C-  '11  (1  +,  )_„  +^  C. 
— ( ^  +8)""'*'    ^"*  ^^'^^''  t^^  decease  of  B,  the  chance 

2ac  ^ 

of  receiving  the  sum  at  the  end  of  any  subsequent 
year  will  depend  on  the  happening  of  two  different 
events:  P  that  A  and  C  both  fail  in  the  year, /A 
having  died  last :  2^  that  only  A  dies  in  the  year, 
C  having  died  after  B  in  either  of  the  preceding  yearsL 
The  probabilities  of  the  happening  of  these  two  events 

in   the  (n+\y^  year,    are  respectively  ^''^"^^^r^^ 

and  2^(0 —  — )  ;    which  being  added  together  tM 

multiplied  by  ^(  1+^  )'-(^-^V  will  give  the  expecta- 
tion  of  receiving  the  sura  at  the  end  o{ihe[n+  l)5t  year. 
In  like  manner,  we  might  find  the  expectation  of 
receiving  the  sum  at  the  end  of  the  (n+2y^  and 
every  subsequent  year,  to  the  utmost  extremity  of  hu- 
man life ;  the  sum  of  all  which  annual  expectations 

will  be  found  equal  to  s  multiplied  into  ^  X-^—fx 

-:-  (  1  +  ^  )"""  •  and  which,  being  added  to  th§ firsts 

terms  of  the  several  collateral  series  above  mentioaed, 
will  make  the  total  present  value  of  the  given  sum, 
when  B  is  the  oldest  of  the  three  lives,  equal  to 


* .  ■ 


'■'  -  •     » 3      *i-  gME-4 1 
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§324.  Case  3  Let  C  be  the  oldest  of  the  three 
ives.  In  this  case,  the  sum  of  ihe  first  n  terms  of  the 
eVeral  collateral  series  above  mentioned  will  be  equal 


^+^''-go  .  ^(  1  +  p)-».  But,  after  the  decease  of  C, 

be  chance  of  receiving  the  sum  at  the  end  of  any  sub- 
?quent  year,  will  depend  on  the  happening  of  two 
ifferent  events :  1®  that  only  A  dies  in  the  year,  C 
aving  died  after  B  in  either  of  the  preceding  years 
he  probability  of  which  latter  contingency  will  now 
e  denoted  by  0) :  2°  that  only  B  dies  in  the  year, 
!  havhig  died  after  A  in  either  of  the  preceding  years 
he  probability  of  which  latter  contingency  will  now 
e  denoted  by  J^r  Consequently,  the  sum  of  the 
xpectations  on  the  happening  of  these  events^  con- 
qued  to  the  utmost  extent  of  human  life,  will  be 

;-(  1  4-  ^  )--'» :  and  which,  being  added  to  the  suiiko* 

* 

le  first  n  terms  of  the  several  collateral  series  above 
lentioned,  will  make  the  total  present  value  of  the 
tvan   sura,    when  C   is  the   oldest   life,   equal   to 

^  It  ma^.  not  ht  iJDproper  hero  to  remark  thai  the  present  ralues  of  the 

i|pfi,,&Hind  by  Proh.  XLVI,  XLVII,  aad  XLVIII,.are  to;(ether  equal  to 

1  -^3(A-^B^AB)'^  ^^  ^  ^j^^  present  value  of  vhe  fflven  sum  after  the 

mffmt  of  tkt  two  IhFtf  A,  B. 
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■  V 


-  ,•./■     V     "*"•  ^  ^4^  .'  i 


COROLLARV.  .^l 

§  325.     When  the  lives  are  equal,  or  all  of  the  ' 
same  age  A,  the  last  three  quantities  in  the  for- ' 
mula  denoted  by  JS^  destroy  each  oth^r,  and  the  V 
general  expression  in  this  case  will  become  s    x 

}=^(Ms^^^:A4^.    that  is,  equal  to  one  third  of;; 

the  present  value  of  the  given  sum  to  be  receiined  on  j 
the  extinction  of  the  longest  of  the  three  lives.  i*! 


PROBLEM  XLIX.* 


■,  ;■< 


t      I 


§  326.  To  determine  the  present  value  of  a  given ', : 
sum  payable  on  the  decease  of  A  and  B  provided  B  b 
dies  before  another  life  C. 

SOLUtlOW. 

The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happening  of  either  of  two  : 
events:  1^  that  all  the  lives  fail  in  the  year,  B 
having  died  before  C :  2^  that  only  A  and  B  die 
in  that  year,  C  living  to  the  end  of  it.  The  proba- 
bilities of  the  happening  of  these  two  events  are  re- 

gpi^oti vaI Y^^  ^)-^^-"  ^)'(^  ^  ^)   and     (a-^)*(^—b)  c.  which 

being  added  together,  and  multiplied  by  .v(  1+  ^ ")-  ^ 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year.    . 

*  Morgan,  Prob.  28  ;    and  in  PhiL  Tmn*.  for  1794;  Prob.  9,  po^e  !M2. 


■  I  ■- 


:t>**V 
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But,  in  the  second  and  following  years  the  given 
iummay  be  received  en  the  happening  of  either  o 
lifferent  events  :  1^  that  all  the  lives  fail  in  the  seven 
i^ear,  B  having  died  before  C :  2^  that  A  and  fi  fail  in* 
he  year,  and  that  C  lives  to  the  end  of  it :  3^  that  A 
ind  C  both  fail  in  the  year,  and  that  B  dies  in  either 
)f  the  preceding  years  :  4^  that  B  and  C  both  fail  in 
he  year,  B  having  died  first,  and  that  A  dies  in  either 
f  the  preceding  years  :  5^  that  only  A  dies  in  the 
tar,  B  having  failed  in  either  of  the  preceding  years, 
od  C  living  to  the  end  of  it :  6°  that  only  B  dies  in 
lie  year,  C  living  to  the  ^end  of  it,  and  A  having 
ied  in  either  of  the  preceding  years  :  7^  that  only 
i  dies  in  the  year,  and  that  B  and  C  both  fail 
X  cither  of  the  preceding  .years^  B  having  died 
rst.  The  probabilities  of  the  happening  of  these 
jveral    events     in     the    second     year    are     res- 

/  //  I  II         t        II  I  II  I  H    II  I        11  I         II 

ectivelv    ( g-*a).(fc— &).(c — c)         (a — a).(6 — h)c        (a--a),(c—c) 

*2abc  "*       abc  '       '  ac 

I         I    II      I    II  $  I     ii  II  I        I     I'  It 

I  ^  >   ('>'^b)*(c-^)    V    /'  I  "  ^     (a-a)c  / 1 6^N  {h—h)c 

T"/»  ^bc  ^  ^^       IT'^'        ac      ^^        b  Jp      be 

l-J)i  and '^  (I- *-).(!- f):  which,  being 
dded .  together  and  multiplied  by  ^  (  1  -f-^)""^, 
rill  give  the  expectation  of  receiving  the  sum  at 
he  end  of  the  second  year.  In  like  manner  may 
)e  found  the  expectation  of  receiving  the  sum  at  the 
ind  of  the  third  and  every  subsequent  year, 
'uring  the  continuance  x>{  the  oldest  life:  and  if 
l^se  yearly  expectations  be  reduced  to  their  lowest 

2e 


terms  and  arranged  nnder  each  other,  they  y^\\\  form 

fourteen  collateral  series ;  the  first  n  terms  of  wt^ 
'  .  ■  ■   ■  * 

will  vary  according  to  the  seniority  of  the  Jijr$f 

concerned,  v  .  _'     --'^^ 

§327.     Case  I.    Lfet  A  be  theoldeistof  th9:|bp^ 

lived.    In  this  case  the  first  n  terms  of  the  jsevera]  C9l« 

lateral  series  above  mentioned  .will  be  $()pal  ,ti>ith^t|i}^ 

of  the  terms  continued  to  tbe  utipost  t^ten^^/^^^ft 

life,  because  the  life  of  A  ja  inv^lye^d  ia  each  ^fi^y* 

teral series:  therefore  its  value  will  be  equal  to  i 

moltiphed  into  jj^;:;:^       i?I^,Zf?rf?/ T    ?if3 

•US?..  :>■:»*-■ 


b  e     '■      ■  ■    -■  """  ""^ 

.\-iABa  —ABC.    '__+ABC.'_.     But  this exprei*! 

"  2'(i+>y  '       '2*      .  .  ' 'ft- ;  -  ■    ■.  =  ;.:Ju'  { 

sten  may  be  reduced  to  ^'^"^^^""^f^l^^ 

/    . .    -  .r     .  .  'J' 

.  -jj^:  and  which  I  shall  denotb  by  l;,^r'^c6tiseijti(^ 

1    wJ^ea;  A  is  the  oldest  1|  fe,  the  present  value  re^ 
will  be  representee!  by  s  X  £,.     ~-     ,     ^''''^^™.    Ip^ 

§  327.     Cfl^e  2.     Let  B  be  the  oldest  of  the  thi 

lives.     In  this  c6^&  the  first  » terms  of  the  sever 

r  -    collateral,  series  alcove  pientioned .  will  be  equal 


^^'^^ii^^sh^r  But  ^^  the  decea^^  of  B  tl»> 
iihb  dfih6  expectations ibr  all  tbe^hsii^ueiLt  ye^u:?, 
continued  to  the  utmost  extent  of  human  Ufe».w^ll 
^'ltf1!K^^6«c^todca8eof  Prob.  XXXIX)  be  equal  to 

**^^(7^-vtlW'-'*  ^hicb  being  added  to  tJje 
Biittt  'b'f  nre  first  n  term«  <»f  tJte  several  collatersi  ^rjes 
am^  l^ntSonJbd/  ifill -mftke  ihe  total  present  vaklue 
brtiie'|tVeh  sum  equal  to' *[!>*»*}.  .  ; 

^  4^  .329.    Caae  3.    Let  C  be  the  oldest  of  the  three 


4  J3-» 


tiVes.  In  t^iisca^e  the  first  n  terms  of  the  several 
coll^^ra]^^.  8erje$  ^^j^pve  alluded  to  will  be  equal  ts> 

^^•-5(1+0"^-:  But^  aft^r  the  decease  of  C, 
t'K  sum  br  thft  ex^^  subsequent 

jjrjB^ar^f,  may  :l)^  Twore  correctly  eicpressed  as  in  the 

preening  case,  by  j.^  x|y^**-^(l+8)"^  ^  andW^ 

ll|il)(^(^,^ded  to,|^^  n  terms  of  the  several 

CQlIateraJ  series  above  mentioned  will  make  the  total 
present  value  of  the^giyen  sum,  m  this  case  reqmred, 
equal  to  ^[JL — z].       " 

^  %  339.  ^^Wh^n  the  three  live^  ^ai*e  ^feitjual  to  each 
other,  6t  iftJtioiBdiiie^Sige  A,1the  l9»t;t]^i;^  4)UjMiljtiei 
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in  the  formula  denoted  by  JEi  destroy  each;  otjier, 
and  the  general  expression  will  in  this  casie*  beicpme 

equal  tp  s  X  '"^^^^rf+gT''^^"    "  "  '    :";'=^' 


«•  ^ 


»- 


PROBLEM  L.t 

\  331.  To  determine  the  present  ^valuie  of^igivett 
sum  payable  on  the  decease  .'of  i  'A'  andf/B,'  p^ovidefl 
another  life  C  dies  befofeB,    i      ; :  k.     '.  '  ^■'       '■ 


SOI-PTIOK.  . 


V 


The  payment  of  the  given  sum  at  the  end  of  the 
first  year  will  depend  on  the  happehi'ng  of  one  eVeht 
only ;  .viz;  the  extinqtionlof  all  the  lives  in  that  yea?, 
C  having  died   before  B  :    the  probability  of  this 

event  is.  ^ai^:  ^         ;  which  being  multiplied  by 

*(l+?)"~^  will  give  the  expectation  of  receiving  th6 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  ye'ars,the  given  6um 


organ  malces  tbe  value  of  the  sum  in  thig  case "  equal   to 

"if, —  X   f  V— CO — C::-CCCJ  ;  that  is,  in  the  present  notation-  equfil  to 

9  X  l-"gC^4-^^+^^^^  J  an  error  which  has  also  been  faithfully  tran- 

scribed  into  two  euecessive  e4ition8  of  Dj.  Price's  treatise.  See  PhU* 
Trans,  for  1794,  part  II,  page  ,245  :  and  Dr,  Price's  (  bi.  on  /?«;.  Pay, 
vol.  1,  page  395,  /•"•    . 

t  Phil.  Trans,  for  1794,  Prob,  4,  page  245  ;  and  for  1800,  P/ob/f,' page 
40 1  which  ti^iJt^J^'hai^beSnamifyiseairioire^^  '^^  **  —  i  ' 


ibnj^  be  feScfeiVed  on  th^  happening  of  either  of  five 
different  events  :  l^  that  all  the  lives  fail  in  the  year, 
G  haviri^  died  before  B  :  2®  that  A  and  B  fail  iojtiie 
year,  and  that  C  fails  in  either  of  the  preceding  years  : 
3^  that  B  and  C  both'^fail  in  the  year,  C  having  di^d 
first;  and  that  A  dies  in  either  of  the  preceding.years : 
4?  that  only  B  dies  in  the  year,  and  that  A  and  C 
j>9ith  die- in  either  of  the  preceding  years:  5^  that  only. 
A  fails  in  the  year,  and  that  B  and  C  both  fail  in 
either  of  the  preceding  years^  B  having  died  last.  The 
probabilities  of  the  happening  of  these  several  events. 

in  the  second  year  will  be  respectively    "     q^^c    ^^ 

II  I        II  7  I        IJ  I        II  /  I        II 


.1 

\     '■■'  ■ 

II 


Cl-^  )  •  (1-  f ).  and  ■^(.Ml)-(l-T>  >^^i<>»^ 
being  added  together  and  multiplied  by  s  (1 +?)*'*, 
will  give  the  expectation  of  rejceiving  the  sum  at.  the 
^d  Qt'tbe  gecond^ea^;.  In  like  manner  may  be  found 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
thirid  and  every  subsequent.,yea,r  during  the  conti- 
nuance of  the  oldest  life  :  and,  if  these  several  expec^r 
tations  be  reduced  to  their  lowest  terms  and  ar- 
ranged  under  each  other,*  th)ey  will  form  seveni 
teen  collateral  series  ;  the  sum  oftfre  first  «  terms  of 
>^hich'  will  Vary  according  to  the  seniority  of  the  lives 

concerned. 
'"^  332.     Ga^.l^.,,;  JL^.Afbe^theokleatpf  Ike. three 

lives.    In  this  case,  the  several  collateral  series  here 


310  on  COnitNOENT  AasURiiNGEf*  Gift  9« 

*'••-•.■'.•■.'■■- 

mentioned  must  be  cQixtinued  to  the  utmost  extent  pt 
human  life ;  because  the  life  of  A  is  involved  in  eacb 
perpendicular  series :  whence,  its  value  will  be  eqiial 

*o  ,  .nultiplied  tato  Ji=^+Jr:^_J^+iilt; 


JBC.  A.     r   ^-f^-gg    I      ABC.  K  ^. ABC.-' 
But.    this     expression      may      be      reduced,,  .to 

1  —  P  M  +  2B— 2  AB'-Ba  +  ABO^AB—AO  (AB^AiS)a 

I        I  ■ ■       ■   »  '  »  I    ■        III        I  >  ■  I  l»i  I         ^^aK-         fiMi».w^*»»i»«^«^^^ 

2{i+2)  2(1+^/* 


gind  which  1  shall  denote  by  JJfi  Con9cq««Bkllyi 
when  A  is  the  oldest  life,  the  required  value  willibe 
represented  by  *  X  J^.  * 


•  ■ « i  y 


333.  Case  2.  Let  B  be  the  oldest  of  the  thiiBe 
fives.  In  this  case,  the  sum  of  the  first  n  tefms^ot 
the  several  collateral  series  above  alluded  to  will  be 
eqaial  to  JJf  ^5^.— (l+^)-n4._^ 


I—  pA(7e      «y 


'■:    ;'   Vr 


^  (l^^^n  _lz^  .  S  (1+8)-"'  S"t  after  the  de- 
cease Of  B;  the  sum  of  the  expectations  for  alii itbe 
subsequent  years  will  ibe  more  correctly  exprewpd,  W 

'^n  the  second  case  to  Prob.  XL,  by  ^fl^^jjX 
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'     *'  ■    * 

sum  of  the  first  n  terms  of  the  several  collateral  series 

%  V  '  '  ...» 

^bove  mentioned,  will  make  the  total  present  value  of 
the  given  sum,  when  B  is  the  oldest  life,  equal  to 

\  334.     Case.  3.     Let  C  be  the  oldest  of  the  three 

JiveJSf    JLn  this  case,  the  first  n  terms  of  the  several 

pollatoral  series  above  alluded  to,  will  h%  equal  to 

■jf*(l+^)-^.     But,   after   the  decease  of  C,    the 

chance  of  receiving  the  given  sum  at  the^end  of  any 
'^sohsequent  year  will  depend  ou  the  happening  of 
-■three  differei^t  events :  1*^  that  A  and  B  l¥)th  fail  in  the 
year :  2^  that  only  B  fails  in  the  year,  A  having  died 
in  either  of  the  preceding  years :  3^  that  only  A  fails  in 
the  year,  B  having  died  after  C  in  either  of  the  prece- 
ding  years.  The  probabilities  of  the  happening  of  these 

several  events  In  the  (n+i)«^  year  are  respectively 

•»»    . ■  - 

which,   being  added   together  and    muUiplied   by 
'X^+sV'^**'*'*^*  will  give  the  exj^ectation  of  receiving 
'tlr^ifm  althB  cj:id:of  ti>e  Tw+l^sVyea      : 
^  tkjtiJil^e  manner  we  may  find  the  (tJ+20^i  and  all 

"  ■  *■  .     .   . 

'-  tht^«tibscqti«jit.  expectations  4jO,(h^  utoMst  e^tretnity 
;4X)(thUl9&&.^ife>  .^e  s^^  w:hich  vir^l  h^  equal  to 


*    i.hf.-  ^. 


V.'       ,  irf  »•   '.  ) 


3 1  a  ON^^CONTIIf GfiKt  ASfliCJftAiroKSI^  '  Ck  ft- 

s  multiplied   into  (l-^)  X  ±^'-^(\  +2yn^ 

"^v^+0""'*  ?  ^"^  which,  being  added  to  the  firsts 
terms  of  the  several  collateral  series  above  found, 
will  make  the  total  present  value  of  the  given  sum, 
when  G  is  the  oldest  life,  equal  to  ^[JJJf+^s^]. 

COROLLARY. 

• 

§  335.  When  all  the  lives  are  equal,  or  of  the  same 
age  A,  the  last  three  quantities  in  the  formula  denoted 
by  JJ^J  destroy  each  other,  and  the  general  expression 
in  this  case  will  become  s   X  ^-^(^-^-^^-4+-^-^): 

that  is,  equal  to  l>alf  the  present  value  of  the  given 
sum,  to  be  received  on  the  extinction  of  the  longest 
of  the  three  lives. 

% 

I 

SCHOLIUM. 

§  336.  Since  the  present  values  of  ^the  sum,  as 
found  by  the  preceding  problem,  and  by  the  present 

problem,  are  together  equal  to  ^  X  ^— ^rt^^^^^; 
or  to  the  present  value  of  the  given  supi  to  be  received 
on  the  extinction  of  the  longest  of  the  two  lives  A, 
B  :  it  follows  that  the  present  value  of  one  of  them  - 
being  found,  the  present  value  of  the  other  may  be 
easily  determined  by  subtracting  such  value  frotn  the 
general  expression  here  givea. 


CHAPTER  IX. 
On  M.  Z)«  Moivre't  Hypethetis. 

337.  If  the  decrements  6fl!fe,  in  any  table  of  ob- 
ervatfons,  wtere  equal  ant!  wnrforta  from  bifth  to  fhe 
tmost  extent  of  human  life  the  number  of  person« 
ving  at  every  succeeding  age,  as  shown  by  thsft  table, 
rould  be  the  terms  of  a  decreasing  arithmetical  pro« 
regsion.  Now,  though  this  fact  does  not  take  plaee 
iroughout  the  whole  duration  of  life ;  yet,  in  se« 
eral  of  the  tables  of  observations  (partfcularly  in  the 
Northampton  table)  it  will  be  seen  that,  towards  the 
liddle  ages,  the  decrements  are,  for  many  years  to* 
ether,  constant  and  uniform ;  or  at  least  very  nearly 
) :  and  it  was  upon  this  view  of  the  subject  that 
I.  De  Moivre  founded  his  ingenious  hypothesis  that 
le  deerements  of  life  are  in  arithmetical  progression.^ 
or,  he  imaghied  that  the  deficiencies  in  one  part  of 
is  scale  would  be  compensated  by  the  excesses  ^ 
le  other  part :  and  that  though  the  values  deduced 
om  this  principle  might  not  be  strictly  true,  yet  the 
rror  could  not  be  very  material.    In  order  to  accom- 

*  The  same  author  albo  asmiined  as  an  hypothesis  that  the  decrements  of 
e  were  in  ^$e»meMcdl  iBtio ; .  a  principle  whiob  he  applied  to  the  Talus* 
>n  of  .ani^ttilijM  on  i^t,  iifes.  But  this  theoqt  is  jtoo  erroneous  to  be 
•istid  00.*"^ 

•p  2-  ■■■'-■  '    ■■'        ■       ■ 


^i4         eir  ^V  HI  xoinn's  air ^cyfttte.      €ii% 

modate  this  hypothesia  to  the  method  of  detienninii^ 
the  value  of  Life  Annuities,  it  was  necessary  to  sup- 
pose the  extent  of  life  confined  to  a  certain  period  of 
time,  which  he  (for  reasons  which  suDsequentob8e^ 
rations  have  shown  not  to  be  sufficiently  well 
foanded)  has  taken  at  86 :  remarking,  liowevw^  st 
the  same  time,  that  the  instances  of  persons  living 
beyond  that  period  are  so  few  as  not  ta  be  wortlf^o- 
tice  in«uch  a  general  vifew  of  the  subject  .     ^i 

Much  obloquy  has  of  late  years  been  tbratrn  oti 
this  hypothesis  of  Dr.  Price  and  Mr.  Mor$i^a&i  ^ 
latter  of  whom  has  been  particularly  set^ere  iivbik 
comments  on  its  use  and  application;  it  is  trufe  tbtt 
more  recent  discoveries  have  shown  that  it  clmfnot 
always  be  depended  upon ;  and  the  great  share  which 
these  gentlenaen  have  had  in  deducing  the  values  W 
annuities  from  real  observations,  and  thereby  super- 
seding the  useof  the  hypothesis,  may  be  sonte  at- 
tenuation for  the  high  tone  they  have  assuoied^ 
this  occasion.  Nevertheless,  the  hypotheses  itse^is 
MiU  of  great  and  extensive  use  in  the  doctirti^'if 
annuities  ;  and  will  ever  remain  a  moilumetit-  of  w 
ingenuity  and  abilities  of  its  illustrious  inVeritdV';-'  '^ 

§  338.  The  readv  must  be  readily  awarg  that 
the  great  advantages  of  M.D^  Mpjyre's  hypothesiys 
"the  remarkable  facility  which  it  aflfords  for  determin- 
ing the  present  value  of  annuities  oti  auj^  singb.^^tjflipt 
lives.  The  method  of  *dedijcing  such  v^Iu^sl  ^tj^M^^ 
tfirst  problem  of  ihe  present  work  (see  page  29;  ii 


Mctremdy  ol^l>oriouf  •;:  sim^e.  thft^  nuoierators  qi  the 
fifaetionSir  which  form  the'  series  there  gwen,  do  not 
iedrease  in  any  regular  manner.  But,  when  such 
ittnieraAoraa^ift  arithmetical  progressbn,  the;  sum  of 
the  whole  jsertes  may  be  ex;pres<&ed  in  a  general  for- 
Biula;  andihs  yalue  may  then  be  found  almo^  as  soon 
paitxDeL.terai  only  of  the  other  series  just  alluded  to. 
onAitfaaugte  IM[.j]>e  Motvre^  in >kbe  application  of  his 
principles  to  practii;:al  purposes^'.: has  assumed  Sfi.as 
tii9iextrerofiperiod.)Of  human  life»  (that  is;  that^out 
oiiSQ  (nefsob^  born,  one  of  theoi  will  die  annually  till 
fUey;  afe  all  extinct)  y^  tlus. number  does  not  neces- 
•flrisiliy^nfbltQtr  {jfQxn  <  his  |>ypotheais :   for  any  <  other 

ou«^r/,whil0hiinight  be:fQundvmor&  agreeable  to 
fj^^ilyphse^ation^^.n^ay,  be  substituted  in  lieu  tjiereof. 
^SSk^njing,.  however,  the  same  period  as  De  Moivre^ 
||<^;i^yjd§ot  that  the  number  of  persons  living  at  any 
9S^M%^!^PV^9^  to  the  number  of  years  between  that 
ftge  »w4r8.^  •  this  ^umber  he  calli^  the  compl^mnt  of 
i>fh^.?:Conscqije.r^tly  fl,  byC,  &c.  wiU,  upon  this  hypo* 
^h^ffofi^  ,bei  eqqarto  the  complemeot  of  the  \h^  qfi^A, 
^x9i:  (?M5,  ■  repectively ^  qv^  equal  to. .^e  diaTerence 
betwje^4  >tofiir, respective  ag^.and  .86. 

J  A^  339^    This  >eing  premised,  it  will  be  teadily 

fUijt^^t^p  ctff.i,  denotes 

the  yalfie'ot  ah  ahtiuifV  on  the  life  A>  will  become 

I  {\i^  eVii^Q  9*t<i'\   ^:t-.---    V  \:::-y:  i-,:.^-     :>  -  ..-.;.. 
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COROLLARY.  A 

•»■...  '      ■ 

.•1  -p 

§  3^5.    When  the  lives  are  equal,  or  all  of  the^ 
same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  jg[^  destroy  each  oth  ^r,  and  the    ; 
general  expression  in  this  case  will  become  s    x    ' 

'"^^^^Vfy"^"^^-'  that  is,  equal  to  one  third  of'^ 
the  present  value  of  the  given  sum  to  be  received  oa  . 
the  extinction  of  the  longest  of  the  three  lives.  ;  ■ 


•1  ■"■.. 


PROBLEM  XLIX> 

§  326.    To  determine  the  present  value  of  a  given' 
sum  payable  on  the  decease  of  A  und  B  provided  B  h 
dies  before  another  lilfe  C.  .    i 


•\ 


SOLUttOW. 


.  J 


The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happening  of  either  of  tyvQ  .. 
events:  1®  that  all  the  lives  fail  in  the  year,   B 
having  died  before  C :   2^  that  only  A  and  B  die 
in  that  year,  C  living  to  the  end  of  it.    The  proba-' 
bilities  of  the  happening  of  these  two  events  are  re- 

gpAPtivplyrg-^ aUb^hUe^i)     ^^^      (a^).(b^b)e.    wbich 

being  added  together,  and  multiplied  by  .v(  1+  ^  V  i 
will  give  the  expectation  of  recefiving  the  sum  at  the ' 
end  of  the  first  year.    ,  ' 

*  Morgin,  Frob.  28  ;    and  in  PhiL  Trah*.  for  t7&4,  ^roli.  9,  page  W2, 

T        •«'■>'  'i:  •:  n '.'  i  •  ^  ■  •      ■  •  ^  ^    r 


•    .r  ' 


a  series  which  is  to  he  jcontinued  for  6  terms  only,  B 
being, the  pldest  of  the  two  lives.     But  if  the  nu- 

■ 

merators  of  the  fractions  composing  this  series  be 
expanded  by  ttiultiplicati<>n,  the  whole  expression 
may  be  divided  into  three  other  distinct  Series  :  viz. 


'The  first  of  these  is  equal  to  the  present  value  of  an 
annuity  for  the  term  b,  and  I  shall  denote  it  by  ^ :  the 
second  is  (from  what  has  been  said  above)  equfiil  to  — 

^  X  ^+y^^-^!^;^^+?^^^  ahd  the  third  is  equal  to 


-<  - 


ab 


(l+g)^*]  •  consequently  the  total  present  value  of 
-the  jumuity  lor  two  joint  lit cs  is  equal  to  -r— ^^  X 

§  341.     By  a  similar  method  of  reasoning  it  will 

I  »  t   t  It   It  n 

be  found  that  the  expression      "'"^    +     iLii*    + 


in  lit  lu 
a 


^  g      +  &c. 


,  which  denotes  the  value  of  an  an- 


*  See  DodaoOy  toL  ii«  QajBBtkm  04.  SimpsoDy  Prob,  1,  wr,  6^  Price, 
vMto  (L)?  I  «hattlMe  take  the  opportmiity^  obMrvli^'that  ih«  «trietiire« 
•f  0r4Prie«i  on  M!  0e  Moi  Wt  rules  for  ealeolAtiog  9m'  talwrof  oniiiiet 


•t  ^  "^  ^'■' 


terms  ,and  arranged  nnder  each  other,  they  v^ill  (orm 

fourteen  cblhteral  fietifes;  the  first  ip^ternas  of  wlyeh 

will  vary  Bcfeotding  to  the  setxiority  of  the  Jijygs 

concerned,  ,  ^^      / :  ro^ 

^  3^7.     Case  I.    Lfet  A  beiiie  oldiest;of  th^jtbf^e 

'  lives.    In  th  Is  case  the  first  n  terms  of  the  ieveraj  C9I- 

"lateral  series  above  .meiidooed.\v;Ui  be  ^qMatl.to^tji^l^ 

of  the  terms  continued  to  the  iiti^o^t  ^7Li^u\pjf  l%^f  ^ 

life,  because  the  iife  of  r  Aas  invpU^d.  ijOt,  eapU  J5^|^* 

teral series:  therefore  its  value  will  be  equal  to  1 


\  .1 


6  ■        c  ■  -  ■■  '  -^  '"^ 


lyg^fg  —ABC.    '+ABC/_.     But  this^expres'^ 
Bmk  mfty  be  reduced  to  ^—^--r-r — s^i^^pt^^ttttT]  "** 

:.  :  ."i^- ,  ind  which  I  shalldfehotfe  by  JE/f  COtis 
■:^-^^h^}^.  ^,  oldest  life,  the  ^p^^^^^ 

will  be  represented' by\s  X  JL-.   ^    -  ^     '^^^^'^^^ 

§  327.     Case  2.     Let  B  be  the  oldest  of  the  th 

lives.      In  this  clk^e -'the'' first ;?  terms  of  the  save 

^.,  coljateral  series  above  mentioned  will  be  equal 


^^^'^^i^-^9h^y    But  4W.  the  decease  of  B  tjie 

^8iKh  df  the  expectations  for  all  :tbesu]bit^uent  ye9X9, 

continued  to  the  utmost  extent  of  human  life,  w^U 

^^'iiSi'ff&S^iCbiidcaseof  Prob.  XXXIX)  be  equ^  to 

"il^^|j^.4(l+^)-'»J  ^hicb  being  added  to  the 
"Wio '  b'f  ^e  first  n  terms  of  tjte  several  coUateraJi  series 
'  «"'*'  i^entSonbd/  vrill -make  the  total  present  value 


6rt1ie  gtteft  sum  equal  to  ■  j^[l>*r«^). 


t    C;     ijCJ;p:> 


)K^  .329.     Case  3.    Let  C  be  the  oldest  of  the  three 

^  lives.     In  tliis  case  the  first  n  t^rms  of  the  seteral 

col^i^^ra]^  serjes  ^ove  allucjed  to  will  be  equal  to 

^i^;-5F(?:t0r^-    But,  after  the  decease  of  C, 

t'Ksuni  of  tha  expectations  for  att^the  subsequent 

j'jrganf,  may ^)e  inore  correctly  expressed  as  in  the 

preening  case,  by  ^.^  x|j^**-^(i+8)"^ -atid  w^ 

^fji^^i^g.^ded  to,^^^^^  terms  of  the  several 

^  cqllateraj  series  above  mentioned  will  make  the  total 

present  value  of  the  given  sum,  m  this  case  reqmred, 

equal  to  ^[1], — z]/' 

Iff*  3ffj  'Jo  rg-if-.:^  ^^,ii:  .,  ;  n    -.  ^  .;.     ■  .-.  ^ 

^   ,"§  330.  .  .Wh?n  the  three  lives  ai*e  liqual  to  each 
otW,  W  (^tWtMie  age  A,l!he  li«t,  tl^t^  iqujuititiei 


i1-- 
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cjfcn^mepts ;  ftl^o-let  o  M  the  ^J^fmWxS^aSRWf 
livinff  at  tbe  age  of  A,  and  a  llie  number  .of  per&ons 

n  years  older;  > an*. let  tne  unuorm 


i 


_  at  an  age  n  years 
dte€«5ments)«)f-  life  4;>e  deaotfed  by"  8^.  ,1?hin(»411jlfce 

y^lue  of  an  Qn^uity  on  th^  W^^.^^S^^Ar'^^o^ 
aeries.--  L{r?5)  +;  ol^iF'^^^       ^^'-''''^  *•  ^^W* 

may  be  divided .  ioto  two  parts :    viz.  the  ^  seneft 

latter  of  thefee  is,  ty't^rbb.  I ;  ct(>r.  3,  feqtifffl  tfr(ji3d4iC^ 
equal  to  tbe  valiie  of  Tiri  antiuity  6n  the  life  A  i/^/J5Wf  ^ 
for  n  years  :  and  th6f6hnCT  ibay  be  diimled  iut^  two 

others:  viz.   [  (.:!./l  ■(.^"'+71^:'^  '  '  r  ' 
p]:>  the -siira  of !  veJb(icb>4aMJf  be  Te4dil3n<f«>oi:ki, 


U'. 


value  of  the  annuity   will    be  y— A  fC^-K)?-* 


JSr^^i .  4wr  Urt  DB  MOI VR^'g  BYPpTmSI9,  (2 1 

n(l+8)^  "}  +  ^^^'  But  since  8  is  ftlways  equal 
to^^  ;♦  and  since  (A)d  is  equal  to  A*x  --(l+g)""* 
this  escpression  may  be  rendered  more  convenieri  for 
practice  by  making  those  substitutions  :  whence  the 
value  will  become  1_  («-«>>n -^p\v_^0±C%   ..  ^ 

Now  it  appeal's  by  the  Northampton  table  of  obser- 
vations that  the  decrements  of  life,  are  marly  uniform 
during  the  whole  interval  from  the  age  of  20  to  the 
ifcg6  of  80  :  if  therefore  the  value  of  an  annuity  on  a 
life  age  80  be  once  calculated,  the  value  of  an  an- 
nuity on  a  life  of  any  intermediate  age  may  be  easily 
deduced  from  the  formula  here  given ;  and  will  agree 
very  nearly  with  the  true  values. 

Example.     Let  the  rate  of  interest  be  5  per  cent ; 

in  which  case  the  value  of  an  annuity  on  a  life  of  80 

years  of  age  will  be  3*515;  and,  if  from  this  we  wish 

o  deduce  the  value  of  an  annuity  on   a  life  of  20 

years  of  age,  the  fprmula  will   become   20 3xlr^ 

f  ^Jg^^xl-OS  X  18-9293—469  X  (20— 3-515)x 

•0535  =:14*061  :  and  which  is  very  near  14*007,  or 
the  true  value  as  shown  by  the  tables.     Now,  when 


%  ■ 


*  This  mav  |^«aeral1y  [be  assumed  as  the  true  ralue,  without  material 
error,  e«en  when  the  decreiftents  are  not  exactly  icjular.  ' 
;:'■-•       -^      ,.   .        •  .       2  Q 


<    t  .     .. 


'  U'.  :'■-■•■    .^'-'i 


m     ^}fkmm^m^m^w     t^\ 


without  the  actual  o^\cul^\^j^  gf  sj0^^^^ 

series  there  given,  the  utility  of  this  formula  Will  be 

.  5  344.  If  the  valup.  ofthe  annuity  is'  required  Tor 
a  giveu  tert^  (=n)  ;  and  lha,t  term  happens  to  T» 
wnolly  wjthm  (hejntftrvalof  equal  decj^ftnentV  as 


shown  by 


cohsiderabte  utility  vrii^Sil^e^t!  i^JiB^<f4slcP'««afiy 


life  aged  20  ;  because  it  wilUao.iMn|bf  iflilU^^V* 


MnBi^^HU  M'^M.    The  i^tib,  deduded  firom 

§  34or  This  problem  and  its  corollary  will  fffiaCKe 
to  show  the  useful  purposes  to  which  M.  De  Mpivre's 
hypothesis  may  be  oc^tlblikliy  appropiated,  and  the 
method  of  aDplyine  it  wheoever aa  opportunity  occiu's. 
But  smc6  the  deicrements  of  life  are  mast  irregfular  m 
the  younger  tind  in  the  latter  periods  of  existence, 
and  areriiniform  (or  nearly  soj  during  the  middle 
ftges  oply ;  it  will  be  found  that  thvs  hypothesis  cannot 
Un'tdf^ases  be  safely  used,  unless  ih  deduciug  -the 

1Bps|lKf}J,^ys  gfsjpgsiftr  uty^'t>;  ^^ .  ^.ui;g^;Qfte9,  foui^^ 

ia  this  otanaer  that  Mr.  Morgai^,,^^.,m>ade9^enaM 
W>t  J9I  wh^treas6nj.py.a  Mej^^^  of  the  fact.* 


Jibtjor  whatreasbnlby  a  nrevious  a 


the  values 

jCOQtinuance  oi^jS(f>yji\V^'^^  ^^  ^^^^^  ^^^  of  ^y  other 
^^^fibkJpjMivM^";^  ^i4e- 

■  k  *  *  »   .         J 


tiripd?«ifiid  foai*h  Ghaptera^df  thfs  •  ■Hn*fc*if^'^^6''i8ffl^ 
oaiMa  Die  Morvl-d'S'liyp^hes^ss  fet^  '*^l^e'¥{i!6^14^^  -dia* 

kfltftlbn*  to  sifclf  ^ife^lmhi  dfe'"obtt1ti^iynf '?&*«# 
riuitieif  'wAi  >  tdfet.-^  ^  ''tlic-^faflaati«'^At6J?  ^  prd^^lit^tt^^ 

dttrnmU  Qt  Kffe;  -' lAs  iiii5S'J  li^w§v#;  «ii^  hdP  thar-  ^§^ 

Eighth' CtobCBiyK*  "  •>>  ^0  83f'lcv  JriSTiOj  o'lit  riMv/jsd 

X  '  '^i  ■' <:'  »i#^"'.'»  !i¥^U hsoij bsb  ..t^O'i siiii !  1q  sfji^i.^iflija ^Jti 
On  the  Method  of  approximating  fo  the  ValmojLtvl 

Annuities,  *  ., 

6/"    .1  ••'i-i  r;  Jr^oic-ini  10  aJ.r;"  ano  ynfi  oJ  gnibioDOB 

,■§  846,'M;I.;(Swiiw>fedi3flws/'tt»isB  ^tepN^filihewefiSfii 
withtfu  fc  «#le.fti  oft  tbeiMi^  tydanjit  f,t;QB*wiM»U9  jP^rtbft 

enabling  us  also  to  deduce   (froidithteu^^c^n^pib^ 


*  See  the  notti  in .pami  160.TI^'^'t!n(l'')lii.,      „ 


» 


■i 

it&se$pepJ:Rjiro^|,i  i||jjh«f^i?re,i\jr^  ^jii«t)tji(^t«rffi^k<»!(Af 

instead  of  the  quantities  a,  b,  or  c  in  the  gofv^rab  f@lhr 

a^Bg  iirillin^ftst  ca»se^,be;^flHwcl)».rti,*i»riih©v^rtt^ 
yaJ|^e$jpC  ,-4PA^itJe§  ,d«4y<:ie^f|fpRii)  [«W?te-«h§.§JftraJtaft$*e 
th«fr,.whft|i  >fr,5^  rf)^,.((ff,:^;jajfc^g#,j9ftftajt  %<^.  lUft.o&mpler.^ 
npi!^i«lS4ttgfirjyi|fe,,^f^r^^,  ^.ftJo^.M<>iKre^;l*yiwK 

si«!tim^qf>^)i^^sti|fftrPB99  tlS*,V§ftSj|)jftv#^ues;pf  aa 
fi^ienpfi^rpflft  tte  ^fi^nim^ 0iM^r^^t^Xiy^  two  raten 

betweea  the  correct  values  of  a  sittiifep  ftPUiiityi^  f^t 
ther  same, rates  of  interest,  deduced  from  real  ob&srvck 
<id;2^.  Consequently,  when  theTaltie  of  an  annuity 
according  to  any  one  rate  of  interest  is  given,  we 
iflt^yeOidil^^^^teMfd  a^'l^j/e.fyfari  Vatl^l^f  a^simlfiar  in- 

fldttyJQit  any  irthef  Irafe;  -^by  tiifeatisJdf^th^  first  diSbt:^ 
0JiQii^lMbis>  9il:b(^dn(>  :I'^a$>^i&'  b6  >«Vt(J(i»t  from  tbe. 

*  Sm  the  pDMTvatioDi  at  toe  end  of  the  following;  ii«t%. 
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,  §  348.  The  hypothesis  of  M.  De  Moivre  furnishes 
us  likewise  with  a  convenient  and  useful  formula  for 
determining  the  value  of  increasing  Life  Annuities: 
that  is,  of  £l,  £2,  £3,  &c  (or  any  multiples  of  those 
sums)  payable  af  end  of  1,  2,  3,  &c,  years  respect- 
iVelyi  if  the  given  life  A  be  then  in  existence.  For, 
the  series  expressing  such  value  will  (from  what 
has  been  said  in  page  316)  be  evidently  equal  to 

&  which  may  be  divided  into  the  two  following  series 


Coi 


» 


•      «. 


4.  -^—  A-  — ^—  +  — ^-       • 

I  r_i!_  J ?i_  -J-  -Ji.  I  _^  1 

T"i_(i+?-) """  (»+?)«  ~  (i+j)»  -l-  •  •  .     •  •  •  (i+j:-J 
In  order  to  abridge  the  subsequent  process,  let  usroake 

then  will  the  sum  of  the  two  Series  above  given,  or  the. 
value  of  the  annuity  required,  be  denoted  by  a?  —  — 

•  ■  •  . 

of  eftlealttingy.ai  Hvtral.t^Xe  of  iaterest,  any  new  Tables  that  may  be  h»ri 
ftfter  iormed :  and  I  should  hope  that  no  one,  who  may  at  any  fatura  tiat 
vnderti^ke  this  laborious  task,  will  be  influenced  by  m  weak  and  so  ill-Jn(i|gf?f 
«n  eimnt.  The  object  and  real  utility  of  Tables,  of  any  kind,  is  to  safi 
time  and  labour,  and  to  preyent  the  occurrence  of  errors. 
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But,  from  what  nas  been  said  in  §  339,  it  will  be 
ien  that  the  value  of  an  annuity  on  a  single  life  A  is 

mdtech  {&^>T^4^^I£Hoflaii<l,'i  cfeofmlwhpjtrt  hosT  beeb^  iJaM 

?f  34€>i^ tt^t^ tte  =Valtie  of  an^  ^nuitytin  t^o^^tikr  ' 
int  lives  A  A  is  oenoted  py  v  — ■  —  +- ^  .  There- . 

^  J    J  M  K  -Stl?  W  *P  to 

»  *    •-'^  a         ^      ^      a  aa  —   a  /     ««7 

insfiquently  q/-4— 4i4)i?*r — ^will  be  thp  value  w 

oi^^ftnp^ri^e&ivdnnmtyi ;i^qi4i?€|dAi  iwtence5<jW€r d 
2|diicevthje  following  rijle. '     /         -   ^  ^  ^",1_ 

5  ^^^^.rr,F^oniJkevaJufiofancmnuk^       th^  given 
re  subtract  the  value  of  an  annuity  on  tv)0^  equal  joint  \ 
ves^-ifithe  same  age  with  the^gibkh  life;  nhiltipli^  the  ' 
^fr^(^  by  the  complemi^nt  (or,  twice  tJf^  expectation) 

^  ^b..,   Example.     Let  the.  given  life  be  40  years  7 
P'S^jC^d  let  the' aiihuity  bte  ff  flie'  first  year, 
8i4he  sec8^  .year,  £3tthe  'thirdi  year,  and  so' on 

t  %  per  cent,  and  the  probabitities  of  living  as  ob- 

#'lM^!aitfiM"e4ey»nl'i;^%^t^:7b^ 
6-16  X  (13-l97:«.av820>EJ^88a.W4U.fcfe  .tbe4y9jp?^.> 
squired. 

2  R 
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If  the  annuities  had  been  £10,  £20,  £30,  ^c, 
the  present  value  would  be  156'882X-10.  Or,  if 
they  had  been  jClS,  £30,  £45,  &c.,  the  present  value 
would  be  155-882x15. 

But,  if  the  annuity  commences  with  a  larger  sura 
than  £1,  and  yet  increases  only  by  £1  in  every  year, 
we  must  add  to  the  value,  above  found,  the  value  of 
an  annuity  on  the  given  life  multiplied  into  the  first 
payment  lessened  by  unity;  and  the  sum  will  be 
the  answer.     Thus,  if  the  annuities  in  the  first  case 
above  mentioned,  had  been  £15,  £16,  £17,  (§'c„  we 
must  multiply  13*197   by  14 ;    and  the  product,  or 
184-758,  added  to  155-882  will  give  340-640  for  the 
answer  in  this  case  required. 

§  351.  These  and  many  other  instances  (in  ad- 
dition to  those  already  mentioned  in  various  parts  of 
this  treatise)  might  be  adduced  to  show  the  great 
utility  and  convenience  of  M.  De  Moivre's  hypothesis 
in  a  general  point  of  view.  The  most  common  cases 
will  convince  us  that  it  may  always  lay  claim  to  a 
considerable  share  of  merit ;  but  that  it  is  particularly 
entitled  to  our  approbation  in  enabling  us  to  conduct 
our  inquiries  into  many  branches  of  this  science 
where  the  common  analysis  is  not  only  exceedingly 
intricate  but  sometimes  entirely  fails  :  and  that  it  is 
by  no  means  deserviqg  pf  the  false  and  ignominious 
epithets  of  ^'  wretched"  or  *'  absurd.*' 
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CHAPTER  X. 

On  the  Value  of  Annuities  payable  Half-yearly^  S^c^ 
On  Half-yearly,  S^c.  Assurances ;  and  on  Annuities 
secured  by  Land. 

§  352.  In  the  preceding  chapters,  the  values  of  an- 
nuities have  been  deduced  on  the  supposition  that 
they  are  all  payable  yearly  :  this  is  the  most  usual 
case.  But,  as  others  may  occasionally  occur,  it  will 
be  useful  to  know  the  limits  of  the  differences  which 
arise  in  those  cases  :  therefore,  that  nothing  might  be 
wanting  on  this  subject  I  shall  make  no  apology  for 
introducing  the  following  investigations.* 

If  ay  a,  a,  a,  &c.  represent  the  number  of  persons 
living  at  the  age  of  A,  and  at  the  age  of  1,  2,  3,  &c. 
years -older  than  A,  agreeably  to  what  has  been  said 

*  A  person  who  receives  a  life  annuity  half-yearly  has  a  double  advan- 
tage over  one  who  receives  the  same  annuity  yearly :  for,  besides  the 
nterest  of  each  half-yearly  payment  for  six  months,  he  has  a  chance  of 
eceiving  one  half  year's  payment  more  than  if  he  were  paid  yearly.  In 
ike  manner,  a  person  who  receives  a  life  annuity  quarterly  has  a  double 
.dvantage  over  one  who  receives  the  same  annuity  half-}  early  :  &c,  8zc, 
lee  this  subject  detailed  at  full  length  in  Baron  Maierei'g  Doctrins  of  Life 
innuitieSf  pages  293—360. 


«' 
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in  §  23,  then  will  a-\;^ ,   a-fq,    a+q*  &c.  denote  th6 

2  2  2 

number  of  persons  living  at  the  end  of  |,  II,  2|,  &c. 
yeai's  from  the  age  of  A  :  which,  though  perhaps  not 
in  ^// cases  strictly  true,  will  serve  our  present  pur- 
pose, and  be  as  near  the  real  value  as  we  could  hope 
for.     Consequently,  the  present  value  of  an  annuity 

on  the  life  A,  payable  Half -y early,  is  equal  to-^ 


t       if  U  II       III  hi 

a 


a+a    J-    g      -L     q+o     JL       a       A^     a+a     -j*  ^ 

_2(l+^)l      (l+«)      2ri+5;|       (1+^/      2(1+2)t         0+«J' 

+  &c.]  :*  a  series  which  may  evidently  be  divided 


ioto  the  two  following  ones;  viz.j_ 

2a 


/  /    n 

-2(1 +«)^      2(l+«i* 


//    /// 
f  -     "    "-  +  &C 


//  y// 


+  2a     I  (1+^;  "^(l+^»"'"(l+^)»"^ 


The  latter  of  these  is  equal  to  -^, ;  and  the  former, 
which  may  be  divided  again  into  the  two  following 

series 


/  //  lit 

^ a    +      g       +        g         +     g  ^ 

ia  (i+u)  i  i         fi+s;         r^+«)»  ^l+«^' 


+    &C. 


a 


~  L-     I  m^;       (!+«/       (!+«'' 

+  &c.],  is  equal  to  -^^^  4,      n-H)^-^   .    "Whence 


*  The  reader  is  supposed  to  be  noquainted  with  the  method  of  dedociog 
the  present  value  of  an  annuity  certain  payable  half-yearly  &c,  as  explain*^ 
in  my  J)»etrine  of  Interest  and  Annuities^  Chapter  X. 
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be  total  present  value  of  the  annuity  is  equal  to-4-  + 

i±:i  1 +/l±«l£i      2(l+g)l^+14-A+a+gM     2(m-gj|+24-g 
0+a)2  4         ^^  4(H-^;j  "       4(1+^)1 

K  il  +  i.-T 


2ri+^;i+2+5 


But,  since  the  quantity  —  .1 —  seldom  much 
exceeds  unity,*  this  expression  may  be  taken  (without 
naterial  error)  equal  to  -4  -I ^- — r  ;  and,  since 

"^     1    is  seldom  much  below  ij-f  the  expression 

nay  be  still  further  reduced  to  -4  +  1.     That  is,  if 

0  the  value  of  the  annuity  payable  yearly  we  add 

1  quarter  of  a  year's  'purchase^  the  sum  will  be  very 
Kar  the  value  of  the  same  annuity  payable  HalJ^ 
^tarly,  The  exact  values  however  may  be  easily  de- 
ermined  from  the  general  expression  above  given. 

§  353.  If  we  wish  to  determine  the  present  value 
f  a  similar  annuity  payable  Quarterly ^  we  must  take 


*  When  the  rafe  of  interest  is  2  per  cent  per  annum,  the  ^antity,  here 
luded  to,  is  equal  to  l'O00O25 ;  and  when  the  rate  of  interest  is  10  per 
^t  per  annum,  it  is  equal  to  1.000569  :  whence  a  judgment  may  he  formed 
Its  value  at  any  intermediate  rate. 

t  When  the  rate  of  interest  is  2  per  cent  pei^  annum*  this  quantity  is 
^  to  '2475  ;  and,  when  the  rate  of  interest  is  10  per  cent  per  annum,  it 
equal  to  '2384 :  hut,  it  will  he  seen  that  as  this  quantity  decreases,  th^ 
Q  mentioned  in  the  last  note  increases :  whence  A  -^  \  will  seldom 
<^  exceed  the  true  value. 
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Sn 


/  'nil'  II      III        *i       III 

«4£a,   .32+«^     a^^     Sap,^     a±3a^    g^^    ^^  ^^^^j^ 


the  number  of  persons  living  at  the  end  of  i,  J,  Ij, 
1|,  2?,  2j,  &c.  years  :*  whence,  the  present  value  of 
an  annuity  on  the  life  A  payable  Quarterly  will  be 

II  I  I  I 

^     L4(l+^)i  2C1+^)J         4(l+2)i        (iH) 


9  tw 

,      3a-\-a  , 

+—. — r 


/     // 


+ 


fl-f  Sa 


+ 


It 
a 


+     &C. 


But,  this  series  may  be  divided  into  the  four  following 

1 

■f&c( 


ones;  viz. 


1 


Sa  +  a 


— 1     + 


I 


A(^4-o^ 
id 


I        n  II     iti 

aAra 


(i+if; 


'   8o(l+?)J    „     *■ 


rl- 


+ 


//  til 


r,  +  &C. 


=  _L±d_ 

8(l+.))i 


+ 


A(\-\-^^ 


\ 


»      '  leafi+p^i 


1, 


+ 


"    I   o'" 


i 


10(l+.')i 


+ 


n-— •      Whence,    the  total  present  value  of  the 
annuity  is  equal  to  j^^^q:^  +  -\f^  +   -j^^^jj 


ia(i+^| 


16 


*  These  are  the  arithmetical  means  hetween  the  nmnber  of  penoitf 
living  at  the  age  of  A  and  at  the  several  ages  of  f ,  1|,  2f,  3|,  &e,  yetf< 
o]3er :  and  are  sufficiently  near  for  the  purposM  here  intended. 
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i6(i-i-«)i  X  A  + 

But,  since  the  fractional  quantity,  by  which  A  is 
multiplied,  seldom  much  exceeds  unity,*  this  expres- 
sion  may  be  taken,  without  material  error,  equal  to 

^  j  3ri+g^^+2a-h8H-f  1 .  and  since  3(i+gM+2-i4gH+i 

is  seldom  much  below  » ,t  the  expression  may  be  still 
further  reduced  to  ^1  +  |.  That  is,  if  to  the  value 
of  the  annuity  payable  yearly  we  add  th7^ee  eights  of 
(I  year's  pur  chase  f  the  sum  will  be  verj/ near  the  value 
of  the  same  annuity  payable  Quarterly.  The  exact 
values,  however,  may  be  easily  determined,  as  in  the 
former  case,  from  the  general  expression  above  given. 

^  354.  Upon  M.  De  Moivre's  hypothesis  the  pre- 
sent value  of  a  life  annuity  payable  Half-yearly  will 

be  denoted   by  the  series  -77-  '.  A — — h 

*  When  the  rate  of  interest  is  2  per  cant,  per  annum,  the  quantity,  here 
alluded  to,  is  equal  to  l*0OCO37 ;  and  vihen  the  rate  of  interest  is  10  per 
cent  jer  annum,  it  is  equal  to  1.000710  ;  whence  a  tolerably  correct  opinion 
may  be  formed  of  its  value  at  any  intermediate  rate. 

t  When  the  rate  of  interest  is  2  psr  cent,  per  annum,  this  quan- 
tity is  equal  to  .3719 ;  and  when  the  rate  of  interest  is  10  per  cent,  per 
annum,  it  is  equal  to  •8606;  but,  as  this  value  decreases  the  one  men- 
tioned io  the  last  note  inoreases  ;  whence  ^  +  f  will  seldom  much  exceed 
the  true  value. 


*'t 
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which  may  be  divided  into  the  two  fallowing  ones  viz. 
1  r i_    ,1,1,1.4. 

^"^      ].     The  first  of  the^^i^  equal  to  J 


(!+?)« 


'     ^  I — (l±M^zzh;*  and  the  second  is  equal  to  — 
^  ^  2h{i+g)l-2a{i+2)-^  .|   consequently  the  total 

present  value  of  the  annuity  is  equal  to  sr-  X  "~"(^+^L 

In  like  manner,  the  present  value  of  a  life  annuity 
payable  Quarterly  will,  upon  the  same  hypothesis,  be 

1      7"  1  —  \         a —  I         a  —  I     ,    a  —  1    , 

equal  to  u  1(1+7)1 +(T+i)|  + (r+l)f+(HFj) ''' 
J!~^  "]   :  which  may  divided  into  the  two  fol- 

lowing  series-^  LTrf:^ +^1:;;)^  +  (T^  +  71^. 

+  1     "[       1    r     1      ■      2     L 

'  (1+*)"  -I  ~  16-  L  (i+,)j '  (i+j)r 

-i— +.7-*     + -tttVI  •     But,  the  first 

(i+g)f+ (1+8)  ^      ,,  (1+8)»J 


See  my  Doctrine  of  Interest  and  Annuities,  page  66* 
+  iiiU  page  89. 
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these  series  is  equal  to  i  X  V,  ^/+f^     ~  y;^  and 

e  second  is  equal  to  -  ,-1^  X  ^«^+«;j^;/Jfj-i);:2  • 
nsequently  the  total  present  value  of  the  annuity  is 

this  case  equal  to  4a  ^  TTTTnrr 

By  a  similar  process  we  might  find  the  present 
lue  of  such  iannuities  payable  at  any  other  intervals: 
It  it  will  be  sufficient  to  show  the  extreme  limit  of 
e  increase  which  arises  from  thus  supposing  the  an- 
lity  to  be  payable  at  such  smaller  intervals :  this 
nit  takes  place  when  the  annuity  is  considered  as 
ing  paid  momently ;    in  which  case  the  expression 

:omes''fe'  v°i~7?-i  ;  •  where  m  is  equal  to  ^T,  7"j^,,  • 

,  to  the  present  value  of  an  annuity  certain  for  the 
rm  w,  payable  mome7itly.'\ 

§  355.  If  the  numerical  value  of  these  expressions 
half-yeaily  and  quarterly  annuities,  according  to 
e  hypothesis  of  M.  De  Moivre,  be  compared  with 
Dse  deduced  from  real  observations,  they  will  be 
and  to  confirm  the  accuracy  of  each  other;  and  to 
stify  the  rule  which  I  have  before  given  :  namely, 
at  the  value  of  annuities  payable  yearly^  must  be 


*  See  my  D^ctrins  of  Interest  and  AnnuUiet,  pa^  56. 

i"  Ibid,  page  63.     And  l  would  here  observe  that  I  take  NL  to  denet^ 

*  ^^rean  logRrithm  of  the  quuutity  immeJiatelf  following  it. 

Ss 
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Qcreased  nearly  ^  of  a  year's  purchase  in  order  tq 
how  the  value  of  the  same  annuities  payable  halfr 
yearly  \  and  that  they  must  be  increased  nearly  \d 
a  year's  purchase  in  order  to  show  tlje  value  of  the 
same  annuities  payable  quarterly  ;  and  also  that  they 
must  be  increased  by  I  a  year's  purchase  in  order  to 
show  the  value  of  the  same  annuities  payable 
momently. 

§  35G.  The  reader  must  observe  that,  in  all  these 
cases,  I  have  had  regard  only  to  the  true  rate  oCannt^ 
interest,  agreeably  to  the  principles  which  I  hav^bW 
down  in  another  work*  for  determining  the  valuia^f 
annuities  in  general.  But  such  annual  rate  may  ^- 
ways  be  expressed  in  terms  of  the  nominal  rate,  1^ 
making  the  substitutions  there  oUuded  to,t  accordiug 
as  the  interest  is  payable  half-yearly,  quarterly,  &c«: 
whereby  we  shall  find  that,  on  M.  De  Moivre's  hypo- 
thesis, the  present  value  of  an  annuity,  on  the  life 
whose  complement  is  a,  payable  yearly,  half'^irlyy 
quarterly,  and  momently,  and  on  the  supposition  tKtt 
the  interest  is  also  payable  at  the  same  periods,  will 

be    denoted    respectively   by    ^-^^+>')v>  ^"^>+^ 


ar  or 


— — ,  and   ar  :  wh  >re  y,  h,  y,  and  m  will  nm 

respectively  denote  the  oresent  values  of  annuities 

*  ^QQ  my  Doctrine  of  Interest  and  Annuities,  ^d^e  65^ 
t  That  is,  by  substituting  (l+-^)  — 1  for  2  '  agreeafily  to  whtt  I  tor* 
caid  in  my  Doctrine  of  Interest  nd  AnnuitteSf  5  77i  p«r»^54' 
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ain  for  the  term  a,  payable  yearly^  half-yearly^ 
rterly  and  momently,  and  on  the  supposition  that 
interest  also  is  payable  at  the  same  periods, 
f  the  numerical  value  of  these  expressions  be  com^ 
)d  with  each  other,  it  will  be  found  that  the  half* 
riy  annuities  will,  upon  this  principle,  be  about 

rf  a  year's  purchase,   and   quarterly  annuities 

ut  -^of  a  year's  purchase,  more  than  the  value 

le  same  annuities  payable  yearly  ;  and  this  is  the 
I  given*  by  Dr.  Price  for  such  purpose.*  But  as 
periods  of  the  payments  of  the  annuity  are  totally 
^pendent  of  the  periods  of  the  payment  of  interest, 
ought  not  to  be  confounded  together  (as  I  have 
'e  fully  explained  in  the  tenth  Chapter  of  my 
:trine  of  Interest  and  Annuities),  we  shall  find  that 
addition  to  the  tabular  values  of  ^  and  |  respec^ 
ly,  as  stated  in  pages  333  and  335,  will  be  the  most 
•ect  rule  for  general  use:  agreeably  to  what  has  been 

See  his  Obgervation*  on  liev.  Fay.  vol.  1,  pog^e  2A6  :  and  the  inTesti. 
ns  which  are  there  annexed.  The  two  following  examples,  gifen  b/ 
will  show  the  real  difference  which  arises  in  these  eases. 


Value  of  an  Annuity  on  a  Single  Life, 
Interest  4  per  cent. 


Age. 


36 
61 


Payable 
Yearly. 


13-829 
8*75d 


Payable 
Half-yearly 


14-010 
8-973 


Payable 
Quarterly, 


Payable 

Momently 


14-101 

9-07a 


14-101 
9-100 
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already  advanced  by  Mr.  Simpson  in  his  Doctrine  ^ 
Annuities  and  Reversions,  page  79. 

As  the  two  methods  of  investigation  are  htwertt 
now  before  the  public,  the  computist  may  adopt  that 
rule  which  he  conceives  to  be  best  suited  to  the  cir- 
cumstances of  the  case.  Dr.  Price  had  endeavoured 
to  overturn  Mr.  Simpso^n's  rule  without  stating  the 
grounds  of  his  dissent,  and  to  substitute  his  own 
without  explaining  the  nature  and  cause  of  their 
difference. 

,  .   <•    r    J 

g 

§  357.     Hitherto  I  have  considered  the  difference 

'it 
in  the  value  of  annuities  on  single  lives  only :  but  i 

will  be  evident  that,  on  the  supposition  that  riioney 

is  improved  at  a  given  annual  rate  of  interest,  the 

differences  will  be  nearly  the  same  on  two  Joint  lives, 

whose  value  is  deduced  from  real  observations,  and 

whose  probabilities  of  living  to  the  end  of  every  hfdf- 

,     ,     /   '  *  J.    t    "  i 

year  are  respectively  denoted  by — ^ —  >  — ^ — ^ 

°   ^j^  ,  &c  :  which  probabilities,  though  npt  strictly 

correct,  may  answer  the  present  purpose. 

On  M.  De  Moivre's  hypothesis,  Jiowever^and  on  the 
supposition  that  money  can  be  improved  at  interest 
payable  at  the  same  periods  as  the  annuity;  the  value 
of  an  annuity  on  the  two  joint  lives  whose  comple- 
ments are  a  and  b,  payable  /k/^-j/e^r/y,  is  accurately 

expressed  by  the  following  series  5^  L     (i+'7 — ^ 
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S4I 


s 

2  +  r    r_A^  j^ 
tar     L  6 


wui?^^^!]  :  the  sum  of  which  may,  from  what  ha 
jffeceded,  be  easily  found  equal  to — - 

■  Id  like  manner  the  value  of  an  anniiity  on  those  lives, 
payable  quarterly,  is  on  the  same  principles  equal  to 

-L  r(«  -  \\{i  -  \)  .  (g  -  |).r6  -  I)  .  (a  -  f  ).(6  -  I)    , 

is  equal  to  1.-4^  [|_(«_<i_i_J_)+i_-|  . 


r  -J 


And,  if  the  annuity  and  the  interest  are  both  sup- 
posed to  be  payable  momaitly,  its  value  will  come  out 
equal  to  J ^    rj!L(fl— i~.L)+  ^  "i  .     In  which 


a^    '—   0 


r  — 


.several  formulae,  the  quantities  A,  y,  and  W2  denote  the 

^present  value  of  annuities  certain  for  the  term  ^, 

payable  half-yearly^  quarterly^  and  momently,  on  the 

supposition  that  the  interest  also  is  payable  at  the 

tame  periods  respectively.* 

*  The  followiDg  examples,  given  by  Mr.  Morgan,   wiil  show  (he  real 
difference  thai  arises  \m  tbcse  case*-. 


Value  of  an 
I 

Aiiuuiiy  Kiw 
•it^rmt  4  rer  < 

two  joint  lives,  j 
r»ptU, 

Agef« 

1 

Payable 
Yearly. 

Payable 
Hall-yearlv. 

Payable 
Q'lJi  fieri  y. 

Payable 
Vloinfnily, 

36-36 
36— Ml 
Cl-^61 

1 1  'ill 

10-394 

7-448 

6-144 

10  600 
7673 
6  374 

U-of)6 

10-703 

7-793 

6-617 

U-6:i9 
10-808 

.  7-dbi- 

6-602 
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On  Half-yearly  Sec  Assurances. 

§  358.  By  a  similar  method  of  proceeding  to  that 
which  has  been  adopted  in  the  former  part  of  this 
Chapter  we  might  determine  the  present  value  of 
Assurances  for  every  half-yediT,  quarter-ye^x,  Sc 
of  human  existence.  For,  if  the  number  of  persons 
living  at  the  end  of  i,  1|,  2|,  &c  years  from  the  age 
of  A  be  denoted  by  the  same  quantities  as  in  page 
332,  then  will  the  probabilities  of  such  life  becoming 
extinct  in  the  first,  second,  third  &c,  /i^//"  years,  be 


/  I        t  U        t  H       tt    III 

a  — a    n  — n    a  ~  a    n     n    a  •  i 


respectively  represented  by  .^^      .^^    .^^      ^a  .  ^ia 

8cc  :  consequently  the  present  value  of  an  assurance 
of  the  sum  s  on  the  life  A  for  every  h alf- year  oi 
human    existence    will    be    truly   expressed    by-^ 

Cf  I  in  t         II  >i     Hi  \  ) 

&  359.  In  like  manner,  if  the  number  of  persons 
living  at  the  end  of  ^,  f ,  1^.  &c  years  from  the  age 
of  A  be  denoted  by  the  same  quantities  as  in  page 
334,  then  will  the  probabilities  of  such  life  becoming 

extinct  \n  the  first,  second,  third,  &c  quarter-yedxs, 

t  t         I       ' 

bs  respectively  represented  by -4^,  -STf-^^'-u' 

irL,^^  &c:  censequentlytbe  present  yaluc  of  an 


assurance  of  the  sum  s  on  the  life  A  for  every  quar- 
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er-year  of  human  existence  will  be  truly  expressed 

I  I  I  I  I        41 

a-^a        t^        a — a        .  a — a         »^       a — a      .       a — a 


^^ri+^n       (\+2)k  "^   u+^)j  ^  <'+^>  "^O-h; 


/      n 

»-«,+  &c 


i-H;* 


«       -« 


-T  M  +(1  +8;i  +  (l  +2)1  + 

1+?;  J,  X  ^,_,.^^  _  4  X  ^j_|_^^i_j  X  j^_^^^ 

§  360.  By  continuing  these  subdivisions  we  shall 
nd  that  the  present  value  of  the  same  assurance  on 
le  life  A  for  every  «*  part  of  a  year,  will  be  truly 

tpressed  by-i- '^+(1+3)^-  +  (i+g)  -f  + 


KMl   T 


W,  when  w  is  infinite,  this  formula  becomes  equal 
)    .    ,  ;'g,   ^ —  X  ^f=^:*   and   which    consequently 

2notes  the  value  of  the  assurance  for  every  vioment 
•human  existence;  that  is,  the  value  of  the  given 
jm  to  be  received  immediatelif  on  the  extinction  of 
le  given  life.t 

*  For,  in  suehcase»2[p  +  ';  n— l]is  equal  to  the  Nepcrean  log- 
Ithm  ol  (\+2)-  See  Euler's  Introd  in  AnaU  -Iw/vol.  /,  cliap.  7, 
119;  and  also  what  has  been  said  on  this  subject  in  my  Doc/Wnd  q/ 
^terrst  and  Annuities,  page  43. 

t  Since  t4ie   Neperean  logarithm  of  (l+^J   ^»^^"5  ^"*  '.'^*^®  ^'°" 

-  •— -^  this  last  formula  may  be  rendered  more  convenient  for  practice  by 

.      s^(2^>i        \^qA     _  ,  /,    ,   J^v     1— gM: 
eans  of  the  expression g^^    ^     (14.^)    —  '  (  1  +   2  /^   {i-\-2) 

hich  exceeds  the  value  of  a  yearly  assurance,  deduced  from  the  ruU  in 

.     «2       1— M 
Kc  146.  by  the  quantity  —  x  ^Xq^JJ 
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It  may  be  necessary  to  remark  that  these  values 

are  all  reduced  from  the  true  annual  rate  of  interest; 

which  may  be  reduced   to  the  nominal  tdXe  by  makftfg 

the  substitution  alluded  to  in  the  note  in  page  338. 

On  Lijt  Annuities  secured  by  Land. 

%  301.  A  life  annuity  secured  by  land*  differs 
from  that  kind  of  life  annuity  which  has  been  treated 
of  in  the  preceding  part  of  this  work,  inasmuch  that 
if  the  annuitant  dies  at  any  time  between  the  stated 
periods  for  the  payment  of  the  annuity,  his  heirs  are 
to  receive  such  a  sum  as  will  be  proportional  to  the 
time  elapsed  between  the  last  payment  and  his  death ; 
whereas  in  all  the  cases  hitI.),erto  considered,  if  the 
annuitant  dies  on  the  day  preceding  the  time  of  pay- 
ment, or  sooner,  his  heirs  cannot  claim  any  part  or 
portion  of  the  annuity. 

In  this  case,  supposing  the  annuity  payable  yearly, 
the  annuitant  (since  there  is  the  same  chance  for  hi« 
dying  in  one  half  of  any  year  as  in  the  other)  may 
be  considered  as  having  an  expectation  of  half  a  year's 
payment  more  than  he  would  be  otherwise  entitled  to^ 
But  the  value  of  the  half  of  £1  to  be  received  on  the 
extinction  of  any  life.  A,  is  by  Prob.  XXII  equal  to 

rm-T—.  \  and  which  is*  the  addition  that  ought  to  be 

made  to  the  value  of  an  annuity  payable  yearly,  in 


*  See  on  this  subject,  Podson,  Tol.  iii,  Quet .  1  to  4»  and  t  fo  14.    PHe^ 
▼«].  1,  pagt  224. 
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order  to  obtain  its  value  when  secured  by  land  :  con- 
sequently the  value  of  such  annuity  is  -4  +  t^+o) 

§  362.  In  like  manner,  supposing  the  annuity 
payable  half-yearly,  the  annuitant  may  be  considered 
as  having  an  expectation,  of  a  quarter  of  a  year's  pay- 
ment more  than  he  would  be  otherwise  entitled  to. 
But  the  value  of  the  quarter  of  £1  to  be  received  on 
the  extinction  of  the  life  A  in  any  half  year,  is,  by  the 

formula  in  page  342,  equal  to  [i+ (i  +  g)^3x[i—g^] 

and  which  is  the  addition  that  ought  to  be  made  to 
the  value  of  an  annuity  payable  half-yearly,  in  order 
to  obtain  its  value  when  secured  by  land.  And  so  on 
Ibr  the  additions  that  ought  to  be  made  to  the  value 
rf an  annuity  payable  quarterly  &c.  But  the  dif- 
ference between  the  value  of  an  annuity  payable 
pearly,  not  secured  by  land,  and  the  value  of  an  an 
iuity,  payable  at  the  same,  or  at  any  other  intervals, 
^hich  is  secured  by  land,  can  in  no  case  exceed  •S, 
:>r  half  unity. 


§  363.     M  De  Moivre  in  his  Doctrine  of  Chances, 

page  338,  has  given  a  theorem  for  finding  the  value 

rfan  annuity  secured  by  land  and   payable  yearjy, 

^hich  he  deduced  by  a  differential  process ;  a  method 

-asily  applicable  to  his  hypothesis ;  and  Mr.  Dodson 

in  the  third  volume  of  his  Mathematical  Repository, 

page  ^,  has  given  another  theorem  for  iVval  ^vve^cy3»^ 

2t 
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(obtained  without  the  aid  of  that  calculus)  which 
brings  out  nearly  the  same  answers.*  But  Mr.  Simp- 
son in  his  Select  ExevQises,  page  323,  and  in  the  Sup- 
plement to  his  Doctrine  of  Annuities,  page  70,  Jias 
given  a  theorem  which  shows  the  value,  not  of  an  an- 
nuity payable  yearly  and  secured  by  land,  but  of  an 
annuity  payable  momently  at  a  given  annual  rate  of 
interest. f  The  values  in  all  these  cases  being  ob- 
tained from  M.  De  Moivre's  hypothesis. 


*  M.  De  Moivre's  formula  is  —  — — v^  ^.?  ..    . — r  :  where  «  denotet 

the  Talue  of  an  annuity  certain  for  the.term  a,  payable  yearly.    Now  the  . 
Neperean  logarithm  of  (1  +  2)  is  very  nearly  equal  to  Ji_  :    if,  there- 
fore, we  substitute  this  latter  quantity,  instead  of  NL.(1  4.^^),  theabore 
formula  will  become  «5Z?di±l^;  which  is  the  same  as  that  given  by  Mr. 
Dodson,  and  which  exceeds  the  value  of  an  annuity  not  secured  by  lan<l(8» 

deduced  in  page  316)  by  the  quantity  -iL 

2a 

•t"    Mr.    Simpson's  formula  is    ^ ,    — x^ 

JNL.(i  +  ^)  — a  X  JSIL.(l-f^) 
(i——tn  - 

flv  Nr.  M    I     \i   ^^^ch  is  the  same  as  that  g  iven  in  §  354,  for  deter 

mining  the  value  of  a  life  annuity  payable  momently,  at  a  given  annvM 
rate  of  interest :  but  this  is  certainly  not  a  correct  mode  of  proceeding  in 
order  to  find  the  value  of  an  annuity  secured  by  land. 

Dr.  Price  is  wrong  in  asserting  that  "  Mr.  Simpson  makes  the  excess  of 
"  the  value  of  such  an  annuity,  above  the  value  of  an  annuity  payable  yearly 
**  but  not  secured  by  land,  rfowWe  to  the  same  excess  derived  from  Mr.  Dod- 
"  son's  and  M.  De  Moivre's  rules."     The  truth  is,  that  not  only  Dr.  Price, 

but  Mr.  Simpson  himself,  appear  to  have  been  deceived  by  the  similarity 
of  the  symbols  employed  in  the  two  formula  compared ;  without  sufl£cic»tly 
considering  that  those  symbols  denote  different  quantities* 


u 
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I  would  here  observe  that  the  formulae,  which  I 
have  given  above,  are  the  first  that  have  been  deduced 
from  real  observations ;  and  are  much  more  simple 
than  those  deduced  from^M.  De  Moivre's  hypothesis. 
But  though  theiy  readily  follow,  after  the  investiga- 
tions that  have  been  previously  entered  into;  and 
might  easily  have  been  adapted,  by  preceding 
liters,  to  the  value  of  annuities  as  deduced 
from  such  observations ;  yet  those,  who  have  been 
the  most  forward  to  attack  the  whole  of  M.  De 
Moivre's  principles,  have  not  only  suffered  his  for- 
mulae on  this,  and  on  other  subjectSy  to  remain  uncor- 
rected and  unreproved ;  but  have  inserted  them  in 
their  works  as  affording  a  proper  and  correct  solution 
to  such  cases ! ! ! 
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CHAPTER  XI. 

On  the    Value  of  Deferred  Annuities^  Reversiomrti 
Annuities,  and  Assurances,  in  Annual  Payments. 

%  364.  Xn  all  those  cases  of  deferred  annuities 
mentioned  in  Prob.  I,  cor.  3,  and  in  the  carollaries 
to  the  subsequent  problems,  as  well  as  in  all  cases 
of  Assurances,  I  have  deduced  the  values  of  the  same 
in  one  single  payment :  but  it  is  oftentimes  required 
to  determine  such  values  in  annual  payments.  The 
method  of  doing  which  I  shall  now  proceed  to  show. 

In  the  case  Deferred  annuities  depending  on  any 
number  of  joint  lives  ABC,  the  value  in  one  single 

payment  is  (by  Prob.  I,  cor.  3)  denoted  by  (ABC)^* 
Now,  if  the  purchaser  of  this  annuity  is  desirous  of 
paying  for  the  same  by  equal  annual  payments  during 
the  given  term,*  those  equal  payments  ought  to  be 
such  that  .their  total  present  value  shall  be  equal  to 
the  single  payment  above  mentioned:  or,  in  other 
words,  he  should  pay  instead  of  such  sum  an  equiva- 
lent annuity  during  the  given  term. 

§  365.     Let  the  required  annual  payment  be  de- 
noted by  JO ;  and  let  tiie  value  of  a  temporary  annuity 


*  Such  annual  pkYmcnt!!,  however,  eubject  to  failure  if  the  gireo  llYet 
b«comt  extinct  befort  th«  end  of  that  period. 
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on  the  given  lives  (that  is,  of  an  annuity  to  continue 
till  the  period  when  the  deferred  annuity  commences) 
be  denoted  by  {ABCy  :  then,  since  the  value  of  the 
deferred  annuity,  or  (^ABC)^,  is  to  be  paid  for  by 
equal  annual  payments  during  the  time  such  annuity 
is  deferred  (subject  to  failure  if  any  of  the  given  lives 
become  extinct  in  that  period),  it  is  evident  that  the 
sum  or  value  of  such  payments  must  be  equal  to  the 
value  of  an  annuity,  on  the  given  lives  for  such  time, 
of  the  yearly  value  of  jo :  that  is,  jo  (ABC)^  zz  (ABCy. 

This,  however,  is  on  the  supposition  that  the  first 
annual  payment  is  not  made  till  the  end  of  the  first 
year,  and  continued  at  the  end  of  every  subsequent 
year  till  the  expiration  of  the  term.  But  this  rarely, 
if  ever,  happens :  and  the  usual,  if  not  the  invariable 
tnethod  is  to  advance  the  first  payment  immediately : 
sind  the  remaining  ones  at  the  beginning  of  each  of 
the  following  years :  so  that  the  number  of  payments 
shall  be  equal  to  the  number  of  years  during  which 
the  annuity  is  deferred.  Therefore  (since  the  pay- 
ment which  was  supposed,  in  the  preceding  case,  to 
be  made  at  the  end  of  the  term  is  now  made  at  the 
beginning)  we  must  add  unity  to  the  value  of  a  tem- 
porary annuity  for  one  year  less  than'*  the  given  term : 


*  Dr.  Price,  in  all  the  coses  of  annual  payments  which  he  has  given,  says 
that  we  must  add  unity  to  the  value  of  a  temporary  annuity  for  the  given 
Urm :  by  which  means  he  makes  the  number  of  payments  to  be  one  more 
than  ever  occurs.  The  reader  should  particularly  observe  this  in  comparing 
his  rules  i^ith  tht  formula  here  given. 
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and  this  quantity  multiplied  by  the  annual  payment 
will  be  equal  to  the  value  of  the  deferred  annuity. 
Consequently  the  formula  will,  in  this  case,  become 

pll+  (^ABCy-^]  =  {ABQ^ ;  whence, jt>  =f:p^i 
*  and  whence  the  following  rule. 

§  366.  Divide  the  value  of  the  Deferred  annuiti/, 
by  unity  added  to  the  value  of  a  similar  Temporary  an- 
nuity for  one  year  less  than  the  given  term :  the  quotient 
will  be  the  annual  payment  required. 

For  examples  of  the  use  and  application  of  this 
rule,  see  the  Scholium  .to  Question  VI  in  Chapter  XII. 
^  §  367.  The  same  rule  will  apply  to  the  case  of 
deferred  annuities  depending  on  the  longest  of  two  or 
more  lives :  see  Prob.  II,  cor.  2.  For,  if  the  value 
of  an  aanuity  on  the  longest  of  any  number  of  lives 
be  denoted  by  Z,  then  will  the  value  of  a  similar  ^• 
f erred  annuity  be  denoted  by  {Ly\  and  also  the 
value  of  a  similar  temporary  annuity  for  one  year  less 
than  the  given  term  will  be  denoted  by  (Z)t-i.  Con- 
sequently, from  what  has  been  above  said,  we  shajl 

,  (L)d 

have;?=jqq2F* 

-^-(1  +^)    ^ ;  it  follows  that  the  formula  given  in  the  text  mayb« 

(ABG)^ 
denoted  by   ' f4 .a  .  ^(^\. ---TijWhich  wiUbeoften- 

abc 
times  found  very  conrcnient  in  practice. 
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For  examples  of  the  use  and  application  of  this 
rmula,  see  Question  XI  in  Chapter  XII. 

In  this  case,  however,  it  should  be  particularly 
3served  that  if  the  deferred  annuity  depends  on 
ie  joint  continuance  of  the  given  lives  to  the  end  of 
e  given  term  (as  mentioned  in  Prob.  II,  cor.  3)  the 

)rmula  will  become;?  zi  {:;^^^v 

For  examples  of  the  use  and  application  of  this 
)rmula,  see  the  Scholium  to  Question  XI  in  Chap- 
irXII. 

J  368.  A  similar  method  of  reasoning  will  lead 
s  to  the  true  value,  in  annual  payments  during  the 
ontinuance  of  the  given  lives,  of  any  Reversionary 
nnuity.  Thus,  let  the  value  of  the  reversionary 
nnuity,  mentioned  in  the  first  case  in  page  71,  be 
enoted  by  R ;  then  will  the  value  of  the  same  in 
nnual  payments,  during  the  joint  continuance  of  the 

wo  lives,  he  p  -=.  ^  ,  ^p.    The  same  formula  extends 

Iso  to  the  case  of  Deferred  reversionary  annuities. 

For  examples  of  the  use  and  application  of  this 
3tmula,  see  Scholium  to  Question  XIII,  in  Chapter 
ill :  and  also  Question  XVI II,  and  the  Scholium  to 
Question  XVIII  in  that  chapter. 

But,  if  the  reversionary  annuity  be  Temporary,  or 
br  a  given  term  only,  and  such  annuity  be  denoted 

)y  {K)\  we  shall  have/?  =z  r+(Zp)ri- 

For  examples  of  the  use  and  application  of  this 
brmula,  see  Question  XIX  in  Chapter  Xll- 
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§  369.  The  principles  here  laid  dowa  will  like- 
wise extend  to  all  the  cases  of  Assurances  mentioned 
in  Chapter  VI ;  whether  for  the  whole  continuance 
of  life,  or  for  any  given  term.  For,  if  the  present 
value  of  an  assurance  of  any  given  sum  be  denoted 
by  S,  and  the  present  value  of  a  temporary  assurance 
of  a  similar  sum  be  denoted  by  (SJ- ;  then  will  the 
equivalent  annuity  during  the  joint  continuance  of 

all  the  lives  involved  be,  in  he  first  case,  jt?  n  izrjsG^ 

and  in  the  latter  case  p  zi Ti, 

^      I  +  {ABcy  ^ 

It  is  scarcely  necessary  to  observe,  when  *S  denotes 
the  value  of  an  assurance  on  the  longest  of  any  num- 
ber of  lives,  that  ABC  will  in  such  case  denote  the 
Talue  of  an  annuity  on  the  longest  of  such  lives: 
agreeably  to  what  has  been  said  in  Prob.  XXII,  cor. 
2.  •  And  so  likewise  of  any  other  assurance  there 
alluded  to. 

For  the  use  and  application  of  the  formula,  see 
Questions  XXVI,  XXVII,  and  XXIX  in  Chapter 
XII. 

§  370.  With  respect  to  those  assurances  which 
are  the  subject  of  Chapter  VIII,  the  annual  payment 
may  be  divided  into  three  kinds :  1^  where  such 
payment  is  made  till  the  claim  is  determined:  2°  where 
it  is  made  till  the  sum  becomes  due :  3^  where  the  sum 
becomes  due  at  the  time  the  claim  is  determined. 

Thus  in  Prob.  XXVII,  the  sum  becoming  due  at 
the  same  time  that  the  claim  is  determined,  the  value 


•^  IL  IN   ANK17AI«  PAYM£)rTS.  363 

r  the  annual  payment  is  obtained  by  dividing  the 
ilue  of  the  assurance  by  unity  added^to  the  value 
r  an  annuity  on  the  two  joint  lives  AB :  that  is 

8 


—  l  +  AB^ 

In  Prob.  XXVIII,  the  claimed  is  determined  on  the 
Ktmction  of  the  two  joint  live$:  but  the  sum  does 
at  become  due*  till  the  extinction  of  A's  life.  There- 
►re  the  value  of  the  annual  payment  till  the  claimed 


determined  w\\\  be  p  =  tiTab'  ^^^  *^^  value  of  the 

•  s      ' 

mual  payment  till  the  sum  becomes  due  isp  zz   ^  .  ^  , 

In  Problem  XXIX  the  sum  becomes 'due  at  the 

me  the  claim  is  determined ;  and  consequently  the 

inual  payment  is  equal  to  the  value  of  the  assu-    p 

ince  divided  by  unity  added  to  the  value  of  an  an- 

s 
lity  on  the  three  joint  lives  ABC :  that  is jo  zz  riTABo. 

In  Prob,  XXX  the  claim  is  not  determined,  neither 
3es  the  sum  becoriie  due,  till  the  extinction  of  the 
int  lives  AB,  and  also  of  the  joint  lives  AC.  That 
,  the  annual  payment  must  be  made  during  the  con- 
tiuance  of  the  joint  lives  AB,  and  likewise  during 
le  continuance  of  the  joint  lives  AC  after  the  decease 
'B.  The  two  values  will  be  found  equal  to  AB  + 
C—  ABC:  consequently  we  shall  have  in  this  case 


s 


^'\'AB-i'AC—ABC' 

In    Prob.   XXXI   the  annual  payment,    till  the 

*  That  is,  provided  the  claim  is  determiaed  in  favour  of  the  person  as* 
ing :  and  this  must  be  understood  in  all  these  cases. 

4z 
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(Sh.lt 


claim  is  determined,  will  be  the  same  as  in  the  last 
problem  :  but  the  value  of  such  payment  till  the  sum 


s 


becomes  due  is  evidently  pzi:  i  -f-^. 

In  a  similar  manner  we  might  proceed  with  respect 
to  the  remaining  problems  in  Chapter  VIII:  but 
enough  has  here  been  said  to  enable  the  reader  to 
determine  the  annual  payment  in  any  other  case, 
either  of  annuities  or  assurances,  that  may  arise  in 
practice :  I  therefore  shall  not  detain  him  with  any 
further  remarks  on  this  subject* 


K  A    (2k>  .1<^  »racticax.  .qumtip^^.  ^5^ 


CHAPTER  XII. 

Practical  Questions  to  illustrate  the  Use  of  sa^e  4ff 

the  preceding  Proble^ns. 

QUESTION  I. 

§  371.  Xo  find  the  probability  that  a  life  or  liyes, 
of  any  given  age,  will  continue  in  being  to  the  end 
of  any  given  term ;  according  to  any  given  table  of 
observations. 


SOLUTION. 


In  the  case  of  a  single  life,  this  probability  is  a 
fraction  whose  denominator  is  the  number  of  persons 
living  at  the  given  age ;  and  whose  numerator  is  the 
number  of  persons  living  at  an  age  older  by  the  given 
term  than  the  given  age. 

In  the  case  oi joint  lives  it,  is  the  product  of  the 
probabilities  that  each  of  the  single  lives  shall  con- 
tinue in  being  to  the  end  of  the  given  term.     See  §  23. 

E^vample  1.  The  probability  that  a  person,  whose 
age  is  20,  shall  attain  to  the  age  of  50,  or  live  30 
years,  is,  according  to  the  observations  of  M.  De 
Pi^cveMr'as  g^en  la  Tjible  III,  eq[ual  to  iH.    Aud 
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the  probability  that  a  person,  whose  age  is  40,  shall 
attain  to  the  age  of  70,  or  live  30  years,  is,  according 
to  the  same  observations,  equal  to  IM. 

But  the  probability  that  both  those  persons  shall 
live  to  the  end  of  30  years  is  equal  to  Mi  multiplied 
by  m:  that  is,  equal  to  m\hh 

Example  2.  The  probability  that  a  man  aged  46 
shall  attain  to  age  of  56,  or  live  10  years,  is  according 
to  observations  made  in  Sweden  as  given  in  Table  XIV, 
equal  to  ff&4.  And  the  probability  that  a  woman 
aged  40  shall  attain  to  the  age  of  50,  or  live  10  years, 
is,  according  to  the  same  observations,  equal  to  JfU. 

But  the  probability  that  both  those  persons  shall 
live  10  years  is  equal  to  f^f  multiplied  by  i^ff :  that 
is,  equal  to  iMM?f . 

Example  3.  The  probability  that  each  of  three 
lives  aged  20,  30,  atid  40  shall  live  15  years,'  is,  ac- 
cording to  the  observations  made  at  Northampton^  as 
given  in  Table  XXV,  equal  to  im,  IMf,  and  m 

respectively.  ' 

^^  • 

But  the  probability  that  all  those  lives  shall  continue 

so  long  is  equal  to  the  product  of  the  three  fractions 

into  each  other:  whence,  such  probability  will  be 

denoted  by  MIMf  ll^^«- 

SCHOLIUM. 

§  372.     Having  thus  found  the  probability  that 
any  single  or  joint  lives  will  continue  ia  being  to  the 


) 
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of  any  given  term,  we  may  readily  determine 
probability  that  one  or  the  other  of  them  will  live 
0Dg»  For,  in  the  case  of  two  lives,  the  proba- 
:y  here  alluded  to  will  be  equal  to  the  diffei^ence 
^een  the  probability  that  the  joint  lives  will  con- 
ic to  the  end  of  term  and  the  sum  of  the  proba- 
ties  that  each  of  single  lives  will  continue  so  long. 


'hus,  in  the  first  example,  the  probability  that  one 
ther  of  two  lives,  aged  20  and  40,  will  continue 
j^ears  is  equal  to  fHH§  subtracted  from  ^Wr^  (or 
1  the  sum  of  the  two  quantities  Mi  and  iW)  :* 
eh  leaves  |f2?U  for  the  probability  required. 

Lnd  the  probability  that  one  or  other  of  the  two 
s,  mentioned  in  the  second  example,  will  con- 
e  10  years,  is  equal  to  iHtiiSl  subtracted  from 
M,a  (or  from  the  sum  of  two  quantities  MM  and 
)  :  which  leaves  iff HiSf  for  the  probability  re* 
ced. 

n  like  manner  the  probability  that  some  one  or 
3r,  out  of  three  given  lives,  will  continue  to  the 


These  fractions,  reduced  to  a  common  denominator,  are  j§^^^  and 
[-|f ,  the  sum  of  which  is  equal  to  Ifiyf  J*  ^^^  ^^  '^  tedious  to  oper- 
1  this  way,  and  I  have  adopted  it  in  the  present  instance  for  the  sake  of 
ration  only.  The  best  method  of  finding  the  probabilities,  both  for 
e  and  joint  lives,  is  by  means  of  logarithms  :  and  I  would  here  observe 
the  logarithm  of  the  denominator  subtracted  from  the  logarithm  of  the 
irator  will  give  the  logarithm  of  the  probability  required :  which 
Ithm  will  always  have  a  negative  index. 
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end  of  any  given  term,  is  found  by  subtracting  the 
sum  of  the  probabilities  that  each  pair  of  joint  liveB 
will  continue  so  long,  from  the  sum  of  the  proba* 
bilities  that  each  single  life  and  that  the  three  joint 
lives  will  continue  the  given  time  :  agreeably  to  the 
principles  laid  down  in  Prob.  II.* 

QUESTION  II. 

§  373.  To  find  the  expectation  of  any  given  life 
(or  lives)  receiving  a  given  sum,  at  the  end  of  any 
given  term. 

SOLUTION. 

Multiply  the  present  value  of  the  given  sum  by 
the  probability  that  the  given  life  (or  lives)  will  con- 
tinue to  the  end  of  the  given  term :  the  product  will 
be  the  answer  required.     See  the  note  in  page  44. 

Example  1.  What  is  the  present  value  of  £lJo 
be  received  at  the  end  of  30  years,  provided  a  per- 
son, now  aged  20,  be  then  alive:  interest  being 
reckoned  at  4|-  per  cent,  and  the  probabilities  of 
living  as  observed  by  M.  De  Parcieux  ? 


*  I  shall  here  mention,  Ijy  way  of  note,  that  the  probability  that  any  W 
cut  of  three  given  lives  will  continue  to  the  end  of  any  given  term,  is  equal 
to  twice  the  probability  that  the  three  joint  lives  shall  continae  the  gi«W 
time,  subtracted  from  the  sum  of  the  probabilities  that  each  panrof  fohit 
lives  shall  continue  ihe  same  period :  agreeably  to  what  has  been'i 
the  inveitigation  of  Prob.  III. 
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The  present  value  of  £1  to  be  received  at  the  end 
of  30  years,  without  any  contingency,  is  by  Table 
LVIII  equal  to  -26700  ;  and  the  probability  that  a 
person  aged  20  will  live  30  years  is,  by  the  preceding 
Question,  equal  to  ifi.  therefore,  these  two  quan- 
tities multiplied  together*  will  produce  '1906  for  the 
value  required. 

In  like  manner  the  expectation  of  receiving  that 
sum  at  the  end  of  the  same  period,  provided  a  per- 
son, aged  40,  lives  so  long,  is  equal  to  H^  multiplied 
by  •26700;  which  produces  •12598  for  the  value  in 
this  case  required. 

But,  if  the  expectation  depended  on  both  those 
lives  continuing  to  the  end  of  the  term ;  then  iHiiS» 
multiplied  by  -26700,  will  produce  -08992,  for  the 
value  required.- 

And,  if  it  had  depended  on  either  of  those  lives 
contiauing  to  the  end  of  the  term,  tl^en  HiHi  (or  the 
value  found  by  the  Scholium  in  page  357)  being 
multiplied  by  -26700  will  produce  -2-2663  for  the 
value  of  the  expectation  in  such  case  required. 

Example  2.  A  man  aged  46  will  at  the  expira- 
tion of  a  lease,  which  has  10  years  to  run,  be  entitled 
to  a  fine  of  f  1,|  provided  he  be  then  alive  :  what  is 

*  Tlie  method  of  multiplying  a  vulgar  fraction  by  a  decimal  fraction  18,  to 
multiply  the  decimal  by  the  numerator  of  the  vulgar  fraction,  and  to  dividt 
Uit  product  by  the  denominator  of  the  same. 

^  I;  have  taken  the  fine  equal  to  on€  pound,  because  the  quantities  which 
HpieU  from  this  assumption  will  be  often  referred  to  in  the  course  of  the 
pQM^lt  chapter :  bat,  it  is  easy  to  see  that  the  answer  here  obtained,  being. 
Multiplied  by  any  other  fine  would  give  the  preseiit  yalut  of  such  eth«r~ 
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his  expectation  of  receiving  the  same  :  interest  being 
reckoned  at  4  per  cent,  and  the  probabilities  of  liv- 
ing as  observed  in  Sweden  ? 

The  present  value  of  £1  certain  to  be  received  10 
years  hence  is,  by  Table  LVllI,  equal  to  '67556; 
and  the  probability  that  a  man  aged  46  will  live  10 
years  is,  by  the  preceding  question,  equal  to  UH: 
therefore  these  two  quantities  multiplied  together 
will  produce  '52406  for  the  value  required. 

Had  the  fine  depended  on  the  life  of  his  wife  aged 
40,  then  Wsi  multiplied  by  -67556,  will  produce 
•57479  for  the  value  in  this  case  required. 

But  had  it  depended  on  their  joint  lives  continu- 
ing to  the  end  of  the  given  term,  then  illiHH  mul- 
tiplied by  '67556,  will  produce  '44589  for  the  value 
in  such  cas^  required. 

And  had  it  depended  on  either  of  those  lives  con- 
tinuing so  long,  then  ilMHJf  multiplied  by  -67556 
will  produce  '65296  for  the  value  in  this  case 
required. 

SCHOLIUM. 

§  374.  By  means  of  the  general  solution  here 
given  may  be  determined  all  questions  relative  to  the 
value  of  such  sums  as  ought  to  be  given  for  the 


fine.  Thus,  if  the  fine  were  ^100,  the  present  value  of  the  same,  if  de- 
pending on  the  life  of  the  man,  would  be  equal  to  52*496  or  £52  : 8 : 1 ; 
and,  if  depending  on  the  life  of  the  w/>man,  would  be  equal  to  57*479  or 
«7:9:7. 
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Endowments  of  Children.  Thus,  suppose  a  person 
has  a  son  aged  11,  for  whom  he  wishes  to  secure 
£100  on  his  coming  of  age ;  the  sum  which  he  ought 
to  pay  down  for  the  assurance  of  the  same  (reckon- 
ing interest  at  6  per  cent,  and  the  probabilities  of 
living  as  according  to  M.  De  Parcieux)  is  equal  to 
m  multiplied  by  61-391;  which  produces  56-744, 
or  £56  :  14  :  10  for  the  answer  required. 

In  the  table  of  rates  published  by  the  Globe  As- 
surance Company,  and  by  the  Provident  Institution*, 
the  sums  demanded  for  the  Endowments  of  Children 
are  in  general  full  as  much  as  (and  from  the  ^ge  of 
9  years  and  upwards  are  even  more  than)  the  present 
values,  at  5  per  cent,  of  £100  certain  to  be  received 
at  the  end  of  the  given  term  without  any  contingency^ 
For,  instance  £62  : 1 1  : 2  is  required  in  ready  money 
by  the  Globe,  and  £62  by  the  Provident,  for  the 
payment  of  £100  on  the  event  of  a  child,  aged  11^ 
arriving  at  the  age  of  2 1  years :  whereas  either  of 
these  sums  put  out  to  interest  at  5  per  cent  would 
amount  to  more  than  £100  at  the  end  of  that  period, 
without  the  liability  to  loss  in  case  the  child  should 
happen  to  die  before  that  time ! ! !  No  person  can, 
I  think,  be  so  blind  to  his  own  interest  as  to  risk  his 
money  in  this  absurd  way. 


*  The  other  Companies  have  not  published  their  rates  for  the  Endowr- 
meats  of  Children :  hut,  from  the  similarity  of  most  of  the  rates  at  the 
Various  Offices,  we  may  conclude  that  there  is  no  great  difference  on  thii 
IK>int. 

4a  J 


^ 
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QUESTION  III. 

§  376.  To  tind  the  value*  of  an  annuity  on  any 
Single  life. 

SOLUTION. 

This  value  is  determined  by  inspection :  for,  iq 
eithet  of  the  Tables  which  show  tli^e  values  of  an- 
nuities on  any  single  life,  we  shall  find  the  value 
rpquir^d  set  down  against  the  age  of  the  giv^n  life, 
^GCQxA^ng  to  the  several  rates  of  interest  at  the  tpp 
of  each  column. 

Ex'ample  I.  The  value  of  an  annuity  op  a  li^e 
aged  20,  reckoning  interest. s^t  4|  per  cent,  and  the 
probabilities  of  living  as  observed  by  M.  De  Par- 
ckuv,  is,  by  Table  V,  equaj  to  16-624 ;  pr  about  16| 
y^ars  purchase.! 


-  *  By  the  wUue  of  fto  annuity  I  mean  the  nunAer  of  year 9,  fmrdUi9  tbl^ 
svioh  annuity  is: If ojrth  :  agreeably  to  wh^  L  hp.Ye. already  9bsierve4  ia  tbe, 
note  in-  page  27  i  and  a^  this  mode  of  expression  is  used  in  all  the  subsje- 
quent  questions,  it  will  be  necessary  to  bear  this -observation  in  mind. 

*"  t  The  number  of  years  purchdie  being  multiplied  by  the  annuity  wfll 
gite  the  total  present  value  of  the  same i  Thus^  if  the  annuity  in  tlUfle-' 
sent  instance  were  £50  per  annum  :  tlve^  16'624  multiplied  by  50  wcMili 
give  831*200,  or  £831  :  4 : 0  for  the  value  of  the  same.  Or,  if  the  annuity 
had  been  £4  :  10  :  0  per  annum  ;  then  16*624  multiplied  by  4-6  would  giw 
74*808  or  £74  :  16- :  2  for  the  value  in  this  case  required.  This  method  is 
univer^t^l,  and  applies  to  all  cases  of  annuicies,  whether  present  or  in  rever- 
aM>P  ;  whether  temporary  or  deferred  :  and  therefor^  it  wi]Jl  be  su^ie(it,iii 
all  the  subsequent  examples^  to  deduce  the  value  of  an  annoity  of  0M 


etu.  8.  PRACTICAL    dUBSTIOVS.  303 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  14*254.  Or  had  the  rate  of  in- 
terest been  in  each  case  5  per  centj  the  values  would 
have  been  equal  to  15*469  and  13*459  respectively, 

Ed'ample  2.  The  value  of  an  annuity  on  the  life 
of  a  man  aged  46,  reckoning  interest  at  4  per  cent 
and  the  probabilities  of  living  as  observed  in  Sweden 
is,  by  Table  XVI,  equal  to  12*297  ;  or  rather  more 
than  12^  years  purchase. 

Had  the  annuity  been  on  the  life  of  a  woman  aged 
40,  the  value  would  have  been  equal  to  14*401.  Or 
had  the  rate  of  interest  in  each  case  been  6  per  cent, 
the  values  would  have  been  11*153  and  12'856  res- 
pectively. 

QUESTION  IV. 

§  376  To  find  the  value  of  an  annuity  on  two 
Joint  lives 


poand  per  annum :  or,  on  other  words,  to  find  tlie  nuMber  of  year* 

Havino^  thus  found  the  number  of  years  purchase  that  ought  to  be  given 
for  an  annuity,  we  may  readily  determine  the  annuity  that  ought  to  be  given 
tor  any  given  sum  invested,  merely  by  dividing  such  sum  by  the  nnmber  of 
jrears  purchase.  Thus,  if  a  person  wished  to  lay  out  £^00  in  the  purchase 
of  such  an  annuity  as  the  one  mentioned  in  the  text,  the  annuity  which  he 
>ught  to  receive  for  that  money  will  be  found  by  dividing  4000  by  16624^ 
whence  240*61 6,  or  £240  :  12  :  4  will  be  the  annuity  required.  This  me- 
thod is  likewise  universal,  and  therefore  it  will  be  unnecessary  to  repeat  it 
in  any  of  the  subsequent  cases.  The  same  principles  will  apply  to  tbi9 
raUie  of  r«vefilioair^  sumffT;  for  #hicti.  i^  Question  XXVII. 
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SOLUTION . 

Look  in  the  Tables  which  show  the  values  of  an- 
nuities on  two  joint  lives  of  all  ages ;  and  if  the  two 
lives  have  the  same  common  age,  or  if  their  difference 
of  age  comes  within  the  limits  of  those  tables,  the 
value  of  an  annuity  on  their  joint  continuance  will 
be  found  expressed  therein. 

Example  I.  The  value  of  an  annuity  on  two  joint 
lives  aged  20  and  40,  interest  being  reckoned  at  4|- 
per  cent,  and  the  probabilities  of  living  as  observed 
by  M.  De  Parcieux,  is,  by  Table  IX,  equal  to  12*545 ; 
or  rather  more  than  \2^  years  purchase. 

Had  both  the  lives  been  20  years  of  age,  the  value 
would  have  been,  by  Table  VI,  equal  to  14*004:  or, 
had  they  been  both  40  years  of  age,  the  value  would 
have  been  11-710. 

Example  2.  The  value  of  an  annuity  on  the  joint 
lives  of  a  man  aged  46  and  his  wife  aged  40,  reck- 
oning interest  at  4  per  cent  and  the  probabilities  of 
living  as  observed  in  Sweden,  is,  by  Table  XVIII, 
equal  to  10-286. 

Had  both  the  lives  been  40  years  old  the  value 
would  have  been,  by  Table  XVII,  equal  to  10-964: 
or,  had  they  been  both  46  years  old,  the  value  would 
have  been  9-736-* 

*  The  values  of  annuities  on  the  joint  lives  in  Tables  XVII  to  XXIV  are 
deduced  from  the  probabilities  of  living  amongst  males  and  females  edttBC' 
tively:  and  therefore  do  not  show  the  true  values  of  annuities  on  two  joint 
lives,  one  of  which  is  a  male  and  the  other  a  female*  Tables  formed  upon 
this  lattpr  principle  are  still  a  desideratum*    See  the  example  in  page  dS. 
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ad  the  value 

§  377.     U  the  di^  i  f^  ^^'  ^' 

^lives  is  any  number  A      ^  ^  ^  ^^ 

ihe  required  value  ma  ^  <?^  ^  -^ 

of  the  following  rule. '  ^  ^  /  ^  .*^^ 

Find,  by  the  tables,  the  "^  ^  ^.4"^^ 

joint  lives  whose  difFerenct>  '^  J? 

but  at  the  same  time  nearest  to,  i*.  "* 

between  the  proposed  lives ;  and  the  oiv. 
is  of  the  same  age  with  the  oldest  of  the  p» 
lives:     Find  also,  by  the  same  tables,  the  value  x. 
an  annuity  on  two  joint  lives  whose  diflFerence  of  age 
is  the  nea^t  less  to  that  just  mentioned ;  and  the  oldest 
of  which  is,   in  like  manner,  of  the  same  age  with 
the  oldest  of  the  proposed  lives.     Then  will  the  If, 
2^^  3rd^  g^^^  arithmetical  mean*  between  the  least 
and  the  greatest  of  these  two  values  be  the  value 
required ;  according  as  one  of  the  proposed  lives  is  1 , 
2,  3,  &c  years  younger  than  the  younger  than  the 
other. 

*  The  tables  for  the  values  of  annuities  on  two  joint  h'ves,  according  to 
ihe  Northampton  observations,  are  the  only  ones  where  the  difference  of 
age  is  so  small  as  five  years.  In  the  tables  deduced  from  the  observations 
in  Sweden,  the  difference  of  age  is  sijf  years  :  and  in  those  deduced  from 
the  observations  of  M.  De  Parcietuvy  the  difference  of  age  is  ten  years. 
Ccnsequently  the  1st,  2nd,  3rd,  &c  arithmetical  mean  between  the  least  and 
greatest  of  any  two  values,  according  to  the  Northampton  tables,  will  be 
equal  to  the  least  value  increased  by  1,  2,  3,  &c  fifths  of  their  difference  : 
but  according  to  the  Swedish  tables,  it  will  be  equal  to  the  least  value  in- 
creased  by  1,  2,  3,  &c  sijeths  of  iheir  difference  :  and  according  to  the  tables 
of  AT.  De  Parcteux,  it  will  be  equal  to  the  least  value  incteased  by  1,  2, 3, 
&c  tenths  of  their  difference. 
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H .  Let  it  be  required  to  find  the  value 
Look  in  ^^y  ^^  ^^^  joint  lives  aged  32  and  60;  at 
nuities  o^^  "^^  P^^  ^^^^^  interest,  and  according  to  the 
jjyggjj^lities  of  lifeas  observed  by  M.  De  Parcieuxt 
of  aj^^  difference  of  age  which  is  greater  than  the 
yg^jirfirence  between  these  lives,  but  at  the  same  time 
-yjarest  to  it,  is  20 :  and  the  value  of  an  annuity  on 
/two  joint  lives  whose  difference  of  age  is  20  years, 
/  and  the  oldest  of  which  is  of  the  same  age  with  the 
oldest  of  the  proposed  lives  (that  is,  the  value  of  ark 
annuity  on  two  joint  lives  aged  30  and  60)  is,  by 
Table  IX,  equal  io  10-611.  And  the  value  of  an 
annuity  on  two  joint  lives  whose  difference  of  age  \t 
next  less  to  20  (that  is,  whose  difference  of  dge  is 
10  years)  and  the  oldest  of  which  is  of  the  sanie  age 
with  the  oldest  of  the  proposed  lives  (that  is,  the 
value  of  an  annuity  on  two  joint  lives  aged  40  and  50) 
is,  by  Table  VIII,  equal  to  10^274.  Therefore, 
these  being  the  values  of  an  annuity  on  two  joint  lives 
aged  30  and  50,  and  on  two  joint  lives  aged  40  and 
50 ;  it  is  evident  that  the  value  of  an  annuity  on  two 
joint  lives,  aged  32  aud  50,  will  be  nearly  equal  to 
the  least  of  these  two  values  increased  by  8  tenth  of 
the  difference  between  them :  or  (which  is  the  same 
thing)  equal  to  the  greatest  value  diminished  by  2 
tenths  of  their  difference.  Now,  the  difference  be- 
tween these  values  is  equal  '337;  o/2e  tenth  of  which 
is  equal  to  -0337,  and  two  tenths  are  therefore  equal 
to  -067.  Consequently  10-611,  diminished  by -067, 
WiYi  leave  10*544  for  the  value  required  of  annuity 
on  the  two  joint  lives  tiged.  a*i  ^x\^  5iQ. 
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Example  2.     Let  it  be  required  to  find  the  value 
an  annuity  on  two  joint  lives  aged  20  and  60 ;  at 
3  rate  of  4  per  cent  interest,  and  according  to  the 
^b^bilities  of  living  as  observe^  in  Sweden  t 
The  difference  of  age  which  is  greater  than  the 
Jl^rence  between  these  lives,  but  at  the  same  time 
arest  to  it,  is  42  :  and  the  value  of  an  annuity  on 
0 joint  lives  whose  difference  of  age  is  42  years, 
d  the  oldest  of  which  is  of  the  same  age  with  the 
iest  of  U)e  proposed  lives  (that  is,  the  value  of  an 
muity.on  two  joint  lives  aged  J  8  and  60)  is,  by 
i.We  XXIV,  equal  to  8-208.    And  the  value  of  an 
ipuity  on  two  joint  lives  whose  difE?nence  of  age  jsj 
Shears  leiss.  than  40,  8(.  the  oldest  of  which  is  likewise, 
tjiie  §^me  age  with  the  oldest  of  the  proposed  lives 
M is,  the  value  of  an  annuity  on  t w,o  join t  lives  aged 
vM    60)   is,  by  Table  XXIll,  equaV  to  8:097. 
lerefore,  these  being  values  of  lan  annuity  on  .tw^c^ 
iftt  lives,  aged  18  and  60,  and  on  two  joint  liv^es 
;ed  24  and  60;  it  follows  that  the  value  of  an  an- 
lity  on  the  two  joint  lives  20  and  60  will  be  nearly: 
ual  to  the  least  of  these^two  valuer  increased  ^y 
shths  of  the  difference  between  them.     Now,  their, 
Terence  being  equal  to  •  11 1,  it  follows  that  one  sixth 
J^uch  difference  will  be  'OlS^  ;  and/owr  sixths  ufi 
2h  difference  will  be  '074 :,  which  being  added  to 
)97  will  give  8*171  for  the  required  value  of  an  an* 
ity  on  the  two  joint  lives  aged  20  and  60. 
Example  3.    What  is  the  value  of  an  annuity  on  two 
nt  lives  aged  26  and  60 ;  reckoning  inter iei^t  at  5 


368  PEACTICAL    QUESTIONS.  Ch.  12. 

per  cent  and   probabilities  of  life  as  observed  at 
Northampton  ? 

The  difference  of  age  which  is  greater  than  the 
diflFerence  between  these  two  lives,  but  at  the  same 
time  nearest  to  it,  is  35 :  and  the  value  of  an  annuity 
on  two  joint  lives  whose  difference  of  age  is,  35,  and 
the  oldest  of  which  is  equal  to  the  oldest  of  the  pro- 
posed lives  (that  is,  the  value  of  an  annuity  on  two  . 
joint  lives  aged  25  and  60)  is,  by  Table  XXXV 
equal  to  7 '383.  And  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  5  years  less 
than  35,  and  the  oldest  of  which  is  also  of  the  same 
age  with  the  oldest  of  the  proposed  lives  (that  is, 
the  value  of  an  annuity  on  two  lives  aged  30  and  60) 
is,  by  Table  XXXIV.  equal  to  7-292.  Therefore, 
these  being  the  values  of  an  annuity  on  two  joint 
lives  aged  25  and  60,  and  on  two  joint  lives  aged  30 
and  60 ;  it  follows  that  the  value  of  an  annuity  on 
the  two  joint  lives  26  and  60  will  be  nearly  equal 
to  the  least  of  these  values  increased  by  4  ^fths  of 
the  difference  between  them  :  or  nearly  equal  to  the 
greatest  of  these  values  decreased  by  \Jifth  of  their 
difference.  Now,  this  difference  being  -OQl,  it  is 
evident  that  one  fifth  of  it  is  equal  to  -018;  which 
being  deducted  from  7*383,*  will  give  7*365  for  the 
value  required  of  an  annuity  on  the  two  joint  lives 
26  and  60. 

§  378.     Since  the  tables  of  the  values  of  annuities 

t  Or  we  may  udd  four  fifths  to  the  least  value,  which  would  give  the 
i^me  result. 
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two  joint  lives  according  to  the  obseiTations  of 
.  De  Farcieux  are  calculated  on!y  for  such  lives 
ose  difference  of  age  is  ten  years,  it  is  evident  that 
;  method  just  laid  down  (for  determining  the 
ues  of  annuities  on  two  joint  Jives,  whose  dif- 
3nce  of  age  is  any  intermediate  number)  will  not 
quite  so  correct  as  from  those  tables,  calculated 
jording  to  the  observations  of  life  in  Sweden,  where 

difference  of  age  is  sLv  years.  Neither  will  these 
:er  ones  show  the  value,  for  such  intermediate 
58,  so  correctly  as  the  tables  calculated  according 
:he  observations  of  life  at  Northampton,  where  the 
erence  of  age  is  Jive  years.     In  neither  case  will 

error  be  very  considerable:  but  in  the  latter  case 
ticularly  (where  the  tables  show  the  values  sf  an- 
tics on  two  joint  lives  of  all  ages  whose  difference 
lOt  more  than  5  years)  the  error  is  so  trifling  as  to 
not  worth  considering.  This  will  evidently  ap- 
X  from  the  following  comparison  (given  by  Dr. 
ce  in  his  Observations  on  Reversiona?^  Payments, 
.  2,  page  359,)  of  the  values  of  annuities  on  two 
it  lives  of  the  ages  therein  mentioned,  deduced 
n  the  Northampton  observations,  interest  at  3  per 
t. 


Ages, 

Value  by  Rule. 

Correct  Value. 

18     14 

14-972 

14-978 

18—15 

14-858 

14-864 

18—16 

14-744 

14-744 

18—17 

14-630 

14-626 

45     31 

10-862 

10-869 

45—32  , 

10-802 
4b 

10-811 
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Ages.  Value  by  Rule.         Correct  Value. 

45—33  10-742  10-751 

45-34  10.682  10-688 

66—27  7-092  7-095 

66—28  7-076  7-080 

66—29  7-060  7-063 

66—30  7-044  7-046 

In  the  higher  rates  of  interest  the  agreement  is 
greater. 

Dr.  Price  was  enabled  to  make  this  comparison  by 
the  Tables  in  the  office  of  the  Equitable  Societj/; 
where,  in  order  to  lay  the  foundation  of  accuracy  in 
conducting  the  business  of  the  office,  it  has  been 
thought  necessary  to  compute  minutely  to  four  places 
of  decimals  the  values  by  the  Northampton  obser- 
vations, at  three  per  cent,  of  two  joint  livesybr  everij 
possible  difference  of  age. 

§  379.  When  one  of  the  given  lives  is  under  10 
years  of  age,  we  ought  in  deducing  the  values  agree- 
ably to  this*  rule,  to  attend  particularly  to  the  order 
of  the  difference  between  the  values  taken  from  the 
Tables  :  that  is,  to  observe  whether  such  difference 
is  zwcreasing  or  decre^.s\ng.  For  instance,  suppose  it 
is  required  to  determine  the  value  of  an  annuity  on 
two  joint  lives  aged  9  and  30,  interest  at  3  per  cent, 
and  the  probabilities  of  living  as  at  Northampton: 
the  rule  directs  us  to  find  the  value  of  an  annuity  on 
two  joint  lives  aged  5  and  30,  and  on  two  joint  lives 
10  and  30,  which  are  respectively  equal  to  13-762 
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Qd  14-150;  and  that  -078  (or  one  fifth  of  the  differ- 
3ce  between  them)  being  subtracted  from  the  latter 
ilue,  will  give  14*072  for  the  value  of  an  annuity  on 
.^o  joint  lives  aged  9  and  36.  But  tKe  following 
►mparison  will  show  this  to  be  incorrect :  for  if  we 
ke  out  the  values  of  annuities  on  the  several  joint 
'^es  as  under,  viz. 

5—30  n  13-762 

10—30=  14-150 

15—30=  13-734 

20—30  =  13-286 

25—30  =  12-966 

30—30  =  12-589 
will  be  seen  that  (beginning  at  the  bottom)  the 
lues  gradually  mcrease  till  we  come  to  the  age  of 
I  and  30 ;  and  therefore  that  the  value  of  an  annuity 
any  two  joint  lives,  one  of  which  is  30  years  of 
e  and  the  other  of  any  age  between  10  and  30,  will 
!  deduced  accurately  enough  by  means  of  the  rule 
ove  given.  And  this  also  would  be  the  case  with 
spect  to  the  value  of  annuities  on  any  two  joint  lives, 
e  of  which  is  30  years  and  the  other  of  any  age  be- 
V  10  years  of  age,  provided  the  decrease  commenced 
actly  at  the  age  of  10  years  ;  but  it  is  probable  that 
e  decrease  does  not  begin  to  take  place  till  about  the 
int  ages  of  8  and  30 ;  *  and  consequently  that  the 
ilue  of  an  annuity  on  two  jdnt  lives  aged  9  and  30 

*  The  period,  at  which  this  decrease  commences,  varies  according  to  the 

e  of  interest  and  according  to  the  dif  e;  ence  between  the  ages  of  the  twa 
es. 
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is  greater  than  14-150,  instead  of  being  less.  The 
proper  method  therefore  of  finding  the  value  of  an 
annuity  on  the  two  joint  lives  aged  9  and  30  \yill  be 
to  take  -OSS  (or  one  fifth  of  the  difference  between 
14-150  and  13-734)  and  add  it  to  14-150:  which 
will  give  14-233  for  the  value  of  an  annuity  on  the 
two  joint  lives  aged  9  and  30.  These  cases  have 
never  yet  been  noticed  by  any  preceding  writer; 
although  they  frequently  occur  in  practice. 


QUESTION  V. 

§  380.  To  find  the  value  of  an  annuity  on  three 
Joint  lives. 

SOLUTION. 

Look  in  Tables  XLIII  and  XLIV ;  and  if  the  three 
lives  have  the  same  common  age,  or  if  their  difference 
of  ages  be  10  and  20  years,  the  value  of  an  annuity 
on  their  joint  continuance  will  be  found  expressed 
therein. 

Ex^ample.  The  value  of  an  annuity  on  three  joint 
lives  aged  20,  30  and  40,  reckoning  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  at  North- 
ampton, is  equal  to  8.986 :  but  had  all  the  lives  been 
20  years  of  age,  the  value  would  have  been  equal  to 
10-342;  or  had  they  all  been  40  years  of  age,  the 
value  would  have  been  equ&l  to  7-865. 
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SCHOLIUM. 

§  381.  It  unfortunately  happens  that  the  two  tables 
above  mentioned  are  the  only  ones,  that  have  been 
published,  for  determining  the  values  of  annuities  on 
three  joint  lives.  The  labour  of  computing  such  ta- 
bles is  so  very  great,  and  the  combinations  of  ages 
are  so  various,  that  it  will  probably  be  a  long  time 
before  any  person  will  undertake  to  finish  what  has 
been  here  begun:  and  till  that  is  the  case  we  may 
make  use  of  the  following  general  and  very  easy 
rule,  given  by  Mr.  Simpson,  for  finding  the  values 
Df  annuities  on  any  three,  from  the  values  on  any 
two,  joint  lives, 

*•  Let  A  be  the  youngest,  and  C  the  oldest  of  the 
"  three  proposed  lives.  Take  the  value  of  an  an- 
**  nuity  on  the  two  joint  lives  B  and  C,  and  find  the 
*'  age  of  a  single  life  D  of  the  same  value.  Then 
*'  find  the  value  of  an  annuity  on  the  two  joint  lives 
**  A  and  D,  which  will  be  the  value  required." 

Example.  What  is  the  value  of  an  annuity  on 
three  joint  lives  aged  10,  20,  and  30;  interest  at  4 
per  cent,  and  the  probabilities  of  living  as  at  North- 
ampton?* 

The  value  of  an  annuity  on  the  two  joint  lives 

*  It  will  readily  appear  that  we  can  obtain  the  values  of  annuities  on 
ttrec  joint  lives  more  correctly  from  the  Northampton  tables  of  two  joint 
lives,  than  from  any  other  observations ;  because  they  are,  as  yet,  the  most 
comprehensive,  and  include  the  greatest  variety  of  combined  ages. 


374  PRACTICAL   QUESTIONS.  Ck.  12. 

aged  20  and  30  is,  by  Table  XXX,  equal  to  1 1-873; 
which,  being   compared  with  the  values  in  Table 

XXVII,  will  be  found  equal  to  the  value  of  an  an- 
nuity on  a  single  life  D  aged  47  a^dr,*  or  47  years 
and  1  month.  And  the  value  of  an  annuity  on  the 
joint  lives  A  and  D  (that  is,  on  two  joint  lives  aged 
10  and  Al-i^)  is,  by  the  rule  in  the  preceding 
scholium,  equal  to  10*474 ;'}'  which  is  the  value  re- 
quired. 

Had  the  two  oldest  lives  been  both  40  years  of 
age,  and  the  youngest  "20,  the  value  of  an  annuity 
on  the  joint  lives  of  the  two  former  would,  by  Table 

XXVIII,  be  equal  to  9*820;  answering  to  a  single 
life  D  aged  bQiih  And  the  value  of  an  annuity  on 
the  joint  lives  A  and  D  (that  is,  on  two  joint  lives 
aged  20  and  56iti)  is,  by  the  rule  alluded  to  in  the 
last  note,  equal  to  8*601:  which  is  the  value  re- 

*  The  value,  in  Table  XXVII,  which  is  next  greater  than  ll'873,is 
11'890;  which  is  the  value  of  an  annuity  on  a  single  life  aged  47.  The 
diflFerence  between  these  values,  or  17,  is  the  numerator  of  the  fraction: 
and  the  denominator  is  the  diflFerence  between  11'685  (or  the  next  less 
value  to  11*873)  and  11-890. 

+  The  value  of  an  annuity  on  two  joint  lives  aged  10  and  47  is,  by  the 
rule  in  the  preceding  scholium,  equal  to  10.485  :  and  the  value  of  an  an- 
nuity on  two  joint  lives  aged  10  and  48  is,  by  the  same  rule  equal  to  10*356. 
The  difference  between  these  two  values,  or  '129,  being  multiplied  byJUt' 
will  give  'Oil ;  which  being  subtracted  from  10*485  will  leave  10*474  for 
the  value  required.  This  shows  the  true  method  of  proceeding  in  such 
cases;  but,  if  this  fraction  be  either  very  small  or  does  not  differ  much  from 
unity,  the  error  will  not  be  considerable  if  (for  the  sake  of  more  expedition) 
D  is  always  taken  for  that  age,  whether  greater  or  less,  which  answers  most 
nearly  to  the  value  of  the  annuity  on  the  joint  lives  B  and  C,  without  regard 
ing  the  fraction. 
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red  of  an  annuity  on  three  joint  lives  aged  20, 

and  40. 

3r,  had  the  two  youngest  lives  been  20,  and  the 
est  40  years  of  age  ;  then  the  value  of  an  annuity 
two  joint  lives  aged  20  and  40  would,  by  Table 
^XII,  be  equal  to  10*924:  answering  to  a  single 

D  aged  5H§f.  And  the  value  of  an  annuity  on 
i  two  joint  lives  A  and  D  (that  is,  on  two  joint 
3s  aged  20  and  5HH)  is,  by  the  rule  alluded  to 
the  preceding  note,  equal  to  9*406  :  which  is  the 
ue  required  of  an  annuity  on  three  joint  lives  aged 

20  and  40. 
The  following  table  (computed  from  the  proba- 
ities  of  life  as  observed  at  Northamptony  and 
ikoning  interest  at  4  per  cent)  will  show  how 
sirly  the  rule,  above  explained,  approximates  to 
5  true  values  as  given  in  Tables  XLIII  and  XLIV. 

Ages.  Value  by  Rule.         Correct  Value. 

10—20—30  10-474  10-438 

15—25—35               9-836  -  9-738 

20—30—40              9-097  8-986 

25—35—45               8-390  8-313 

30—40—50               7-651  7-571 

35_45_55               6-884  6-8-10 

40—50—60  6-046  5-994 

45_55_65  5-175  5-145 

60—60—70  4-235  4-219 

55—65—75  3-308  3-298 

10-10—10  12-206  12-200 

15—15—15  11-376  11-274 

20—20—20  10-616  10-342 
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Ages.  Value  by  Rule.        Correct  Value, 

25—25—25  9-937  9*796 

30—30—30  9-351  9221 

35—35—35  8-703  8-585 

40—40—40  7-983  7-865 

45_45_45  7-243  7-120 

60^-50—50  6-433  6317 

55—55—55  5-637  5-550 

60—60—60  4-817  4-755 

65—65—65  3-936  3-914 

70—70—70  3-010  2-995 

75—75—75  2-118  2-119 

From  which  it  may  be  inferred  that  this  rule  will 
give  the  values  of  annuities  on  three  joint  lives  ge- 
nerally within  a  ninth  or  a  tenth,  and  sometimes 
within  less  than  a  twentieth  part  of  a  year's  purchase. 
It  may  also  be  observed  that  when  the  oldest  of  the 
three  ages  does  not  exceed  75,  and  the  youngest  is 
not  less  tl}an  10,  the  error  falls  on  the  side  of  cvcess: 
and,  consequently,  that  if  '05  (or  a  twentieth  part  of 
a  year's  purchase)  he  deducted  from  the  values  by 
the  rule,  we  shall  obtain  the  true  value,  in  some 
cases,  almost  exactly;  and,  in  most  cases,  much 
more  nearly. 

QUESTION  VI. 

§  382  To  find  the  value  of  a  Defended  annuity 
on  any  single  ov  joint  lives.* 

*  This  Question  is  of  considerable  utility  in  enabling:  us  to  determine  the 
best  means  of  providing  Annuities  for  the  benefit  of  Old  Age;  as  will  be 
more  fully  explained  in  the  following  Chapter, 


\ 
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SOLUTION. 


Find  the  value  of  an  annuity  on  a  life,  or  joint 
Jives,  as  many  years  older  than  the  given  life,  or 
joint  lives,  as  are  equal  to  the  term  during  which 
the  annuity  is  deferred  ;  find  also  the  expectation  of 
the  given  life,  or  joint  lives,  receiving  £l  at  the  end 
j{  that  term:  the  product  of  these  two  quantities  will 
3e  the  answer  required.     See  §  45. 

Ejcahifle.  1.  A  person  aged  20  wants  to  purchase 
in  annuity  for  what  may  happen  to  remain  of  his 
life  after  the  term  of  SO  years:  what  is  the  present 
iralue  of  the  same,  reckoning  interest  at  A^  per  cent, 
atnd  the  probabilities  of  life  as  observed  by  M.  De 
Parcieujc  ? 

The  value  of  an  annuity  on  a  life  aged  50,  is,  by 
Table  V,  equal  to  11-921 ;  and  the  expectation  of  a 
life,  aged  20,  receiving  £l  at  the  end  of  30  years,  is, 
by  Question  II,   equal  to  -1906:  therefore  11-921 

multiplied  by  •1906  will  produce  2-272  for  the  num- 

« 

ber  of  years  purchase  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  6-221  multiplied  by  -1260;  which 
would  produce  '784  for  the  value  required. 

Example  2.     A  man  now  aged  46  will*  at  the  end 

of  10  years  come  into  possession  of  an  annuity  on 

his  own  life:  what  is  the  present  value  of  the  same, 

reckoning  interest  at  4  per  cent,  &  the  probabilities 

of  living  as  observed  in  Sweden  ? 

4c  ^ 
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The  value  of  an  annuity  on  a  male  aged  56  is,  by 
Table  XVI,  equal  to  9*717 ;  and  the  expectation  that 
a  man  aged  46  will  receive  £1  at  the  end  of  10  years 
is,  by  Question  II,  equal  to  '5241 :  therefore  these 
two  quantities  being  multiplied  together  will  give 
6' 093  for  the  value  required. 

Had  the  annuitant  been  a  female  aged  40,  then 
12-049  multiplied  by  -5748  would  give  6-926  for 
the  value  in  this  case  required. 

Example  3.  Two  persons  aged  20  and  40  wish  to 
pnrcfaase  an  annuity  for  the  remainder  of  their  joint 
lives  after  SO  years:  what  ought  they  to  give  for  the 
same,  reckoning  interest  at  4|-  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parckuxf 

The  value  of  an  annuity  on  two  joint  lives  aged  50 
and  70  is,  by  Table  IX,  equal  to  5*517;  and  th©  ex- 
pectation of  two  joint  lives,  aged  20  and  40,  re- 
ceiving £l  at  the  end  of  30  years  is,  by  Question  11^ 
equal  to  '0899 :  therefore  the  product  of  these  two 
quantities  will  give  *496  for  the  value  required* 

Exampk.  A.  A  man  aged  46  together  with  his 
wife  aged  40  are  entitled  to  an  annuity  on  their  jwnt 
Kves,  to  commence  at  the  end  of  10  years:  what  is 
the  value  of  their  interest  therein,  taking  the  pro- 
babilities of  life  as  observed  in  Sweden,  and  the  rate 
of  interest  at  4  per  oent»? 

The  value  of  an  annuity  on  the  joint  lives  of  two 
persons,  a  man  aged  56  and  a  woman  aged  50,  is, 
by  Table  XVIII,  equal  to  7*874  j  which  being  mul- 
tiplied by  •4469  (or  the  value  of  the  expectation  of 
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two  joint  lives,  aged  46  and  40,  receiving  £l  at  the 
end  of  10  years  as  found  by  Questioi^  II)  will  pro- 
duce 3'511  for  the  value  required. 

SCHOLIUM. 

§  383.  If,  instead  of  determining  the  value  of  a 
deferred  annuity  in  a  single  payment,  we  wish  to 
determine  the  value  of  the  same  in  annual  payments 
during  the  term  for  which  the  annuity  is  deferred;* 
the  amount  of  those  annual  payments  is  readily  ob- 
tained by  means  pf  the  following  rule. 

Divide  the  value  of  the  annuity  in  a  single  pay- 
ment, by  unity  added  to  the  value  of  a  similar 
temporary  annuity  for  one  year  less  than  the  given 
term:  the  quotient  will  be  the  annua.1  payment 
required.     See  §  366. 

Example  1.  A  person  aged  20  wants  to  purchase 
an  annuity  for  wha^t  may  happen  to  remain  of  his 
life  after  the  term  of  30  years:  what  sum  ought  he 
to  give  annualli/  to  the  end  of  that  termf  in  order  to 
have  the  same  assured  to  him;  reckoning  interest  at 
4J  per  cent,  and  the  probabilities  of  living  as  ob- 
served by  M.  J)e  Parcieux? 


*  The  first  of  those  annual  payments  to  he  made  immediately^  and  the 
remaining  ones  at  the  beginning  of  every  subsequent  year:  since  this  is  the 
uioal  miethod  of  making  such  annual  payments. 

t  Such  annual  payments,  however,  subject  to  failure,  m  cast  tht  gifeii 
life  becupies  extinct  before  the  end  of  that  term. 
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The  value  of  this  deferred  annuity  in  a  singk 
payment  is,  by  the  first  example  to  the  Question, 
equal  to  2.272;  and  the  value  of  a  similar  temporary 
annuity  for  29  years  is,  by  the  rule  in  the  following 
Question,*  equal  to  14-161:  therefore  2-272  divided 
by  15*16 1  will  give  'ISO  for  the  value  of  the  annual 
payments  during  the  term  deferred. 

In  like  manner  we  might  determine  the  value  in 
annual  payments,  of  an  annuity  on  the  life  of  a 
woman  for  what  may  happen  to  remain  of  it  after 
10  years;  reckoning  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  observed  in  Sweden. 

For,  the  value  of  this  deferred  annuity  in  a  single 
payment  is,  by  the  first  example  to  the  Question, 
equal  to  6-926;  and  the  value  of  a  similar  temporary 
annuity  for  9  years  is,  by  the  rule  just  alluded  to 
equal  to  6-900:  therefore  6-926  divided  by  7*920 
will  give  '877  for  the  value  of  the  annual  payments 
required. 

Example  2.  A  man  aged  46  and  his  wife  aged  40 
are  entitled  to  an  annuity  on  their  joint  lives,  to 
commence  at  the  end  of  10  years,  but  are  willing  to 
surrender  their  interest  in  the  same  for  an  equivalent 
annQity  (commencing  immediately)  during  such  term: 

*  A  more  convenient  method  however  of  determining  such  temporary 
annuities  is  expressed  by  the  following  rule.  To  the  value  of  the  deferred 
annuity  add  the  expectation  that  the  given  life  or  lives  shall  receive  ^1*' 
the  end  of  the  given  term;  subtract  the  sum  from  the  value  of  an  annuity 
on  the  given  life  or  lives:  the  difference  will  be  the  value  of  the  temporary 
annuity  for  one  year  le^s  than  the  gwen  term.    See  the  note  in  page  850' 
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lat  ought  that  equivalent  annuity  to  be,  reckoning 
:erest  at  4  per  cent,  and  the  probabilities  of  living 
observed  in  Sweden  ? 
The  value  of  the  deferred  annuity  on  the  joint  lives 

by  the  fourth  example  to  the  Question,  equal  to 
511 ;  and  the  value  of  a  similar  temporary  annuity 
r  9  years  is,  by  the  following  Question  (or  the  rule 

the  preceding  note)  equal  to  6*329 ;  therefore 
511  divided  by  7*329,  will  give  '479  for  the  value 
'  the  annual  payments  during  the  term  deferred. 

QUESTION  VII, 

§  384.  To  find  the  value  of  a  Temporary  annuity 
1  any  single  or  joint  lives.* 

SOLUTION. 

From  the  value  of  an  annuity  on  the  given  single 
joint  lives,  deduct  the  value  of  an  annuity  on  the 
tne  lives  deferred  during  the  given  term :  the  re- 
iinder  will  be  the  value  required.     See  §  47. 

Example  1.  A  person  aged  20  buys  an  annuity 
:•  30  years,  on  condition  that  if  he  dies  before  the 
piration  of  that  term  the  annuity  shall  cease : 
aat  ought  he  to  give  for  the  same,  reckoning  in-  . 

*  I  cell  a  temporary  annuity,  one  that  is  to  continue  during  a  given 
m  only:  wliicb  term  is  less  than  that  to  which  it  is  possible  the  life  or 
w  may  extend.    See  the  note  in  page  45. 
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terest  at  4^  per  cent,  and  the  probabilities  of  living 
as  observed  by  M.  De  Parcieux  ? 

The  value  Of  an  annuity  on  a  life  aged  20  is,  by 
Table  V,  equal  tol6'624;  and  the  value  of  an  an- 
nuity on  the  same  life,  deferred  for  30  years,  is,  by 
Question  VI.  equal  to  2*272 :  consequently^  this 
value,  subtracted  from  the  former,  will  leave  14*352 
for  the  answer  required. 

Had  the  life  been  40  years  of  age  then  -784  (or 
the  value  of  an  annuity  on  such  life  deferred  for  30 
years,  as  found  by  Question  VI)  deducted  from 
14-254,  would  leave  13.470  for  the  value  in  this 
case  required. 

Or,  had  these  two  persons  (aged  20  and  40)  per- 
chased  the  annuity  on  t)\Q\v  joint  lives,  then  '496  (or 
the  value  of  an  annuity  on  such  joint  lives  deferred 
for  30  years,  as  found  by  question  VI)  being  deducted 
from  12*545,  will  leave  12*049  for  the  value  in  this 
case  required. 

Example  2.  A  man  aged  46  is  eatitled  to  the 
rent  of  an  estate  for  10  years,  provided  he  lives  so 
long :  what  is  the  value  of  his  interest  therein,  recb^QQ- 
ing  interest  at  4  per  cent,  and  the  probabilities  of 
living  as  observed  in  Sweden? 

The  value  of  an  annuity  on  such  life  is,  by  Table 
XVI,  equal  to  12*297  ;  and  the  value'of  an  annuity 
on  the  same  life,  deferred  for  10  years,  is,  by  Ques- 
tion VI,  equal  to  5*093 :  consequently  the  difference 
between  these  two  values,  or  7*204  will  be  the  value 
required. 


J«.  7»  PRACTICAL    QUESTIONS.  383^ 

Had  the  estate  depended  on  the^life  of  his  wife  aged 
0;  then  7-475  (or  the  difference  between  14*401 
ad  6*926)  would  be  the  value  of  the  temporary  an- 
uity  in  this  case  required. 

Or  had  the  estate  depended  on  their  joint  lives ;. 
len  6*775  (or  the  difference  between  1 0*286  and 
*51I)  would  be  the  value  of  the  tetnporary  annuity 
\  this  case  required. 

QUESTION  VIII. 

§  385.  To  find  the  value  of  an  annuity  on  the 
<angest  of  two  lives, 

gfOI^TION. 

From  the  sum  of  the  values  of  an  annuity  on  the 
fro  single  lives,  subtract  the  value  of  an  annuity  on 
re  two  joint  lives :  the 'difference  will  be  the  value 
squired.     See  §  66. 

JSsampk  1.  What  is  the  value  of  an  annuity  on 
le  longest  of  two  lives  aged  20  and  40;  interest  at 
J-  per  cent,  and  the  probabilities  of ,  living  as  ob- 
jrved  by  M.  De  Parcieux  ? 

The  value  of  an  annuity  on  the  two  single  lives  is, 
f  Table  V,  equal  tol6-624  and  14*254  respectively, 
e  sum  of  which  is  30*878 ;  therefore,  if  from  this 
B  subtract  12*545  or  the  value  of  an  annuity  on  the 
70  joint  lives  as  found  by  Table  IX,  the  difference, 

18-333  will  be  the  value  required. 
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Had  the  ages  of  the  given  lives  been  50  and  70, 
the  sum  of  the  values  of  an  annuity  on  their  single 
lives  w^ould,  by  Table  V,  be  equal  to  18-142  (that  is, 
equal  to  11*921  added  to  6-221);  and  the  value  of  an 
annuity  on  their  joint  lives  would,  by  Table  IX,  be 
equal  to  5-517:  consequently  12*625,  or  the  dif- 
ference between  these  two  values,  would  be  the 
value  of  an  annuity  on  the  longest  of  their  two  lives. 

Had  both  the  lives  been  20  years  of  age,  the  value 
of  an  annuity  on  their  single  lives  would  (according 
to  the  same  rate  of  interest  &c)  have  been  equal  to 
twice  16-624  ;  that  is,  equal  to  33*248  :  and  the  value 
of  an  annuity  on  their  joint  lives  would,  by  Table 
VI,  be  equal  to  14*004  :  therefore  difference  between 
these  two  values,  or  19*244,  would  be  the  number  of 
years  purchase  in  this  case  required, 

Ejcample  2.  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives,  a  man  and  his  wife,  the 
former  aged  46  and  the  latter  aged  40:  interest  at  4 
per  cent,  and  the  probabilities  of  living  as  observed 
in  Sweden? 

The  value  of  an  annuity  on  the  life  of  the  man  isi^ 
by  Table  XVI,  equal  to  12-297,  and  the  value  ofaiii 
annuity  on  the  life  of  the  woman  is  14*401 ;  the  sum 
of  these  is  26-698  :  from  which  we  must  subtract 
10*286,  the  value  of  an  annuity  on  their  joint  lives 
♦  by  Table  XVIII;  and  the  difference,  or  16-412  will 
be  the  value  of  an  annuity  on  the  longest  of  their  two 
lives.  .         '    ,  • .. 

^       Had  the  two  lives  been  each  of  them  10  years 


^^.  8»  PRACTICAL  QimSTIONS.  385 

der,  or  56  and  50  years  of  age,  then  the  sum  of  the 
dues  of  an  annuity  on  their  single  lives  would,  by 
able  XVI,  be  equal  to  21-766  (that  is,  equal  to 
717  added  to  12-049),  and  the  value  of  an  annuity 
I  their  joint  lives  would,  by  Table  XVIII,  be  equal 

7*874 ;  consequently  13'892,  or  the  difference  be- 
^een  these  two  values,  would  be  the  value  of  an 
nuity  on  the  longest  of  their  lives. 
Had  both  the  lives  been  40  years  of  age,  then 
•964  (or  the  value  ofan  annuity  on  their  joint  lives) 
btracted  from  28*069  (or  the  sum  of  the  values  of 
annuity  on  their  single  lives*)  would  give  17*105 

the  answer  in  this  case  required, 

QUESTION  IX. 

§  386.  To  find  the  value  of  an  annuity  on  the 
ngest  of  three  lives. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  all 
5  single  lives,  subtract  the  sum  of  the  values  ofan 
Quity  on  Qdich  pair  of  joint  lives,  and  to  the  dif- 
ence  add  the  value  ofan  annuity  on  the  three  joint 
es:  this  last  sum  will  be  the  value  required.  See 
)6. 

Example.  What  is  the  value  of  an  annuity  on  the 
igest  of  three  lives  aged  20,  30,  and  40 ;  interest 

The  value  of  an  annuity  on  the  life  of  the  man  is  13*668,  and  the 
e  of  an  annuity  on  the  life  of  the  woman  is  14:*401. 

4   D 
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at  4  per  cent,  and  the  probabilities  of  living  as  at 
Northampton  ? 

The  value  of  annuity  on  each  single  life  is,  by 
Table  XXVII,  equal  to  16-033,  14-781,  and  13-197 
respectively,  the  sum  of  which  is  44-011 ;  the  value 
of  an  annuity  on  each  pair  of  joint  lives,  (viz  20  and 
30,  20  and  40,  30  and  40)  is,  by  Tables  XXX  and 
XXXII,  equal  to  11-873,  10-924,  and  10-490  re- 
spectively,  the  sum  of  which  is  33-287 ;  the  difference 
between  these  two  values  is  10*724,  which  being  ad- 
ded to  8*986,  (or  the  value  of  an  annuity  on  the  three 
joint  lives,  as  found  by  Table  XLIV)  will  give  19-710 
for  the  number  of  years  purchase  required. 

Had  all  the  three  lives  been  20  years  of  age,  the 
value  of  an  annuity  on  their  single  lives  would  have 
been  equal  to  thrice  16-033,  or  48-099 ;  the  value  of 
an  annuity  on  each  pair  of  joint  lives  would  have 
been  equal  to  37-605,  or  to  thrice  12-535  (that  is, 
equal  to  thrice  the  value  of  an  annuity  on  two  joint 
lives  both  aged  20,  as  found  by  Table  XXVIII) ;  aild 
the  value  of  an  annuity  on  three  joint  lives  would,  by 
Table  XLIII,  be  equal  to  10-342  :  therefore  20-836 
would  be  the  number  of  years  purchase  in  this  case 
required. 

QUESTION  X. 

§  387.  To  find  the  value  of  an  annuity  granted 
upon  three  lives,  but  to  continue  only  as  long  as  any 
ttuo  of  them  are  in  being  together. 
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SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
lir  of  joint  lives,  subtract  twice  the  value  of  an  an- 
ility on  the  three  joint  lives,  the  difference  will  be 
le  value  required.     See  §  64. 

Example.  An  annuity  is  purchased  upon  three 
res  aged  20,  30,  and  40;  on  this  condition,  that  as 
•on  as  any  two  of  the  lives  fail,  the  annuity  shall 
jase :  the  value  of  the  same  is  required,  reckoning 
terest  at  4  per  cent,  and  the  probabilities  of  living 

at  Northampton  ? 

The  value  of  an  annuity  on  each  pair  of  joint  lives 
iz  20  and  30,  20  and  40,  30  and  40)  is,  by  Table 
XX  and  XXXII,  equal  to  11-873,  10-924,  and 
)*490  respectfully,  the  sum  of  which  is  33*287 ;  and 
e  value  of  an  annuity  on  the  three  joint  lives  is 
986  :  therefore  twice  the  latter  quantity,  or  17-972, 
ibtracted  from  33-287  will  give  15-315  for  the  num- 
iT  of  years  purchase  required, 

Had  the  ages  of  all  the  three  lives  been  20  years, 
le  value  would,  in  this  case,  have  come  out  equal  to 
3-921. 

QUESTION  XL 

§  388.  To  find  the  value  of  an  annuity,  on  the 
ngest  of  any  number  of  lives.  Deferred  for  any 
ven  term. 
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SOLUTION. 

Substitute  the  vd\\ies  o(  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whole  continuance  of  those  lives,  and  proceed  as  in  the 
solutions  to  the  two  preceding  questions.     See  §  60. 

Ei'amplc  1.  What  is  the  value  of  annuity  granted 
on  the  longest  of  two  lives  aged  20  and  40,  but  which 
is  not  to  be  entered  on  or  enjoyed  till  after  the  ex- 
piration of  30  years  v  reckoning  interest  at  A\  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcieuxl 

The  value  of  a  deferred  annuity  for  30  years  on  a 
life  aged  20  is,  by  Question  VI,  equal  to  2-272 ;  the 
value  of  a  similar  annuity  on  a  life  of  40  is  equal  to 
•784 ;  and  the  value  of  a  similar  annuity  on  the  two 
joint  lives  is  equal  to  '496  :  therefore  if  from  the  sum 
of  the  two  former,  or  3*056,  we  subtract  the  latter, 
the  difference,  or  2-560,  will  be  the  value  required. 

,E.vample  2.  A  man  and  his  wife  (the  former  aged 
46,  and  the  latter  aged  40)  purchase  on  the  longest 
of  their  two  lives  the  reversion  of  the  lease  of  an  es- 
tate, which  they  are  not  to  enter  upon  till  the  end 
of  10  years :  what  is  the  present  value  of  the  same, 
interest  being  reckoned  at  4  per  cent,  and  the  pro- 
bababilities  of  living  as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  male  aged 
46,  deferred  1 0  years,  is,  by  Question  VI,  equal  to 
6-093  J  the  value  of  a  similar  annuity  on  a  female 
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aged  40,  is,  by  the  same  question,  equal  to  6-926  j 
and  the  value  of  a  similar  annuity  on  their  joint  lives 
is  equal  to  3*5 11.  Consequently  this  latter  value 
deducted  from  the  sum  of  the  two  former  ones,  will 
leave  8*508  for  the  answer  required. 

•  §  389.  These  examples  give  the  present  values 
in  a  single  payment :  but,  if  we  wish  to  determine 
the  same  value  in  annual  payments  commencing  im- 
mediately, we  must  divide  the  single  payment  thus 
found,  by  unity  added  to  the  value  of  an  annuity  on 
the  longest  of  the  given  lives  for  one  year  less  than 
the -given  term. 

Thus  in  the  second  example,  the  value  of  the  de- 
ferred annuity  in  a  single  payment  is  8*508 ;  and,  by 
the  rule  in  the  following  question,*  the  value  of  an 
annuity  on  the  longest  of  the  two  lives  for  9  years  is 
equal  to  7*251 :  consequently 8*508  divided  by  8*251 
will  give  1*031  for  the  value  in  annual  payments. 

SCHOLIUM. 

§  390.  It  should  here  be  particularly  observed 
that  if  the  deferred  annuity,  mentioned  in  this  ques- 
tion, depends  upon   the  joint  existance  of  all  the 

*  A  more  convenient  method  however  of  determining  auch  temporary 
annuities  is  expressed  by  the  following  rule.  To  the  value  of  the  deferred 
annuity  on  the  longest  of  the  given  lives  add  the  expectation  that  the 
Uwgest  of  such  lives  shall  receive  £1  at  the  end  of  the  given  term;  subtract 
the  sum  from  the  value  of  an  annuity  on  the  longest  of  the  given  lives:  the 
'difference  will  be  the  value  of  the  annuity  for  on^  year  less  than  the  given 
'  term.    See  the  note  in  page  350* 
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lives,  to  the  end  of  the  given  term,  the  solution 
will  be  materially  different;  and  these  two  cases 
must  not  be  confounded.  In  this  latter  case  the 
value  will  be  equal  to  the  value  of  an  annuity  on  the 
longest  of  the  same  number  of  lives  (each  older  by 
the  given  term  than  the  given  lives)  multiplied  by 
the  expectation  that  t\\Q  joint  lives  shall  receive  flat 
the  end  of  that  term.     See  ^  61. 

Example  1 .  What  is  the  value  of  an  annuity  on 
the  longest  of , two  lives  aged  20  and  40,  but  which 
is  not  to  be  entered  upon  till  the  end  of  30  years, 
and  then  only  in  case  both  the  lives  are  in  existance: 
interest  at  4^  per  cent,  and  the  probabilities  of  life 
as  observed  by  M.  De  Parcietiv  ? 

The  value  of  an  annuity  on  the  longest  of  two 
lives  aged  50  and  70  is,  by  the  rule  in  Question 
VIII,  equal  to  12*625  ;  and  the  expectation,  that  two 
lives  aged  20  and  40  will  receive  £  1  at  the  end  of  30 
years,  is,  by  Question  II,  equal  to  '0899:  the  pro- 
duct of  these  two  quantities  will  give  1*135  for  the 
answer  required. 

Ejtample  2.  A  man  (aged  46)  and  his  wife  (aged 
40)  purchase  an  annuity  on  the  longest  of  their  two 
lives,  which  is  to  commence  at  the  end  of  10  years 
provided  they  are  both  alive:  what  is  the  present 
value  of  the  same,  interest  at  4.  per  cent,  and  the 
probabilities  of  life  as  observed  in  Sweden  1 

The  value  of  an  annuity  on  the  longest  of  two  lives 
(^  man  aged  56,   and  a  woman  aged  60)  is,  by  the 
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e  in  Question  VIII,  equal  to  13'892;  and  the  ex- 
3tation  that  two  such  lives  aged  46  and  40  will  re- 
ve  £1  at  the  end  of  10  years  is,  by  Question  IT, 
ual  to  •4459 :  the  product  of  these  two  quantities 
11  give  6*194  for  the  value  required. 
^  391.  The  value  of  these  annuities  in  annual 
yments  commencing  immediately  will  be  equal  to 
3  value  in  a  single  payment,  divided  by  unity 
ded  to  the  value  of  an  annuity  on  ihe  joint  lives  for 
e  year  less  than  the  given  term. 
Thus,  in  the  second  example,  the  value  of  the  de- 
red  annuity  in  a  single  payment  is  equal  to  6*194: 
d  by  the  rule  in  the  note  to  page  380,  the  value  of 
annuity  on  the  two  joint  lives  deferred  for  9  years 
6-329 :  consequently  6*194  divided  by  7*329  will 
^e  *845  for  the  value  in  annual  payments. 

QUESTION    XII. 

§  392.  To  find  the  value  of  a  Temporary  annuity 
L  the  longest  of  any  number  of  lives. 

SOLUTION. 

From  the  absolute  value  of  an  annuity  on  the  long- 
it  of  the  given  lives,  subtract  the  value  of  the 
me  annuity  defended  during  the  given  term :  the 
fterence  will  be  the  value  required.*     See  §  62. 

'^  Or  (which  is  the  same  thing)  substitute  the  values  of  temporary  an- 
ities  on  each  single  and  joint  lives,  instead  of  the  values  of  annuities  for 
^  whole  eontinuance  of  those  lives  ;  and  proceed  as  in  the  solutions  to 
ustioQS  VIII  and  IX. 
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Example  1 .  ^What  is  the  value  of  a  temporary  an- 
nuity for  30  years  on  the  longest  of  two  lives  aged  20 
and  40;  reckoning  interest  at  4^  percent,  and  the 
probabilities  of  life  as  given  by  M.  De  Parcieiu^  ? 

The  value  of  an  annuity  on  the  longest  of  those 
lives  is,  by  Question  VIII,  equal  to  18*333 ;  and  the 
value  of  an  annuity  on  the  longest  of  those  lives  de- 
ferred for  30  years  is,  by  Question  XI,  equal  to 
2*560;  consequently  the  difference  between  these 
two  values,  or  1 5'773,  will  be  the  answer  required. 

Example  2.  A  man  aged  46  purchases  an  annuity 
for  10  years,  terminable,  however,  at  any  time  prior 
thereto,  on  the  extinction  of  his  own  life  and  the  life 
of  his  wife  aged  40 :  what  is  the  value  of  the  same, 
interest  at  4  per  cent,  and  the  probabilities  of  living 
as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  longest  pf  their' 
lives  is,  by  Question  VIII,  equal  to  16*412 ;  and  the 
value  of  an  annuity  on  the  longest  of  their  lives  de- 
ferred for  10  years  is,  by  Question  XI,  equal  to 
8-508 :  the  difference  therefore  between  these  two 
values,  or  7*904,  is  the  answer  required. 

QUESTION  XIII. 

« 

§  393.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life  after  any  other  single  life.* 

*  This  Question,  and  also  Question  XVIII,  are  of  considerable  impor- 
tance in  enabling  us  to  determine  the  best  means  of  providing  Annuities  f<ff 
the  benejit  of  Widows;  as  will  be  more  fully  explained  in  the  following 
Chapter. 
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SOLUTION. 

From  the  value  of  an  annuity  on  the  life  in  re- 
i^ersion,  subtract  the  value  of  an  annuity  on  the  two 
joint  lives;  the  difference  will  be  the  value  required. 
See  §  76. 

Example  1 .  A  person  aged  20  wishes  to  purchase 
in  annuity  for  what  may  happen  to  remain  of  his  life 
beyond  another  life  aged  40 :  what  ought  he  to  give 
for  the  same,  allowing  interest  at  4J  per  cent,  and 
A\e  probabilities  of  living  as  observed  by  M.  De 
Parxieux  ? 

The  value  of  an  annuity  on  the  life  in  reversion 
[that  is,  on  the  life  aged  20)  is,  by  Table  V,  equal  to 
16'624  ;  and  the  value  of  an  annuity  on  the  two  joint 
lives  is,  by  Table  IX,  equal  to  12*545;  therefore,  the 
iifference  of  these  two  values,  or  4*079,  is  the  num- 
ber of  years  purchase  required. 

Had  the  life  in  reversion  been  40,  and  the  life  in 
possession  20  years  of  age,  the  value  would  have 
come  out  equal  to  1709. 

Or,  had  both  the  lives  been  20  years,  the  value 
would  have  come  out  equal  to  2*620  :  and  had  they 
both  been  40  years  of  age,  the  value  would  have 
come  out  equal  to  2*544. 

Example  2.     What  is  the  value  of  an  annuity  to  be 

enjoyed  by  a  woman  aged  40,  during  her  life,  after 

the  decease  of  her  husband  aged  46 ;  interest  at  4 

per  cent,  and  the  probabilities  of  living^as  amongst 

males  and  females  respectively  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  woman 

4  n 
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aged  40  is,  by  Table  XVI,  equal  to  14-401,  and  the 
value  of  an  annuity  on  their  joint  lives  is,  by  Table 
XVIII,  equal  to  10-286 ;  therefore  4*115  is  the  num- 
ber of  years  purchase  required. 

Had  their  lives  been  both  40  years  of  age,  the 
value  would  have  come  out  equal  to  3 '437.* 

►  SCHOLIUM. 

§  394.  If,  instead  of  a  single  payment,  we  wish 
to  determine  the  value  of  these  reversionary  annuities 
in  annual  payments  to  be  made  during  the  existance 
of  the  two  joint  lives;  we  must  divide  the  value, 
found  in  either  case,  by  unity  added  to  the  value  of 
an  annuity  on  the  joint  lives :  and  the  quotient  will 
give  the  annual  payments  required. 

Thus,  in  the  first  example,  4*079  being  divided  by 
13-545  will  give  -301  for  the  annual  payments  which 
ought  to  be  made  during  the  joint  lives,  as  an  equi- 
valent for  the  sum  in  a  single*  payment.  In  like 
manner,  in  the  second  example,  4*115  being  divided 
by  11-286  will  give  -365  for  the  annual  pay  meats 
which  ought  to  be  made  by  a  man  aged  46  during 
the  joint  lives  of  himself  and  his  wife  aged  40,  in 

*  It  is  worthy  of  remark  that  the  value  of  a  reversionary  annuity  on  one 
life  after  another  is,  when  the  difference  of  age  is  not  very  considerable,  ka 
in  the  younger  ages  and  greatest  in  the  middle  ages  of  life :  a  circumstanca 
which  may  be  attributed  to  the  higher  chances  of  living  in  the  younger 
whereby  the  probability  of  survivorship  is  deferred  so  long  as  to  affect  in 
loaterial  degree  the  Tal«e  ophe  reversionary  annuity. 
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order  to  secure  to  his  widow,  on  his  death>  aa  an- 
nuity of  £1  per  annum  during  her  life.* 

QUESTION  XIV. 

§  395.  To  find  the  value  of  the  Reversion,  of  an 
annuity  on  a  single  life  A,  after  the  longest  of  two 
other  lives,  P  and  Q. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  the 
single  life  A  in  reversion,  and  on  the  three  joint  lives, 
mbtract  the  sum  of  the  values  of  an  annuity  on  the 
:wo  joint  lives  AP  and  AQ:  the  difference  will  be 
;he  value  required.     See  §  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
ife  of  a  person  aged  20  to  be  enjoyed  by  him  after 
;he  decease  of  both  his  brother  and  sister,  aged  30 
md  40  respectively:  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton  ? 

The  value  of  an  annuity  on  the  single  life  in  rever- 
sion is,  by  TaWe  XXVII,  equal  to  1 6-003,  and  the 

*  Dr.  Price  has  given  a  table  of  the  value  of  reversionary  annuities  for 
tbe  life  of  a  wife  after  the  death  of  her  liusband ;  both  in  single  and  annu(U 
P&yments  during  their  joint  lives :  deduced  from  the  Sweden  observations 
luid  at  4  per  cent  interest,  according  to  the  several  ages  .therein  mentioned* 
^  his  Ohe.  on  Eev.  Pay,  vol.  ii.  page  431.  The  utility  and  convenience 
>f  the  present  rule,  in  enabling  us  to  determine  the  propriety  and  efficacy  of 
^086  schemes  which  are  instituted  for  the  benefii  of  Widows,  will  be  shown 
Q  the  following  Chapter*  ^ 
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value  of  an  annuity  on  the  three  joint  lives  is,  by 
Table  XLIV,  equal  to  8-986,  the  sum  of  which  is 
25*019;  the  value  of  ati  annuity  on  the  two  joint 
lives  20  and  30  is,  by  Table  XXX,  equal  to  11-873, 
and  the  value  of  an  annuity  on  the  two  joint  lives  20 
and  40  is,  by  Table  XXXII,  equal  to  10-924,  the 
sum  of  which  is  22'797;  therefore  22-797  subtracted 
from  25-019  will  leave  2-222  for  the  value  required. 
Had  the  two  lives  in  possession  been  both  40, 
then  16-033,  added  to  8-601,  (or  the'value  of  an  an* 
nuity  on  three  joint  lives  aged  20,  40  and  40,  as 
found  by  Question  V)  will  make  24-634 ;  from  which 
^ye  must  subtract  twice  10-924 :  the  difference,  or 
2-786,  will  be  the  value  in  this  case  required. 

QUESTION  XV. 

§  396.,  To  find  the  value  of  the  Reversion  of  an 
annuity  on  the  longest  of  two  lives  A  and  B,  after 
any  single  life  P. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
single  life  A  and  B  in  reversion  and  on  the  three 
joiat  lives,  subtract  the  sum  of  the  values  of  an  an- 
nuity on  each  pair  of  joint  lives  AB,  AP,  BP :  the 
difference  will  be  the  value  required.     See  ^  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
longest  of  two  lives  aged  20  and  30,  to  be  enjoyed 
afler  the  extinction  of  a  single  life  aged  40 ;  interest 
a,t  4  per  cent,  and  the  probabilities  of  living  as  at 
Northampton  ? 
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By  proceeding  as  in  the  last  question  it  will  be 
found  that  the  sum  of  the  values  of  an  annuity  on  the 
tvw  single  lives  20  and  30  is  30*8 14,  that  the  value 
of  an  annuity  on  the  three  joint  lives  is  8-986,  and 
that  the  sum  of  the  values  of  an  annuity  on  each  pair 
of  joint  lives  is  33-287;  consequently,  6'513  is  the 
value  required. 

Had  the  two  lives  in  reversion  been  both  20  years 
of  age,  then  the  sum  of  the  values  of  an  annuity  on 
their  single  lives  would  be  32-066 ;  the  value  of  an 
annuity  on  the  three  joint  lives  would  by  Question 
V,  be  9-406 ;  and  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  lives  would  be  34-383:  conse- 
quently 7-089  would  be  the  value  required. 

On  the  Renewal  of  Leases  for  Lives. 

§  397.  The  three  preceding  questions  will  be  found 
of  great  practical  use  in  the  Renewal  of  Leases*  held  on 
two  or  three  lives ;  as  they  serve  to  show  the  value  of 
tlie  Fi?2e  that  ought  to  be  paid  for  putting  in  a  new 
life  in  lieu  of  one  that  has  dropt,  or  become  extinct^ 
For,  the  value-f  of  such  fine  is  equal  to  the  diflference 

*  See  more  on  the  subject  of  the  Renewal  of  Leases  for  lives  and  after^ 
Wirdsfor  a  term  certain,  in  the  observations  at  the  end  of  Question  XXIV. 

t  I  call  the  value  of  a  Fine,  the  Number  of  years  purchase  that  it  is 
worth  :  agreeably  to  the  principles  laid  down  in  deducing  the  value  of  aii- 
fluities :  see  the  remark  in  the  note  in  page  362.  This  value,  being  multi- 
plied by  the  net  improved  rent  of  the  estate,  will  show  the  total  sum  of 
money  that  ought  to  be  given  for  the  renewal. 
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between  the  value  of  an  annuity  on  the  longest  of  all 
the  lives  (including  the  life  or  lives  to  be  added)  and 
the  value  of  an  annuity  6n  the  longest  of  the  lives  iu 
possession :  which  rule  will  be  found  to  agree  with 
the  solutions  above  given,  according  to  the  several 
cases  there  mentioned.* 

Example  1.  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to  a  lease 
held  by  Two  lives,  after  One  has  dropped,  is  (supposing 
the  existing  life  to  be  aged  40)  equal  to  4*079,  or 
rather  more  than  4  years  purchase  of  the  net  improved 
rent  of  the  estate  ;f  as  already  found  by  Question 
XIII. 

Consequently,  if  the  net  improved  rent  of  the  estate 
had  been  £100  per  annum,  we  should  have  £407  :  18 
for  the  gross  sum  that  ought  to  be  paid  down  for  the 
renewal  required. 

Example  2.  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to  a  lease 
held  by  Three  lives,  after  One  has  dropped,  is  (sup- 
posing the  existing  lives  to  be  aged  30  and  40)  equal 
to  2-222,  or  nearly  2^  years  purchase  of  the  net  im- 
proved rent  of  the  estate ;  as  already  found  by  Ques- 
tion XIV. 

Example  3.  The  value  of  the  fine  which  ought 
to  be  given  for  putting  in  Two  new  lives,  both  aged 

*  This  subject  is  more  fully  discassed  in  my  Tables  for  the  Purduuing 
and  Renewing  of  Leases^  2d  edit.  1807. 

t  That  is,  the  net  surplus  rent,  after  deducting  the  reserved  rent,  (if  any) 
and  all  taxes  and  other  annual  charg^es. 
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!0,  to  a  lease  held  by  Three  lives,  after  Two  have 
Iropped,  is  (supposing  the  existing  life  to  be  aged 
:0)  equal  to  7'089,  or  rather  more  than  7  years  pur- 
hase  of  the  net  improved  rent  of  the  estate ;  as  already 
ound  by  Question  XV. 

The  same  principles  will  also  lead  us  to  the  true 
aliies  that  ought  to  be  given  for  E.vchanging  any  one 
►r  more  lives  (in  a  lease)  for  a  life  or  lives  of  any 
►ther  age.  For,  such  value  will  in  all  cases  be  equal 
a  the  present  value  of  the  tenant's  interest  in  the 
ease  before  the  exchange,  subtracted  from  his  interest 
n  the  lease  after  the  new  lives  are  added. 

QUESTION  XVI. 

§  398.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life,  after  the  extinction  of  two 
wint  lives. 

SOLUTION. 

From  the  value  of  an  annuity  on  the  single  life  in 
reversion,  subtract  the  value  of  an  annuity  on  the 
three  joint  lives :  the  difference  will  be  the  value 
required.     See  §  76. 

Ewample.  What  is  the  value  of  an  annuity  on  the 
life  of  a  person  aged  20  to  be  enjoyed  by  him  after 
the  decease  of  either  of  his  brothers,  one  aged  30  and 
the  other  40 ;  interest  at  4  per  cent,  and  the  proba- 
bilities of  living  as  at  Northampton  ? 

The  value  of  an  annuity  on  the  life  of  a  person 
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aged  20  is,  by  Table  XXVII,  equal  to  16033 ;  and 
the  value  of  an  annuity  on  the  three  joint  lives  is,  by 
Table  XLIV,  equal  to  8-986 :  therefore  7-047  is  the 
value  required. 

Had  the  two  lives  in  possession  been  both  40  years, 
then  7*432  would  have  been  t6e  value  required. 

QUESTION  XVII. 

§  399.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  ty/o  Joint  lives  after  the  extinction  of  a 
single  life. 

SOLUTION. 

From  the  value  of  an  annuity  on  the  two  joint 
lives  in  reversion,  subtract  the  value  of  an  annuity 
on  the  three  joint  lives:  the  difference  will  be  the 
value  required.     See  §  76. 

Ea^ample.  What  is  the  value  of  the  reversion  of 
an  annuity  on  two  joint  lives  aged  20  50  after  the 
extinction  of  a  life  aged  40 ;  interest  at  4  per  cent, 
and  the  probabilities  of  life  as  at  Northampton^ 

The  value  of  an  annuity  on  the  two  joint  lives 
aged  20  and  30  is,  by  Table  XXX,  equal  to  11-873, 
and  the  value  of  an  annuity  on  the  three  joint  lives 
is,  by  Table  XLIV,  equal  to  8-986:  therefore  2-887 
is  the  value  required. 

Had  both  the  lives  in  reversion  been  20  years  of 
age,  then  3-129  vvould  be  the  answer  required. 
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QUESTION  XVIII. 

m 

§  400.  To  find  the  value  of  any  Deferred  rever^ 
wcmfl?/^  life  annuity.* 

SOLUTION. 

Substitute  the  values  of  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whole  continuance  of  those  lives ;  and  proceed  as  in 
the  solutions  to  the  last  five  questions,  according  to 
the  case.     See  §  77. 

Ejpample  1 .  What  is  the  present  value  of  a  rever- 
sionary annuity  on  the  life  of  a  person  aged  20,  to 
commence  at  the  end  of  30  years,  provided  another 
person,  now,  40,  be  then  dead ;  or  if  this  should  not 
happen,  then  at  the  end  of  any  year  in  which  the  for- 
mer shall  happen  to  survive  the  latter:  interest  at  4^ 
per  cent,  and  the  probabilities  of  living  as  observed 
by  M.  De  Parcieux'? 

The  value  of  an  annuity  on  the  life  in  reversion, 
deferred  for  30  years,  is,  by  Question  VI,  equal  to 
2-272 ;  ^and  the  value  of  an  annuity  on  the  two  joint 
Uves  deferred  for  30  years  is,  by  the  same  Question, 

*  This  Qaestion  is  of  considerable  use  in  enabling  us  to  determine  the 
validity  of  certain  Schemes  which  have  been  proposed  for  providing  An- 
nuities for  the  benefit  of  Widows;  as  will  be  more  fully  explained  in  the 
following  Chapter.    See  also  the  note  in  page  395,  M 

4  «■  ■ 
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equal  to  •496.  Therefore  the  difference  between 
these  two  values,  or  1'776,^  will,  by  Question  XIII, 
be  the  answer  required. 

Example  2.  A  woman  aged  40  will  at  the  end  of 
10  years  enter  upon  an  annuity  for  her  life,  provided 
her  husband,  now  aged  46,  be  then  dead  ;  or  if  this 
should  not  be  the  case,  then  at  the  end  of  any  year 
in  which  he  may  die  :  what  is  the  present  value  of 
the  reversion,  interest  at  4  per  cent,  and  the  proba- 
bilities of  living  as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  female 
aged  40,  deferred  for  10  years,  is,  by  Question  VI, 
equal  to  6*926;  and  the  value  of  an  annuity  on  their 
joint  lives  is,  by  the  same  Question,  equal  to  3 '5 IT. 
Therefore  the  difference  between  these  two  values, 
or  3'415,  will,  by  Question  XIII,  be  the  answer  rie- 
quired. 

If  we  wish  to  determine  the  value  of  these  de- 
ferred reversionary  annuities  in  annual  payments  du- 
ring the  continuance  of  their  joint  lives,  we  have  only 
to  divide  the  single  payment,  above  found,  by  unity 
added  to  the  value  of  an  annuity  on  the  joint  lives; 
as  already  explained  in  the  Scholium  to  Qufestion 
XIII. 

SCHOLIUM. 

§  401 .  If  the  deferred  annuity  mentioned  in  this 
question  depends  on  the  joint  continuance  of  all  the 
lives  to  the  end  of  the  given  term,  the  solution  will 
be  materially  different,  (as  I  have  already  observed 
respecting  deferred  annuities  depending  on  the  lopg- 
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est  of  any  lives,  in  the  Scholium  in  page  389):  and 
care  must  be  taken  not  to  confound  the  two  cases 
together.  When  the  reversion  depends  on  the  Joint 
continuance  of  all  the  lives  to  the  end  of  the  given 
term,  its  value  will  be  equal  to  the  value  of  the  re- 
version on  the  same  number  of  lives,  each  older  by 
the  given  term  than  the  given  lives,  multiplied  by 
the  expectation  that  the  Joint  lives  shall  receive  £1 
at  the  end  of  that  term.     See  §  78. 

Example  1.  What  is  the  present  value  of  a  rever- 
sionary annuity  on  a  life  aged  20  for  what  may  hap- 
pen to  remain  of  it  beyond  another  life  aged  40  after 
30  years,  provided  both  lives  continue  from  the 
present  time,  to  the  end  of  the  term  :  interest  at  4|- 
per  cent,  and  the  probabilities  of  living  as  given  by 
M.  De  Parcieuxl 

The  value  of  an  annuity  on  a  life  aged  50  after  an- 
other life  aged  70  is,  by  the  rule  in  Question  XIII, 
equal  ,to  6*404  (or  the  difference  between  11-921 
and  5*517);  and  the  expectation  that  the  joint  lives, 
20  and  40,  shall  receive  £1  at  the  end  of  30  years 
is,  by  Question  II,  equal  to  '0899  the  product  of 
these  two  quantities  therefore,  or  '576,  will  be  the 
value  required. 

Eocample  2.  What  is  the  present  value  of  an  an- 
nuity on  the  life  of  a  woman  aged  40,  for  what  may 
happen  to  remain  of  it  beyond  the  life  of  her  hus- 
band, now  aged  46,  after  10  years,  provided  they 
both  continue  in  being  so  long:   interest  at  4  per 


404  PRACTICAL   QUESTIONS.  Ch,  12. 

cent,  and  the  probabilities  of  life  as  observed  ia 
Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  woman 
aged  50  after  the  decease  of  her  husband  aged  56, 
is,  by  the  rule  in  Question  XIII,  equal  to  4'175; 
and  the  expectation  that  the  joint  lives  40  and  46 
shall  receiye  £1  at  the  end  of  10  years  is,  by  Ques- 
tion II,  equal  to  '4459 :  consequently,  these  two 
quantities  multiplied  together  will  produce  1*862  foi^ 
the  value  in  this  case  required. 

If  we  wish  to  determine  the  value  of  these  de- 
ferred reversionary  annuities  in  annual  payments 
during  the  continuance  of  their  joint  lives,  we  have 
only  to  divide  the  single  payment,  above  found,  by 
unity  added  to  the  value  of  an  annuity  on  the  joint 
lives ;  as  already  explained  in  the  Scholium  to 
Question  XIII. 

QUESTION  XIX. 

§  402.  To  find  the  value  of  any  Temporary  re- 
versionary life  annuity. 

SOLUTION. 

Substitute  the  values  of  temporary  annuities  on 
each  single  and  joint  lives,  instead  of  the  annuities 
for  the  whole  continuance  of  those  lives;  and  pro- 
ceed as  in  the  last  question.     See  §  77. 

Example  1.  A  lease  of  an  estate  is  held  for  30 
years,  to  the  rent  of  which  a  person  now  aged  20 
will  be  entitled  on  the  decease  of  his  brother  aged 
40 :  what  is  the  value  of  his  interest  therein,  taking 
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3  probabilities  of  life  as  observed  by  M.  De  Par- 
WfT,  and  interest  at  4^  per  cent? 
The  value  of  an  annuity  for  30  years  on  a  life  aged 
is,  by  Question  VII,  equal  to  14-352,  and  the  value 
a  similar  annuity  on  the  two  joint  lives  is,  by  the 
ne  Question,  equal  to  12-049;  consequently,  the 
Ference  of  the  two  values,  or  2*303,  will,  by 
lestion  XIII,  be  the  answer  required. 
Example  2.  In  a  lease  of  an  estate  (originally 
mted  for  twenty-one  years)  10  years  are  unexpired; 
the  rent  of  which,  a  woman  aged  40  will,  on  the 
cease  of  her  husband  aged  46,  become  entitled : 
rat  is  the  value  of  her  interest  in  the  same,  taking 
I  probabilities  of  life  as  observed  in  Swede?i,  and  the 
:e  of  interest  at  4  per  cent  ? 

The  value  of  an  annuity  on  the  life  of  a  woman 
ed  40  for  10  years  is,  by  Question  VII,  equal  to 
175,  and  the  value  of  a  similar  annuity  on  the  two 
nt  lives  is,  by  the  same  Question,  equal  to  6*775  : 
nsequently  '700  is  the  value  required. 
If  we  wish  to  determine  the  value  of  these  tem- 
rary  reversionary  annuities  in  annual  payments,  we 
.ve  only  to  divide  the  single  payments,  above  found, 
^  unity  added  to  the  value  of  a  temporary  annuity 
L  the  joint  lives  J  or  one  year  less  than  the  given  term  : 
id  the  quotient  will  be  the  annual  payment  required. 
56  §  368. 

QUESTION  XX. 

§  403 •    Two  persons  A  and  B  purchase  an  an- 
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nuity  on  the  longest  of  their  lives,  which  is  to  be 
equally  divided  between  then  whilst  they  are  both 
living,  but  on  the  decease  of  either  of  them  it' is  to 
belong  wholly  to  the  Survivor :  to  find  their  respec- 
tive shares,  or  the  proportion  which  each  person  ought 
to  contribute  towards  the  purchase. 

SOLUTION. 

From  the  value  of  an  annuity  on  the  life  A  or  B 
subtract  half  the  value  of  an  annuity  on  the  two  joint 
lives :  the  remainder  will  the  share  of  A  or  B  required 
See  §  85. 

Example  1.  Suppose  the  age  of  A  to  be  20,  and 
that  of  B  40 ;  the  rate  of  interest  4^  per  cent,  and  the 
probabilities  of  life  as  observed  M.  De  Parckuxt 

The  value  of  an  annuity  on  a  life  aged  20  is,  by 
Table  V,  equal  to  16*624;  and  the  value  of  an  an- 
nuity on  a  life  aged  40  is  equal  to  14*254  :  also  the 
value  of  an  annuity  on  two  joint  lives  aged  20  and 
40  is,  by  Table  IX,  equal  to  12-545,  the  half  of  which 
is  6*272.  Consequently  this  latter  value  subtracted 
from  16*624  will  give  10*352  for  the  share  which  A 
ought  to  contribute ;  and  subtracted  from  14*254  it 
will  give  7*982  for  the  share  which  B  ought  to  con- 
tribute. 

Example  2.  Suppose  two  persons,  a  man  aged  46 
and  a  woman  aged  40,  to  hold  the  lease  of  an  estate 
on  the  longest  of  their  lives,  the  rent  of  which  is  di- 
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ided  in  the  manner  above  stated ;  what  sum  ought 
p  be  given  to  each  of  them  for  surrendering  their 
igbt  in  the  same:  interest  being  reckoned  at  4  per 
lent,  and  the  probabilities  of  life  as  observed  in 

The  value  of  the  man's  interest  is  equal  to  7*154 
or  to  the  diflFerence  between  12*297  and  5*143);  and 
he  value  of  the  woman's  interest  is  equal  to  9*258 
or  to  the  diflFerence  between  14*401  and  5*143). 
Therefore  if  the  net  rent  of  the  estate  were  £50  per 
mnum,  the  sum  which  ought  to  be  given  to  the  man 
will  be  357*700,  or  £357:14:  and  the  sum  which 
Dught  to  be  given  to  the  woman  will  be  462*900,  or 
£462 :  18. 

SCHOLIUM. 

§  404.  If  the  annuity  is  for  a  term  of  years,  less 
than  that  to  which  it  is  probable  the  given  lives  may 
extend,  we  must  substitute  the  values  of  annuities 
for  the  given  term  instead  of  the  values  of  annuities 
for  the  whole  continuance  of  the  lives:  and  proceed 
with  these  substituted  values  according  to  the  direc- 
tions given  in  the  rule. 

Thus,  if  in  the  first  example,  the  annuity  had  been 
for  30  years  only,  we  must  find  the  value  of  a  tem- 
porary annuity  for  30  years  on  a  single  life  aged  20, 
a  single  life  aged  40,  and  two  joint  lives  aged  20  and 
40:  which  values  are,  by  Question  VII,  equal  to 
14*352,  13*470,  and  12*049  respectively.  Cons«- 
qaeatly,  the  half  of  the  latter  subtracted  (ro\xv  V4.*^5f2» 


i 
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will  leave  8*328  for  the  share  of  A ;  and  subtracted 
from  13'470,  it  will  leave  7*446  for  the  share  of  B. 


QUESTION  XXL 

§  405.  Two  persons  are  in  possession  of  an  an- 
nuity on  the  longest  of  their  lives ;  which,  on  the 
decease  of  either  of  them,  will  belong  to  D  and  his 
heirs  during  the  life  of  the  Survivor:  to  find  the  value 
of  his  interest  therein. 


SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
single  life  in  possession,  subtract  twice  the  value  of 
an  annuity  on  their  joint  lives :  the  difference  will  be 
the  value  required.     See  §  137. 

•*  ■.  •  ■  ■ 

Example.  Suppose  the  ages  of  ihe  two  lives  ia. 
possession  to  be  20  and  40;  interest  4|^  per  cent,  a^d. 
the  probabilities  of  living  as  observed  by  M.  Be. 
Parcieux  ?  s 

The  value  of  an  annuity  on  each  single  life  is, 
by  Table  V,  equal  to  16-624  and  14-254;  and  the 
value  of  an  annuity  on  the  two  joint  lives  is,  by  Table 
IX,  equal  to  12*545.  Consequently,  25*090 -subv; 
tracted  from  30*878  will  leave  5*788  for  the  interest 
of  D  and  his  heirs  in  this  annuity. 

Had  the  two  lives  in  possession  been  a  man  aged 
46  and  a  woman  aged  40,  l\\e  \^\we  of  tbe  interest  of 
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D  and  his  heirs  in  the  annuity  would  (on  the  sup- 
position that  interest  was  at  4  per  cent,  and  the  pro- 
babilities of  living  as  observed  in  Sweden)  be  equal  to 
6126 

SCHOLIUM. 

§  406.  If  the  annuity  is  for  a  term  of  years  less 
than  that  to  which  it  is  possible  that  either  of  the 
given  lives  may  extend,  we  must  substitute  the 
values  of  annuities  for  the  given  term  instead  of  the 
values  of  annuities  for  the  whole  continuance  of  the 
lives :  and  proceed  with  these  substituted  values  ac- 
cording to  the  directions  given  in  the  rule. 

Thus,  if  in  the  example  just  given,  the  annuity  on 
the  two  lives  aged  20  and  40  had  been  for  30  years 
only,  then  24*098  (or  twice  the  value  of  a  temporary 
annuity  for  30  years  on  the  two  joint  lives,  as  found 
by  Question  VII)  subtracted  from  27*822  (or  the 
sum  of  the  values  of  a  temporary  annuity  for  30 
years  on  each  of  the  single  lives,  as  found  by  the 
same  Question)  will  leave  3*724  for  the  value  in  this 
case  required. 


QUESTION  XXII. 

^  407.     To  find  the  value  of  an  annuity  certain 
a  given  term  ;   and  afterwards,  for  the  remainder 
of  any  given  life  or  lives. 


fci 


SOLUTION. 


To  the  present  value  of  an  annuity  (jetVaKvilot  >S^^ 

4  G 
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given  term,  add  the  value  of  an  annuity  on  the  given 
life,  or  lives,  deferred  for  that  term:  the  sum  of  these 
two  will  be  the  value  required.     See  §51. 

Example  1.  What  is  the  value  of  an  annuity  Ci^;:- 
tain  for  30  years,  and  then  to  continue  doriqgf^ 
life  of  a  person  now  aged  20:  reckoning  intof^t^ 
4^  per  cent,  and  the  probabilities  of  living  a^  ob- 
served by  M.  De  Parcieux  ? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  lG-289,  and  the  value  of  an^-^ 
nuity,  on  a  life  aged  20:  deferred  for  30  years  isi  hj! 
Question  VI,  equal  to  2-272:  consequently  18'5^| 
will  be  the  value  required. 

Example  2.  What  is  the  value  of  an  annuity  cei'*. 
tdin  for  10  years^  and  then  to  continue  during  tbQ 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40  j 
reckoning  interest  at  4  per  cent,  &  the  protbAbi|ii?e$ 
of  living  as  observed  in  Sweden  ?  ;  . 

The  value  of  an  annuity  certain  for  10  ye^ri^  is^,}^ 
T^le  UX,  equal  to  frill,  and  the  value  o£,ftagi^- 
nuity  on  the  two  joint  lives,  deferred  for  \Q  year§,  i^ 
by  Question  VI,  equal  to  3-511 :  consequently  U -€12^ 
will  be  the  value  required. 


QUESTION  XXIIL 


\  I 


%  408.    Supposing  a  person  to  enjoy  an  aan>«ky 
for  his  life  J  and,  at  his  decease,  to  have  the  nomination 
of  a  successor:  to  find  the  present  value  of  the  an- 
nuity  on  the  Succeedm^Mit, 
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tSOLUTIOK: 

Multiply  the  value  of  an  annuity  on  the  life  in 
possession  by  the  rate  of  interest,  and  subtract  the 
product  from  unity;  multiply  the  remainder  by  the 
assomed*  value  of  an  annuity  on  the  succeeding  life:- 
tlie  product  will  be  the  present  value  required.  See 
§  205. 

Example.  Suppose  the  age  of  the  life  in  pos- 
session to  be  65,  and  that  at  his  decease  he  has  th^ 
liberty  of  nominating  another  life  to  succeed  him; 
which  life  we  will  suppose  to  be  one  of  the  best  thal^ 
can  then  be  found,  or  one  which  may  then  be  about 
10  years  old :  what  is  the  present  value  of  suchi  suc- 
ceeding life,  interest  at  5  per  cent,  and  the  proba- 
bilities of  living  as  observed  by  M.  De  Parcieua;? 

The  value  of  an  annuity  on  a  life  aged  65  is,  by 
Table  V,  equal  to  7'535,  which  being  multiplied  hy 
•D5i  and  subtracted  from  unity,  will  leave  '62325; 
and  this  quantity,  multiplied  by  16-213  (or  the  valud 
€ff  an  atmuity  on  the  life  to  be  hereafter  nominated) 
wiH  produce  10*  105  for  the  present  value  of  the 
same,  as  was  required. 

Had  it  been  required  to  calculate  the  value  of  the 

■  *  l^f^elife  or  lives  nominated  to  iB&ccded  to  the  onAiiilty,  after  the  ex- 
tiootian  of  the  li£e  or  lives  in  possed^ion,  are  such  as  are  then  to  be  fixed 
on,  at  pleasure :  therefore  the  present  value  of  an  annuity  on  those  lives 
will  vary  according  to  the  ages  at  viPliich  they  are  supp<»ed  to  ba  pat  in* 
See  page  1^3. 
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succeeding  life  according  to  the  Nortkamptdn  tables 
of  observations,  at  the  same  rate  of  interest;  we 
ought  to  multiply  7*276  by  -OS ;  which,  subt«»dcM 
from  unity,  would  leave  *63620 ;  and  this  Utter 
quantity  multiplied  by  15*139*  will  give  9'63|'for 
the  value  in  this  case  required.  "   -  >f^^ 

{•V 

SCHOLIUM. 


Ah) 


\  409.  The  solution  given  to  the  present  question 
will  apply  equally  to  the  case  of  annuities  on  j^/nC 
lives,  or  on  the  longest  of  any  lives;  with  powiftr  to 
nominate,  at  the  extinction  of  such  lives^  an  equal 
number  of  similar  lives  to  succeed  thereto. 


.  t 


Example.  Suppose  an  annuity  is  held  on 'two 
joint  lives  aged  50  and  60;  and  that,  on  tit*4*- 
tinction  of  either  of  them,  two  other  joint  lives^^e 
best  that  can  then  be  found,  and  which  we  will  ap- 
pose to  be  10  years  old)  are  nominated  to  succeed 
them :  what  is  the  present  value  of  the  ahnuitf^dn 
the  succeeding  joint  lives,  interest  at  5  per  cent,  and 
the  probabilities  of  living  as  observed  at  Northampton^ , 

*  It  appears  that,  by  the  Northampton  tables,  a  life  of  tie  a§ffr  i^  »  ^ears 
is  one  of  the  best  that  can  be  put  in ;  since  the  value  of  an  attnuityoafDeli 
life  is  equal  to  15*226 :  but  in  questions  of  this  kind  we  may  safely  omit 
the  decimaly  and  assume  the  life  to  be  such  that  an  annuity  on  it  at  the 
time  of  nomination  would  be  worth  16  years  purchase.  For,  it  seldom  Ii^p* 
pens  that  the  life,  which  we  should  cAoo^e  to  nominate,  is  exactly  of  the  age 
which  is  assumed. 


>  .The  value  of  an  annuity  on  the  two  Joint  lives  is* 
by  Table  XXX,  equal  to  6*568 ;  which,  being  mul- 
tipiied  by  '05  &  subtracted  unity,  will  leave  '67160; 
attd  this  multiplied  by  12-665  (or  the  value  of  an  an- 
nuitj^on  two  joint  lives  both  10  years  old)  will  pror 
duce  8*606  for  the  value  required. 

Had  the  annuity  been  held  on  the  longest  of  the 
two  lives,  aged  50  and  60;  with  power,  on  the  ex- 
tinction of  both  those  lives,  to  nominate  two  other 
lives  (whose  ages  we  will  suppose  to  be  each  10 
years)  who  are  to  enjoy  the  annuity  as  long  as  either 
of  ^em  is  in  existance;  the  present  value  of  the  an- 
nuity cm  those  succeeding  lives  might  be  calculated 
in  a  similar  manner.  For,  the  value  of  an  annuity 
on  the  longest  of  two  lives  aged  50  and  60  is,  by  the 

solution  in  Question  VIII,  equal  to  12*093 ;  which 

» 

^idg  multiplied  by  '05  and  subtracted  from  unity, 
;  leaves  •39535;  and  this  quantity  multiplied  by  17*6 13 

(fi^  the  value  of  an  annuity  on  the  longest  of  two 
l  Uv^  aged  10  years)  will  give  6*963  for  the  value 

required. 


M 


QUESTION  XXIV. 

§  410.    To  find  the  present  value  of  an  annuity 
.certain  for  a  given  term  after  the  extinction  of  any 
given  life  or  lives. 

SOLUTION,. 

Multiply  the  value  of  an  annuity  on  the  given  life 
or  lives  by  the  rate  of  interest,  and  subtract  Itw^^  ^^^- 


i 
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duct  from  unity;  multiply  the  remainder  by  the  pre- 
sent value  of  an  annuity  certain  for  the  given  termi^ 
the  product  will  be  the  value  required     See  §  208. 

Example  I.  Suppose  D  and  his  heirs  to  beffni*^ 
titled  to  an  annuity  certain  for  21  years,  to  ciyat*' 
mence  at  the  death  of  a  person  aged  70 ;  what  M  \W 
present  value  of  D's  interest  in  that  annuity,  t«tifi^ 
the  probabilities  of  living  as  observed  at  NorthaMptr^n^' 
and  the  rate  of  interest  at  5  per  cent?^ 

The  value  of  an  annuity  on  the  life  of  a  person^ 
aged  70  is,  by  Table  XXVII,  equal  to  6-023,  which' 
being  multiplied  by  '05  and  subtracted  from  uni^y, 
will  leave  -69885 ;  and  this  multiplied  by  12-821  (or. 
the  value  of  an  annuity  certain  for  21  years)  will  pro-^ 
duce  8*960  for  the  present  value  of  the  same  annuity 
to  be  entered  on*  at  the  extinction  of  the  given  life. , 

If  this  value  be  added  to  6-023  (or  the  valu^pf 
the  annuity  on  the  life  in  possession)  the  suoirof  j 
them,  or  1 4*983,  will  be  equal  to  the  value  of  aftaorj 
nuity  on  th  given  life,  commencing  immediately„^ij(|jc 
to  continue,  after  the  extinction  of  such  life,  forrjt^l^i 
term  of  21  years  longer.  ,    .^^  .,ji 

Example  2.  A  lease  of  an  estate  is  held  upotf  ^IS«P^ 
lives  aged  60  and  70;  and,  after  the  decease  otftiofefi'^ 
of  them,  then  for  21  years  longer :  what  is  the  v^m 

*  This  solution  supposes  that  the  first  payment  of  the  annuity  is  made 
At  the  end  of  the  year  in  w\i\cVv  l^e  ^\\eTx^^fe\i^^^\aa^oAvwsU 


of  «i^h  lease,  reckoning  interest  at  5  per  cent,  and 
the  pfobabiiities  of  living  as  at  Northampton? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  60  and  70  is,  by  the  rule  in  Question  VIII, 
eqv&fil  to  9*735;  which  being  multiplied  by  -05  and 
su]j)^tracted  from  unity,  will  leave  *51325;  this  being 
n^^iplied  by  12*821  (or  the  value  of  an  annuity 
c^i^t^D  for  21  years)  will  give  6*580  for  the  present 
y^ii^  gf  the  same  annuity  to  be  enjoyed  21  years  after 
the  extinction  of  the  longest  of  the  two  lives.  And 
this  value  being  added  to  9*735  (or  the  value  of  an 
annuity  on  the  longest  of  the  two  lives)  will  give 
lt)*3l5  for  the  value  of  the  lease  required. 

Example  3.  A  lease  of  an  estate  is  held  upon 
three  lives  aged  50,  60,  and  70;  and,  after  their 
decease,  then  for  21  years  longer :  what  is  the  value 
of  the  Same,  reckpning  interest  at  5  per  cent,  and  the 
probabilities  of  living  as  at  Northampton  ? 

•  The  value  of  an  annuity  on  the  longest  of  three 
liHs  irged  60,  60,  and  70  is,  by  the  rule  in  Question 
IX,  equal  to  12*443  ;*  which,  being  multiplied  by  '05 
aijtf  then  subtracted  from  unity,  will  leave  •37785; 
tlii^  being  multiplied  by  12*821  will  give  4*844  for 
the  present  value  of  the  annuity  for  21  years  after  the 
Iqpg^i^t  pf  the  three  lives.  And  this  yalue,  being  ad^ 
ded  to  12*443,  will  give  17*287  for  the  value  of  the 
lease  required. 

^  The  Tttltt3  of  aa  annuiiy  on  three  Joint  lives  is,  by  the  rule  in  Question 
(and  th^  eorrcctioD  alluded  to  in  page  ^76)  et^ual  to  4'O^V. 
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Had  the  three  lives  been  10,  60,  and  70  years  of 
age ;  then  the  value  of  an  annuity  on  the  longest  of 
their  lives  would  be  equal  to  15'878  ;*  and  the  value 
of  the  annuity  for  21  years  after  those  lives  would  be 
equal  to  2*642 :  consequently  the  value  of  the  lease 
would  in  this  case  be  equal  to  18'520. 

Or,  had  the  three  lives  been  10,  10  and  70  years 
of  age;  then  the  value  of  an  annuity  on  the  longest 
of  their  lives  would  be  equal  to  1 7*610  ;t  and  the 
value  of  the  annuity  for  21  years  after  those  lives 
would  be  equal  to  1*532  :  consequently  the  value  of 
the  lease  would  in  this  case  be  equal  to  19.142. 


On  the  Renewal  of  Leases  for  Lives  and  afterwards 

for  a  Term  certain. 

^  41 1.  The  three  examples  given  in  the  preceding 
question  will  serve  to  show  the  method  of  determining 
the  value  of  the  Fine  which  ought  to  be  given  for 
Renewing  any  lives  dropt  in  a  lease  originally  held 
on  three  lives  and  for  a  term  certain  after  the  extinction 
qf  those  lives.  For,  the  value  of  such  fine  will  in  all 
cases  be  equal  to  the  present  value  of  the  tenant's 
interest  in  the  lease  before  the  renewal,  subtracted 


*  The  value  of  an  annuity  on  these  three  joint  lives  is,  by  the  rule  ia 
Question  V  (and  the  correction  alluded  to  in  page  376)  equal  to  4*454. 

t  The  value  of  an  annuity  on  these  three  joint  lives  is,  by  the  rule  in 
Question  V  (and  the  correction  oWuii^^  Xo  \u  \^\n.^<e^  Z1^)  e<\ual  to  5*374 
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frbm'his  interest  in  the  lease  after  the  new  lives  are 
aflcfed.* 

Tjiius,  suppose  that,  in  a  lease  originally  held  on 
three  lives  and  21  years,  one  of  the  lives  has  dropt; 
and  that  the  ages  of  the  tv^ro  remaining  lives  are  60 
and  70:  the  value  of  the  fine  which  ought  to  be  paid 
for  putting  in  another  life  aged  10  years  is  equal  to 
the  difference  between  16*315  (or  the  value  found 
by  the  second  example)  and  18*520  (or  the  value 
found  by  the  second  case  in  the  third  example). 
That  is,  the  value  of  the  fine  will  be  equal  to  2*205, 
or  about  2i  years  purchase  of  the  net  improved  rent 
of  the  estate. 

.  Again,  let  us  suppose  that  two  of  the  lives  have 
dropt ;  and  that  the  age  of  the  remaining  life  is  70 : 
the  value  of  the  fine  which  ought  to  be  paid  for  put- 
ting in  two  other  lives  both  10  years  of  age,  is  equal 
to  the  difference  between  14-983  (or  the  value  found 
by  the  first  example)  and  19*142  (or  the  value  found 
by  the  third  case  in  the  third  example) :  consequently 
tiire  value  of  the  fine  will  be  equal  to  4*  169,  or  about 
#  years  purchase  of  the  net  improved  rent  of  the 
eisftate.     -       '  '  ~  ^    '  ""' 

'  These .  examples  will  also  serve  to  sho.w  the  sum 
tnaf  ought  to  be  given  for  Exchanging  any  of  the 
lives  on  which  the  lease  may  happen  to  be  held:  for, 
the  same  method  of  solution  will  apply  to  such  cases. 

*  S«e  what  has  been  already  said  on  the  subject  of  the  Renewal  of  Leases 
for  Lives  in  genera],  ia  page  S97» 

4   H 
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Thus,  suppose  that,  in  a  lease  held  on  three  lives  and 
2 1  years,  the  ages  of  the  lives  at  present  in  the  lease 
were  50,  60,  and  70;  and  that  the  tenant  is  desirous 
of  exchanging  the  life  of  50  for  another  life  aged  10 
years  old:  the  value  of  the  fine  which  ought  in  such 
case  to  be  paid  will  be  equal  to  the  difference  be- 
tween 17*287  (or  the  value  of  his  present  interest,  as 
found  by  the  first  case  in  the  third  example)  and 
18*520  (or  the  value  of  his  interest  after  the  ex- 
change, as  found  by  the  second  case  in  the  same 
example).  That  is,  the  value  of  the  fine  will  be 
1*233,  or  near  1:|  year's  purchase  of  the  net  improved 
rent  of  the  estate. 

§  412.  Many  of  the  estates  belonging  to  the  Cor- 
poration of  Liverpool  are  held  on  the  tenure  alluded 
to  in  these  examples;  and  till  lately  they  were  in 
the  constant  habit  of  renewing  their  leases  on  the 
following  terms:  viz.  One  year's  purchase  for  adding 
one  life  dropt.  Three  years  purchase  for  adding 
two  lives  dropt,  &  Seven  year's  purchase  for  adding 
three  lives  dropt  when  the  21  years  remain  unexpired. 
In  all  these  cases  no  regard  was  paid  to  the  age  or 
state  of  health  of  the  existing  lives  in  the  lease. 
This  practice  of  demanding  an  uniform  fine  for  re- 
newing with  any  life,  and  without  regard  to  the  age 
^  or  state  of  health  of  the  lives  remaining  in  the  lease, 
betrayed  a  total  want  of  knowledge  on  the  subject ; 
and  was  in  most  cases  injurious  to  the  interests  of 
the  Corporation. 
But,  the  most  s\ng\i\^t  c\\eum%\.^we^  attending  this 
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subject  was  their  custom  of  exchanging^  for  the  sum 
of  only  one  guinea  each,  lives,  not  exceeding  50  years 
of  age  and  in  good  health,  for  lives  of  any  other  age, 
and  in  estates  of  any  yearly  value ! ! !  A  practice 
i?vhich  could  hardly  be  supposed  ever  to  have  existed 
in  so  enlightened  a  place  as  Liverpool.  The  Corpo- 
ration at  length,  suspecting  that  their  mode  of  pro- 
ceeding was  incorrect  in  principle,  referred  the 
matter  to  a  Committee,  who  directed  it  to  belaid 
before  me  for  my  opinion :  and  agreeably  to  their 
request  I  calculated  a  set  of  Tables  for  their  use, 
founded  on  the  principles  detailed  in  the  preceding 
examples. 

As  it  is  possible  that  many  other  Corporate  bodies 
are  still  pursuing  the  same  incorrect  and  absurd 
practice  of  leasing  their  estates,  I  have  been  more 
particular  in  these  examples,  in  order  that  they  may 
tbe  more  readily  determine  the  values  that  ought 
to  be  given  in  such  cases. 

QUESTION  XXV. 

§•413.  To^find  the  present  value  of  what  may 
happen  to  remain  (after  aay  given  life,,  of  lives)  ctf  an 
annuity  certain  for  a  giveft  term :  p^?ovidied  sttch  ^rm 
be  less  than  that  to  which  it  is  possible  the  gWen 
lives  matjr  ex  tend. ""^ 

*  The  term  lo  which  it  is  possible  that  an}!>  given  life  or  live»  may  ex- 
tend is-r— for  a  single  life,  equal  to  the  dUPerence  between  the  age  of  such 
life  and  the  age  of  the  oldest  life  in  the-  table  of  observations  :-s-for  j^int 
lives,  equal  to  the  difference  between  the  oldest  ol  B\i<i\i\\Nea  wv\\>Cia  ^:^  ^  ^ 


420  PRACTICAL    QUESTIONS.  Ch.  12 

SOLUTION. 

From  the  value  of  an  annuity  certain  for  the  given 
term,  subtract  the  value  of  an  annuity  on  the  given 
life,  or  Wyqs,  for  the  given  term:  the  diflferehce  will 
be  the  value  required.     See  §  192. 

Ea;ample.  A  lease  of  an  estate  is  held  for  30 
years,  to  the  rent  of  which  a  person  aged  20  is  en- 
titled provided  he  lives  so  long;  but  if  not,  then  the 
remainder  of  the  lease  will  descend  to  his  heirs: 
what  is  the  value  of  their  interest  in  the  same,  taking 
the  probabilities  of  living  as  observed  by  M.  De  Par- 
cieuXy  and  reckoning  interest  at  the  rate  of  4|^  per 
cent? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  16-289;  and  the  value  of  a 
temporary  annuity  for  30  years  on  a  life  aged  20  is, 
by  Question  VII,  equal  to  14'352:  therefore  this  lat- 
ter quantity  subtracted  from  the  former  will  leave 
1  •937  for  the  value  of  the  reversion  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  the  difference  between  16*289 
and  13-470:  that  is,  2-819  would  be  the  value  of  the 
reversion  in  this  case  required. 

Had  these  two  joint  lives  (aged  20  and  40)  been 
entitled  to  the  rent  of  the  estate  provided  they  lived 

the  oldest  life  in  the  tahle  of  observations: — and  for  the  longest  of  any  Dum- 
ber of  lives,  equal  to  the  d^erence  between  the  youngest  of  such  liyes  and 
th#  age  of  the  oldest  life  in  the  table  of  observationf  • 
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SO  long,  then  12*049  (or  the  value  of  a  temporary  an- 
nuity for  30  years  on  those  two  joint  lives,  as  found  by 
Question  VII)  subtracted  from  16'289,  would  give 
4'240  for  the  valae  of  the  reversion  in  this  case 
required. 

Or,  had  the  /ow^e^^  of  these  two  lives  been  entitled 
to  the  rent  of  the  estate,  then  15*773  (or  the  value  of 
a  temporary  annuity  for  30  years  on  the  longest  of 
those  lives,  as  found  by  Question  XII)  subtracted 
from  16*289,  would  give  •516  for  the  value  of  the  re- 
version in  this  case  required. 


QUESTION  XXVI. 

§  414.  To  find  the  value  of  the  Assurance  of  an 
estate  (or  annuity  certain  for  any  given  term*)  to  be 
entered  upon  at  the  extinction-f  of  any  given  lives. 


SOLUTION. 

Subtract  the  value  of  an  annuity  on  the  given  lives  j 
from  the  value  of  the  perpetuity,  or  the  terminable 

*  Provided  such  term  be  not  less  than  that  to  which  it  is  probable  the 
given  lives  may  extend.  For,  in  such  case,  the  solution  is  obtained  by  the 
preceding  Question. 

t  That  is,  the  first  payment  of  the  annuity  is  to  be  made  at  the  end  of 
the  year  in  which  such  lives  become  extinct :  and  this  is  always  understood  in 
questions  of  this  kind. 

%  Whether  a  single  life,  or  joint  lives,  or  the  longest  of  any  number  of 
lives :  for  the  solution  will  apply  to  each  case. 
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annuity:  and  the  difference  will  be  the  value  re- 
quired.    See  §  189. 

Example  I.  What  is  the  value  of  the  reversion  of 
an  estate  in  fee  after  the  death  of  a  person  now  aged 
20;  interest  being  reckoned  at  4 J  per  cent,  and  the 
probabilities  of  life  as  observed  by  M.  De  Parcimxi 

The  value  of  the  perpetuity  Is,  by  Table  LIX, 
equal  to  ^2*222,  and  the  value  of  an  annuity  on  the 
life  of  a  person  aged  20  is,  by  Table  V,  equal  to 
J  6'624  ;  consequently  the  difference  between  these 
two  values,  or  6'598,  will  be  the  answer  required. 
Therefore  if  the  estate  produced  a  rent  of  £4  :  10 
per  annum,  its  present  value  in  a  single  payment 
would  be  25-191,  or  £25  :  3  ;  10 

This  is  the  true  present  value  of  the  assurance  in 
?L  single  payment:  but,  in  order  to  obtain  the  value  of 
the  same  in  annual  payments,  commencing  imme- 
diately, we  must  divide  the  sum,  thus  found,  by 
unity  added  to  the  value  of  an  annuity  on  the  given 
life  (agreeably  to  the  principles  laid  down  in  §  369): 
and  the  quotient  will  be  the  answer  required. 

Thus,  in  the  present  case,  if  we  divide  25*19I  by 
17-624,  the  quotient  will  be  1-429,  or  £1:8:  7; 
and  this  is  the  sum  that  ought  to  be  paid  annually 
during  the  life  of  the  person  assured,  in  order,  to  se- 
cure the  perpetuity  of  £4  :  10  per  annum  on  his 
death  :  the  first  of  those  annual  payments  being 
made  immediately^  and  the  remaining  ones  at  the  be- 
ginning  of  every  subsequent  year. 
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Had  the  question  referred  to  an  annuity  for  80 
years,*  instead  of  a  perpetuity,  then  16*624  subtracted 
from  21*565  (or  the  present  value  of  an  annuity- 
certain  for  that  term  by  Table  LIX)  would  leave 
4*941  for  the  answer  required.  Therefore,  if  the 
annuity,  as  in  the  preceding  case,  were  £4  :  10  per 
annum,  its  present  value  in  a  single  payment  would 
be  22*234:  and  this  sum,  divided  by  17*624,  would 
give  1*262  for  the  value  of  the  same  in  annual  pay- 
ments. 

Example  2.  What  is  the  value  of  a  freehold  es- 
tate to  be  entered  upon  at  the  death  of  either  of  two 
lives,  a  man  aged  4G  and  a  woman  aged  40 ;  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  life 
as  observed  in  Swede?i? 

The  value  of  the  perpetuity  is,  by  Table  LIX, 
equal  to  25,  and  the  value  of  an  annuity  on  the  joint 
lives  of  these  two  persons  is,  by  Table  XVI,  equal 
10'286  :  this  latter  value  subtracted  from  the  former 
will  leave  14*714  for  the  answer  required.  There- 
fore if  the  estate  produced  £4  per  annum,  its  present 
value  would  be  58*856,  or  £58  :  17  :  1,  in  a  single 
payment:  and  this  sum,  divided  by  11*286,  would 
give  5*215,  or  £5  :  4  :  4,  for  the  value  of  the  same  in 
annual  payments. 

If  the  estate  were  not  to  be  entered  upon  till  the 

'  *  It  must  be  particularly  observed  tbat,  when  we  have  to  determine  by 
this  rule  the  value  of  the  reversion  of  any  terminable  annuity  after  any 
given  lives,  the  number  of  years  during  which  such  annuity  is  to  continue 
must  not  be  less  than  that  to  which  it  is  probable  the  given  lives  may^ex- 
tend :  see  the  note  in  page  419. 
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extinction  of  both  the  lives,  then  16'412  (or  the 
value  of  an  annuity  on  the  longest  of  the  two  lives, 
as  found  by  Question  VIII)  subtracted  from  25,  will 
leave  8*588  for  the  number  of  years  purchase  re- 
quired ;  and  which  being  multiplied  by  4,  as  in  the 
preceding  case,  will  give  34*352  for  the  value  of  the 
same  estate  in  a  single  payment:  and  this  sum  di- 
vided by  17*412  will  give  1-973  for  the  value  of  the 
same  in  annual  payments. 

Had  it  been  a  leasehold  estate  of  £4  per  annum 
for  60  years,  instead  of  a  freehold,  the  value  would 
in  the  former  case  have  come  out  equal  to  49*348  in 
a  single  payment;  or  4*373  in  annual  payments.  And 
in  the  latter  case,  to  24*844  in  a  single  payment;  or 
1*427  in  annual  payments. 

QUESTION  XXVII. 

§  415.  To  find  the  value  of  an  Assurance  of  a 
given  suniy  which  is  to  be  received  on  the  extinction* 
of  any  given  lives. 

SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  given  livesf 

*  That  is,  at  the  end  of  the  year  in  which  such  lives  become  extinct :  and 
tliis  is  always  understood  in  questions  of  this  kind.  The  usual  practice  of 
Assurance  Offices,  however,  is  to  pay  the  sum  at  the  end  of  six  months 
from  the  time  of  the  decease. 

T  Whether  a  single  life,  or  joint  lives,  or  the  longest  of  any  number  of 

yive^i  For,  the  solution  (as  in  the  preceding  question)  will  apply  to  each 
CQSC0 
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livesf  by  the  rate  of  interest,  and  subtract  the  pro- 
duct from  unity;  divide  the  remainder  by  the  amount 
of  £1  in  one  year:  and  the  quotient,  multiplied  by 
the  given  sum,  will  be  tte  value  required.    See  ^  180. 

Ea^aviple  1.  What  is  the  present  value  of  an  as- 
surance of  £100  on  the  life  of  a  person  aged  20: 
interest  at  A^  per  cent,  &  the  probabilities  of  living 
as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  such  life  is,  by  Table 
V,  equal  to  16*624,  which  being  multiplied  by  '045 
(or  the  rate  of  interest)  will  produce  •74808;  the  dif- 
ference between  this  value  &  unity  is  -25192,  which 
being  divided  by  r045  (or  the  amount  of  £1  in  one 
year)  will  give  24*  107  for  the  present  value  of  £l  to 
be  received  on  the  extinction  of  the  given  life:*  and 
this  value,  being  multiplied  by  100,  will  give  24*107, 
or  £24  :  2  :  2,  for  the  answer  required,  in  a  single 
payment. 

But,  in  order  to  obtain  the  value  of  the  same  in 


*  From  the  present  value  of  one  pound  in  be  received  on  the  extinction 
of  any  given  life  or  lives,  we  may  readily  determine  the  sum,  which  ought 
to  be  paid,  on  the  extinction  of  such  lives,  for  any  given  ttum  now  advanced: 
viz.  by  dividing  this  latter  sum  by  the  present  value  of  £1  as  above  found. 
Thus,  if  a  person,  aged  20,  borrows  £4000,  and  gives  security  to  pay  the 
value  of  the  same  at  his  death,  the  sum  which  ought  then  to  be  paid  (sup- 
posing the  interest  &c  the  same  as  mentioned  in  the  text)  is  found  by 
dividmg  4000  by  -24107 ;  virhich  gives  16592-691,  or  £16692  :  13  :  10,  fo' 
the  answer  required.  This  method  is  universal ;  and  will  apply  to  all  the 
Subsequent  in  the  present  Chapter. 

I 
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annual  ip^ymentsj  commencing  immediately,  we  must 
divide  the  sum,  thus  found,  by  unity  added  to  the 
value  of  an  annuity  on  the  given  life;  agreeably  to 
the  principles  laid  down  in  §  3G9:  whence  24-107^ 
divided  by  17-624  will  give  1-368,  or  £1:7:4,  for 
the  sum  which  ought  to  be  paid  annually  during  the 
life  of  the  person  assured,  in  order  to  secure  the  sura 
of  £100  on  hi§  death.  The  first  of  those  annual 
payments  being  made  immediately/,  and  the  remaining 
ones  at  the  beginnijig  of  every  subsequent  year.* 

Had  the  life  been  40  years  of  age,  its  value  in  a 
single  payment  would  have  been  equal  to  34-313: 
which  being  divided  by  15-254  (or  unity  added  to  the 
value  of  an  annuity  on  the  given  life)  will  give  2-249, 
or  £2:5:  0,  for  the  value  of  the  same  in  annual 
payments. 

Example  2.  What  is  the  present  value  of  £100  to 
be  received  on  the  death  of  a  man  aged  46 :  interest 
being  reckoned  at  4  per  cent,  and  the  probabilities 
of  life  as  observed  in  Sweden, 

The  value  of  an  annuity  on  the  life  of  a  man  aged 

*  The  rates  of  Assurances  for  Lives,  at  all  the  diflferent  Offices  established 
in  London,  are  calculated  from  the  Northampton  Table  of  Observations, 
and  at  3  per  cent  interest.  These  rates,  both  for  Single  and  Joint  lives 
are  given  in  Tables  LI  and  LII  at  the  end  of  the  present  work :  and  by 
comparing  them  with  the  true  and  proper  values,  as  given  in  Tables  LIV  to 
LVII,  the  public  may  form  a  tolerably  accurate  idea  of  the  immense  profit 
which  is  made  by  the  several  Assurance  Companies  above  alluded  to.  I 
shall  however  enlarge  more  upon  this  subject  in  Chapter  XIV.  See  also 
the  Scholium  to  Question  XXIX,  and  the  Scholium  to  Question  XXX. 
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46  is,  by  Table  XVI,  equal  to  12-297  ;  which  being 
multiplied  by  -04,  and  the  product  subtracted  from 
unity,  leaves  •50812:  this  quantity,  divided  by  1-04, 
gives  •48858;  which,  being  multiplied  by  100,  pro- 
duces 48^858,  or  £48  :  17  :  2,  for  the  answer  re- 
quired, in  a  single  payment.  And  if  this  latter  sum 
be  divided  by  13-297,  it  will  give  3-674,  or  £3  :  13  ;  6, 
for  the  value  of  the  same  in  antiual  payments.  Had 
the  age  of  the  man  been  56,  the  value  of  the  as- 
surance in  a  single  payment  would  have  been  equal 
to  58-781;  which  divided  by  10-717  would  give 
5'485  for  the  value  of  the  same  in  annual  payments. 

But  if  the  sum  had  depended  on  the  death  of  a 
woman  aged  40,  its  value  in  a  single  payment  would 
have  been  equal  to  40-765,  or  £40  :  15  :  4.  And 
this  sum,  divided  by  15^401,  would  give  2-647,  or 
£2  :  12  :  11,  for  the  value  of  the  same  in  annual 
payments.  And  had  the  age  of  the  woman  been  50, 
the  value  of  the  assurance  in  a  single  payment  would 
have  been  equal  to  49*812;  which  divided  by  13-049 
would  give  3-817  for  the  value  of  the  same  in  annual 
paylnents. 

Example  3.  What  sum  ought  to  be  given  for  the 
assurance  of  £100  on  two  joint  lives  aged  20  &  40  : 
interest  at  ^^  per  cent,  and  the  probabilities  of  living 
as  observed  by  M.  De  Parcieux. 

The  value  of  an  annuity  on  the  two  joint  lives 
is,  by  Table  IX,  equal  to  12-545,  which  being  mul- 
tiplied by  -045  (or  the  rate  of  interest)  will  produce 
•56452;  this  quantity,  subtracted  from  unity,  leaves 
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•43547,  which  being  divided  by  r045  (or  the  amount 
of  £1  in  a  year)  will  give  41*672;  and  this  multi- 
plied by  100  will  produce  41-672,  or  £41  :  13  :  5, 
for  the  answer  required,  in  a  single  payment.  If 
this  latter  quantity  be  divided  by  13-645,  it  will  give 
3*077,  or  £3:1:  6,  for  the  value  of  the  same  in  mi- 
nual  payments. 

Had  the  two  lives  been  50  and  70,  the  value  in  a 
s'mgle  payment  would  have  been  equal  to  71'936; 
which  being  divided  by  6*517  would  give  11*035  for 
the  value  of  the  same  in  annual  payments. 

Had  the  assurance  been  made  on  the  joint  lives  of 
a  man  aged  46,  and  his  wife  aged  40,  the  value  of 
the  same  (reckoning  interest  at  4  per  cent,  and  the 
probabilities  of  life  as  observed  in  Sweden)  would 
have  been  equal  to  56*592  in  ^.  single  payment,  and 
which,  being  divided  by  11*286,  would  give  5*014 
for  the  value  in  annual  payments. 

Or,  had  these  two  lives  been  respectively  56  and 
60,  the  value  would  in  such  case  have  come  out 
equal  to  65*869  in  a  single  payment:  and  which  be- 
ing divided  by  8*874  would  give  7*423  for  the  value 
in  annual  payments. 

Example  4.  What  is  the  value" of  an  assurance  of 
£100  on  the  longest  of  two  lives  aged  20  and  40; 
interest  4|-  per  cent,  and  the  probabilities  of  life  as 
observed  by  M.  De  Parcieu.v  ? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  20  &  40  is,  by  Question  VIII,  equal  to  18*333; 
which,  being  multiplied  by  '046  and  subtracted  from 
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inity,  leaves  •17502;  this  quantity,  divided  by  1*045, 
ivill  give  -16748,  and  which  being  multiplied  by  100 
will  produce  16*748,  or  £16  :  15  :  0,  for  the  answer 
required,  in  a  single  payment.  If  this  latter  quantity 
be  divided  by  19-333  (or  unity  added  to  the  value  of 
m  annuity  on  the  longest  of  the  two  lives)  it  will  give 
'866  or  17^  :  4d  for  the  value  of  the  same  in  annual 
payments,  to  be  made  at  the  beginning  of  each  year 
iuring  the  continuance  of  either  of  the  given  lives. 

Had  the  two  lives  been  50  &  70  years  of  age.  the 
lvalue  in  a  shigle  payment  would  have  been  equal  to 
4 1*328;  which,  being  divided  by  13-625,  would  give 
3*033,  for  the  value  of  the  same  m  annual  payments. 

Or,  had  the  assurance  been  made  on  the  longest  of 
^he  two  lives,  of  a  man  aged  46  and  his  wife  aged 
40,  the  value  of  the  same  (reckoning  interest  at  4 
per  cent,  and  the  probabilities  of  life  as  observed  in 
Sweden)  would  have  been  equal  to  33*031  in  a  single 
payment:  &  which,  being  divided  by  17*412,  would 
give  1*897^  for  the  value  of  the  same  in  annual  pay- 
ments. 

And  had  these  two  lives  been  respectively  56  and 
50,  the  value  would  in  such  case  have  come  out 
equal  to  42*723  in  a  single  payment:  which  being 
divided  by  14*892  will  give  2*869  for  the  value  of 
the  same  in  annual  payments. 

Example  5.  What  is  the  present  value  of  a  legacy* 
of  £100  to  be  received  on  the  extinction  of  any  one 

*  I  consider  a  legacy  as  not  due  till  the  end  of  the  year  in  which  the  tes- 
tator dies :  for  it  is  seldooo  paid  immediatelt/. 
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of  three  lives  aged  20, 30,  and  40:  reckoning  interest 
at  4  per  cent,  and  the  probabilities  of  living  as  at 
Northampton  ? 

The  value  of  an  annuity  on  the  three  joint  lives  is, 
by  Table  XLIV,  equal  to  8-986,  which,  being  multi- 
plied by  '04,  and  the  product  subtracted  from  unity, 
leaves  -64056:  this  quantity  divided  by  1*04  will 
give  -61592,  and  which  being  multiplied  by  100  will 
produce  61*592,  or  £61  :  11  :  10,  for  the  present 
value  of  the  legacy  required. 

In  like  manner  we  might  determine  the  value  of 
the  legacy  payable  on  the  extinction  of  any  two  of 
the  three  lives  above  mentioned.  For,  the  value  of 
an  annuity  on  any  two  out  of  those  three  lives  is,  by 
Question  X,  equal  to  15*315 :  consequently,  by  pro- 
ceeding as  in  the  last  case,  we  shall  find  that  37*250, 
or  £37  :  5  :  0,  will  be  the  present  value  of  the  legacy 
in  this  case  required. 

So  also  we  might  find  the  value  of  the  legacy  pay- 
able on  the  extinction  of  all  the  three  lives.  For,  the 
value  of  an  annuity  on  the  longest  of  the  lives  is,  by 
Question  IX,  equal  to  19-710:  and  by  proceeding ia 
a  similar  manner  it  will  be  found  that  20-346,  oi* 
£20  :  6  :  11,  is  the  present  value  of  the  legacy  in 
this  case  required. 

SCHOLIUM. 

§  4 16.  It  may  be  here  necessary  to  advert  to  the  re- 
mark which  I  have  made,  in  the  Scholium  in  page  160, 
respectiDg  the  relative  values  of  a  reversionary  sum^  and 
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i  corresponding  reversionary  estate :  and  which  may 
be  verified  by  a  comparison  of  the  values  in  any  two 
similar  cases  found  by  the  rules  in  the  two  preceding 
Questions.  Thus,  by  the  first  example  in  Question 
XXVII,  it  appears  that  the  value  of  £100  payable 
on  the  decease  of  a  person  aged  20,  interest  at  4^ 
per  cent,  is  equal  to  24*107  pounds :  and  by  the  first 
example  in  Question  XXVI,  it  appears  that  the  value 
of  a  corresponding  estate  (or  perpetuity)  of  £4  :  10 
per  annum  is  equal  to  25*191  pounds.  But  the  latter 
is  to  the  former  value  in  the  proportion  of  1*045  to 
1 ;  and  vice  versd^  the  former  is  to  the  latter  value,  as 
1  is  to  1-045. 

QUESTION  XXVIII. 

§  417.  To  find  the  value  of  a  Deferred  assurance 
of  any  given  sum,  on  any  given  lives.    ' 

SOLUTION  «RST.       * 

For  Single  and  Joint  Lives. 

Find  the  value  of  the  assurance  of  the  given  sum 
on  the  same  number  of  single  or  joint  lives  as  the 
given  lives,  but  each  older  than  such  lives  by  the 
given  term ;  multiply  this  value  by  the  expectation 
that  the  given  single  or  joint  lives  will  receive  £1  at 
the  end  of  that  term:  the  product  multiplied  by  the 
given  sum  will  be  the  value  required.  See  the  note 
in  page  147. 

Ea^ample  1.  What  is  the  present  value  of  £100 
to  be  received  on  the  death  of  a  man  age^  ^S,  "^^^^ 
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vided  that  should  happen  after  10  years:  interest 
being  reckoned  at  4  per  cent,  and  the  probabiUties 
of  life   as  observed  in  Sweden  ? 

The  value  of  an  assurance  of  £100  on  a  man  aged 
56  is,  by  Question  XXVII,  equal  to  58*781  ;  and 
the  expectation  that  a  man  aged  46  will  receive  £1 
at  the  end  of  10  years  is,  by  Question  II,  equal  to 
•5241 ;  consequently  these  two  quantities  being  mul- 
tiplied together  will  produce  30-807,  or  £30:  16:2, 
for  the  answer  required. 

Had  the  assurance  been  on  a  woman  aged  40,  its 
present  value  would  have  been  equal  to  49*812  mul- 
tiplied by  -6748;  that  is,  equal  to  28-632. 

Exapiple  2.  What  is  the  present  value  of  £100 
to  be  received  on  the  extinction  of  eithe?^  of  two  lives 
aged  20  and  40,  provided  that  should  happen  after 
30  years :  interest  at  4^  per  cent,  and  the  probabilities 
of  life  as  observed  by  M.  De  Pardeux  ? 

The  value  of  the  assurance  on  two  joint  lives  aged 
50  and  70  is,  by  Question  X3^VII,  equal  to  71*936; 
and  the  expectation  of  two  joint  lives,  aged  20' and 
40,  receiving  £1  at  the  end  of  30  years  is,  by  Ques- 
tion IT,  equal  to  -0899  :  therefore  the  product  of  these 
two  quantities  will  give  6*467,  or  £6  ;  9  :  4,  for  the 
answer  required. 

,     Had  the  assurance  been  made  on  the  joint  lives  of   ' 
a  man  aged  46  and  his  wife  aged  40,  provided  they 
became  extinct  ^/ifer  10  years,  its  present  value  (taking 
interest  at  4  per  cent,  and  the  probabilities  of  life  as    ; 
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observed  in  Sweden)  would  have  been  equal  to  65*869 
multiplied  by  -4459:  that  is,  equal  to  29*37 1. 


SOLUTION    SECOND. 

For  the  longest  of  any  lives. 

%  418.  Multiply  the  value  of  an  annuity  on  the 
longest  of  the  given  lives,  deferrediov  the  given  term, 
by  the  rate  of  interest;  subtract  the  product  from 
the  expectation  of  the  longest  of  the  given  lives  re- 
ceiving £1  at  the  end  of  the  same  period,  and  divide 
the  difference . by  the  amount  of  £1  in  a  year;  the 
quotient  multiplied  by  the  given  sum  will  be  the 
answer  required.     See  §  182. 

Example  3.  What  is  the  value  of  £100  to  be  re- 
ceived on  the  extinction  of  the  longest  of  two  lives, 
aged  20  and  40,  provided  that  shall  happen  after  30 
years  :  interest  at  4^  per  cent,  and  the  probabilities 
of  living  as  observed  by  M.  De  Parcieux  ? 

The  value  of  a  deferred  annuity  for  30  years  on 
the  longest  of  the  two  lives  is,   by  Question  XI, 
equal  to  2*560,  which  being  multiplied  by  '045  pro- 
duces -1152;  and  this  subtracted  from  '2266  (or  the 
expectation  that  one  or  other  of  these  two  lives  will 
receive  £1  at  the  end  of  30  years,  as  found  by  Ques- 
tion II)  will  leave  '1114,  which  being  divided  by 
1*045  will  give  '10660;  and  this  last  value,  multiplied 
by  100,  will  produce  10*660,  or  £10  :  13  :  2,  for  the 
answer  reguired. 

4    K 
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Had  this  sum  depended  on  the  extinction  of  the 
longest  of  two  lives,  a  man  aged  46  and  a  woman 
aged  40,  provided   that  event   happened  after  10 
years,  the  value  of  the  same  (reckoning  interest  at  4 
per  cent,  and   the  probabilities  of  life  as  observed  in 
Sweden)  may  be  found  in  a  similar  manner.     For, 
the  value  of  a  deferred  annuity  for  10  years  on  the 
longest  of  these  lives  is,  by  Question  XI,  equal  to 
8'508,  which  being  multiplied  by  '04  produces  •3403; 
and  this  subtracted  from  "6530  (or  the  expectation 
that  one  at  least  of  the  two  lives  will  receive  £1  at 
the  end  of  10  years,  as  found  by  Question  II)  will 
leave  •3127,  which  being  divided  by  ^104  will  give 
•30067 ;  and  this  last  value,  multiplied  by  100,  will 
produce  30-067,  or  £30  :  1  :  4,  for  the  answer  re- 
quired. 

QUESTION  XXIX. 

^419.     To  find  the  value  of  a  Temporary  assurance 
of  a  given  sum  on  any  given  lives. 

SOLUTION. 

From  the  value  of  the  assurance  of  the  given  sui 
on  the  whole  continuance  of  the  given  lives,  subtrac:^^ 
the  value  of  a  deferred  assurance  of  the  same  sura  fc:^^ 
the  given  term ;  the  difference  will  be  the  value  r< 
quired.     See  §  184. 


Example  1.     What  is  the  present  value  of  £100 
be  received  on  the  death  of  a  man  aged  46,  provided ^ 
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that  shall  happen  within  10  years:  interest  being 
reckoned  at  4  per  cent,  and  the  probabilities  of  life 
as  observed  in  Sweden  ? 

The  value  of  an  assurance  of  £100  on  the  whole 
continuance  of  this  life  is,  by  Question  XXVII, 
equal  to  48-868;  and  the  value  of  a  similar  assurance, 
deferred  for  10  years  is,  by  Question  XXVIII,  equal 
to  30*807,  which  being  subtracted  from  the  former 
value  will  leave  18-051,  or  £18  :  1  :  0,  for  the  answer 
required. 

This  is  the  value  in  a  single  payment:  but  if  we 
wish  to  find  the  corresponding  value  in  annual  pay- 
ments, we  must  divide  this  sum  by  7'680  (or  unity 
added  to  the  value  of  an  annuity  on  the  given  life 
for  one  year  less  than  the  given  term,  as  found  by 
the  rule  given  in  the  note,  page  380),  which  will 
give  2-350,  or  £2  :  7  :  0,  for  the  value  of  the  same 
assurance  in  annual  payments. 

Had  the  assurance  been  made  on  a  woman  aged 
40,  its  present  value  would  have  been  equal  to  the 
difference  between  40  765  &  28-632:  that  is,  12-133, 
or  £12  :  2  :  8,  would  have  been  the  answer  required, 
in  a  single  payment.  And  this  value  divided  by 
7-900  (or  unity  added  to  the  value  of  an  annuity  on 
the  life  for  9  years,  as  found  by  the  rule  above  men- 
tioned) will  give  1-536,  or  £1  :  10  :  9,  for  the  value 
of  the  same  in  annual  payments. 

Ea^ample  2.  What  is  the  value  of  an  assurance  of 
£100  on  the  Joint  lives  of  two  persons  aged  20  and 
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40,  for  30  years:  interest  at  4 J  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieuxl 

The  value  of  the  assurance  on  the  whole  continu- 
ance of  the  lives  is,  by  Question  XXVIII,  equal  to 
41*672;  and  the  value  of  a  similar  assurance  deferred 
for  30  years  is,  by  Question  XXVllI,  equal  to  6*467: 
therefore  this  latter  value,  subtracted  from  the  for- 
mer, will  leave  35-205,  or  £35  :  4  :  1,  for  the  answer 
required,  in  a  single  payment.     And  this  sum  divided 
by  12'959  (or  unity  added  to  the  value  of  an  annuity 
on  the  two  joini  lives  for  twenty-nine  years)  will 
give  2*717,  or  £1     14  :  4,  for  the  value  of  the  same 
assurance  in  arinudl  payments* 

Had  the  assurance  been  made  for  10  years  on  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40, 
the  value  of  the  same  (reckoning  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  observed  \tx 
Sweden)  would  have  been  equal  to  the  difference  be- 
tween 56  592  and  29*371:    that  is,  27-221  would 
have  been  the  value  in  a  single  payment.     And  thi  ^ 

sum  divided  by  7-239  (or  unity  added  to  the  vala  ^^ 
of  an  annuity  on  the  two  joint  lives  for  nine  year^^) 
will  give  3*714  for  the  value  of  the  annual  payment^s. 

Example  3.  What  sum  ought  to  be  given  for  tb^^ 
assurance  of  £lOO  for  30  years  on  the  longest  of  tv^^ 
lives,  aged  20  and  40 :  interest  at  A^  per  cent,  and  ttn^ 
probabilities  of  life  as  observed  by  M.  De  Parceiuj^^^ 

The  value  of  the  assurance  for  the  whole  continxi- 
ance  of  the  given  lives  is,  by  Question  XXVI // 


[ 
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equal  to  16-748;  and  the  value  of  a  similar  assurance 
deferred  for  30  years  is,  by  Question  XXVIII,  equal 
to  10-660 :  this  latter  value  therefore  subtracted  from 
the  former  will  leave  6-088,  or  £6:1:  9,  for  the 
answer  required,  in  a  single  payment.  And  this  sum 
divided  by  16-546  (or  unity  added  to  the  value  of  an 
annuity  on  the  longest  of  the  two  lives  for  twenty- 
nine  years)  will  give  -368,  or  7^  :  4d,  for  the  value 
of  the  same  in  annual  payments. 

Had  it  been  required  to  determine  the  value  of  the 
assurance,  in  annual  payments  during  ihe  joint  con- 
tinuance of  the  given  lives,  then  6-086  divided  by 
12*959  (or  unity  added  to  the  value  of  an  annuity  on 
the  two  joint  lives  for  twenty-nine  years)  would  give 
•470  for  the  answer  required. 

In  like  manner  may  be  determined  the  value  of  an 
assurance  of  £100  for  10  years  on  the  longest  of  two 
lives,  viz  a  man  aged  46  and  a  woman  aged  40 ; 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  life  as  observed  in  Sweden. 

For,  the  value  of  such  assurance  will  be  equal  to 
the  difference  between  33-031  and  30-067;  that  is, 
2-964  will  be  the  value  in  a  single  payment:  and  this 
sum  divided  by  8*251  (or  unity  added  to  thevalueof 
an  annuity  on  the  longest  of  the  two  lives  for  nine 
years)  will  give  -359  for  the  value  of  the  same  in 
annual  payments  during  the  fowg-e^^ofthe  given  lives : 
or  being  divided  by  7-329  (equal  to  unity  added  to 
the  value  of  an  annuity  on  the  two  joiwUives  fet  mvsR^ 
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years)  will  give  "404  for  the  value  of  the  same  in 
annttal  payments  during  the  existance  of  the  Joint 
lives. 

SCHOLIUM. 

§  420      When  we  have  to  determine  the  value  of 
a  temporary  assurance  for  a  very  short  term,  such  as 
1 ,  2,  3,  &c  years,  it  will  be  the  easiest  method  to  cal- 
culate the  value  of  each  year's  expectation  from  the 
tables  of  mortality.    For,  the  probability  that  a  person 
of  any  given  £ige  will  die  in  any  particular  year  is  a 
fraction  whose  denominator  is  the  number  of  persons 
living  at  that  age,  and  whose  numerator  is  the  num- 
ber of  persons  that  die  within  the  given  year ;  and 
which  fraction,  being  multiplied  by  the  present  value 
of  the  given  sum  due  at  the  end  of  the  given  years 
will  give  the  expectation  of  receiving  such  sum  attli- 
end  of  that  year,  provided  the  given  life  become 
extinct  in  that  year :  and  the  sum  of  these  annul 
expectations  for  the  l^t,  2"^^,  3''^,  &c  years  will  be  Urn.  < 
value  of  the  assurance  for  those  periods  respectively^* 

Example  1.  What  is  the  value  of  an  assurance  ^oX. 
£100,  for  one  year,  on  the  life  of  a  woman  aged  4C^  ; 
or,  in  other  words,  what  is  the  present  value  of  £1C^0 
to  be  received  at  the  end  of  the  year,  provided  suc^h 
life  be  then  extinct :  interest  b€ing  reckoned  at  4  j>  «r 
cent,  and  the  probabilities  of  life  as  observed  3n 
Sweden  ? 

The  probability  that  a  woman  of  40  will  die  witl»-^n 
thejirst  year  is,  by  Table  XIV,  equal  tor^lr ;  axid 
the  present  value  of  £100  to  be  received  at  the  esM? 
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of  a  year  is,  by  Table  LVIII,  equal  to  96*  154  :  these 
two  quantities,  multiplied  together,  will  produce 
1*321,  or  £1  :  6  :  5,  for  the  value  required, 

In  like  manner  it  may  be  found  that  the  probability 
of  a  woman,  aged  40,  dying  within  the  second  year 
is,  by  the  same  Table  equal  to  tH^;  and  that  the 
present  value  of  £100  to  be  received  at  the  end  of 
two  years  is  equal  to  92*456  :  which  quantities  being 
multiplied  together  will  produce  1*466  for  the  present 
value  of  £100  to  be  received  at  the  end  of  the  second 
year  provided  the  given  life  becomes  extinct  in  that 
year.  And  this  value,  added  to  the  one  above  found, 
will  give  2-786,  or  £2  :  15  :  9,  for  the  value  of  the 
assurance  for  two  years. 

By  a  similar  method  of  proceeding  it  will  be  found 
that  T^  multiplied  by  88.900  will  give  1-428  for 
the  present  value  of  £100  to  be  received  at  the  end 
of  the  thi?'d  year  on  a  similar  contingency  ;  and  which 
value,  being  added  to  the  sum  of  the  two  former  ones, 
will  give  4'214  for  the  value  of  the  assurance  for  three 
years.     And  so  on  for  the  subsequent  years. 

Had  it  been  required  to  determine  the  value  of  a 
similar  assurance  on  the  life  of  a  man,  aged  46,  the 
expectations  for  the  first,  second,  and  third  years 
would  have  been  equal  to  t^t  multiplied  by  96*154, 
92*456,  and  88*900  respectively:*  whence,  those 
expectations  would  have  come  out  equal  to  1*927, 

*  Because  ^^^  is  not  only  the  probability  that  such  life  will  die  in  the 
first  year ;  but  also  the  probability  that  it  will  die  in  th«  second  year ;  and 
alsQ  ia  the  third  year  :  as  may  be  seen  by  Table  XIY. 
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r853,  aud  1-782:  and  the  value  ot  the  assurance, 
for  one,  two,  and  three  years,  would  have  been  1 927, 
3-780  and  5-562  respectively. 

The  same  observations  will  apply  to  assurances 
for  one  year  on  2iXiy  joint  lives.  For,  the  probability 
that  any  two  joint  lives  will  fail  within  the  first  year 
is  the  difference  between  unity  and  the  product  of 
the  probabilities  that  they  shall  both  live  to  the  end 
of  the  year:  and  which  difference,  being  multiplied 
by  the  present  value  of  the  given  sum  due  at  the 
end  of  that  year,  will  give  the  expectation  of  receiving 
such  sum  at  that  period  provided  either  of  the  given 
lives  be  then  extinct. 

Exa77iple2.  What  is  the  present  value  of  an  as- 
surance of  £100  for  one  year,  on  the  joint  lives  of  a 
man  aged  46  and  his  wife  aged  40  :  interest  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  in 
Stveden  ? 

The  probability  that  a  man  aged  46  will  live  to 
to  the  end  of  the  year  is  equal  to  f^M ;  and  the  pro- 
bability that  a  woman  aged  40  will  live  to  the  end 
of  the  same  period  is  equal  to|4M:  these  two  frac- 
tions, therefore,  being  multiplied  together  and  their 
product  subtracted  from  unity,  will  leave  -OBSS; 
which  being  multiplied  by  96' 154  (or  the  present 
value  of  £1  due  at  the  end  of  the  year"^  will  produce 
3-221,  or  £3  :  4  :  5,  for 'the  value  required. 

§  421.  These  examples  will  show  the  method  of 
/proceeding  in  all  similar  cases:  and  for  the  informa* 
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tion  of  the  reader  I  shall  here  subjoin  a  table  of  the 
sums  demanded  by  the  different  Assurance  Com- 
panies for  the  assurance  of  £100  for  one  year  on  a 
sin«:le  life  at  the  several  ajres  therein  mentioned :  to 
which  I  shall  add  the  fair  value  that  ought  to  be 
given  for  the  same,  according  to  the  probabilities  of 
life  as  observed  by  M.  De  Parcieux^^  and  reckoning 
interest  at  4  per  cent. 


Ages. 

Norihampton 

De  Parcieux. 

3  per  cent. 

4  per  cent. 

10 

•890 

•929 

20 

1-362 

•900 

30 

1-661 

1-037 

40 

2-030 

1-049 

50 

2-763 

1-431 

60 

3-906 

2-983 

70 

6184 

5-289 

From  which  it  appears  that  the  several  Assurance 
Companies  require^  in  most  cases,  half  as  much  again 
as  ought  to  be  given  ;  and  in  some  cases  nearly  dou- 
ble the  sum  that  should  be  given  for  the  assurance. 
And  though  some  compensation  ought  to  be  allowed 
for  the  expenses  incurred  in  carrying  o.i  the  business 
of  the  Office,  as  well  as  a  proper  remuneration  for 
the  services  of  those  who  conduct  it;  yet  it  is  evident 
that  these  sums  are  greater  than  ought  reasonably 
to  be  taken:  particularly  when  it  is  considered  that 

*  The  probabilities  here  alluded  to  ai^,  in  this  particular  case,  taken 
from  the  Table  of  Observations  jj;iven  by  Dr.  Price  in  his  Oha,  on  Rev*  Pay 
vol.  ii.  p.  456  :  because  the  dccremenls  of  life  are  there  more  correctly  given; 
and,  being  on  a  more  enlarged  scale^  are  therefore  more  applicable  to  the 
present  examples.  , 

4  I,  -- 


442  PRACTICAL  QUMTIONf  Ch.  VI. 

those  who  insure  at  any*  of  the  Offices,  for  a  term  of 
years  only,  have  not  much  prospect  of  deriving  any 
advantage  from  the  profits  of  the  concern. 

QUESTION  XXX. 

\  422.  To  find  the  value  of  an  Assurance  of  a 
given  sum  to  be  received  on  the  decease  of  A,  pro- 
vided he  dies  before  another  given  life  B.f 

SOLUTION. 

Let  O  represent  a  life  one  year  older  than  A:  and 
Y  a  life  one  year  younger  than  A.  Add  unity  to  the 
value  ot  an  annuity  on  the  two  joint  lives  OB,  and 
multiply  the  sum  by  the  number  of  persons  living  at 
the  age  of  O ;  then  divide  this  product  by  the 
amount  of  £1  in  a  year,  and  reserve  the  quotient. 
Multiply  the  value  of  an  annuity  on  the 'two  jdnt 

*  For,  such  persons  do  not  (even  at  the  Equitable  Society)  participate 
in  the  profits,  unless  a  bonus  happens  to  be  declared  during  the  terra  for 
which  they  nre  assured:  which,  in  most  ordinary  cases,  (if  it  occurs  at  all) 
IS  but  a  partial  advanta^^e. 

f  The  present  Question  will  be  found  of  considerable  utility  in  enabling 
na  to  determine  the  propriety  and  advantage  of  those  Schemes  which  are 
formed  with  a  view  of  providing  sums  of  money  to  be  paid  to  WidowSy  on 
the  deceaEC  of  their  husbands.  See  what  has  been  already  said  on  the  sub- 
ject of  annuities,  applied  in  a  siuiilar  manner,  in  the  note  in  page  37B* 

i  When  the  two  lives  are  of  the  same  age,  the  present  value  required  is 
in  all  cases  equal  to  the  present  value  of  half  the  sum  payable  on  the  ex« 
tinction  of  the  t  jio  joint  lives  AB.  Thus,  if  the  two  lives,  in  the  first  ex- 
ample, were  both  aged  20,  the  pret-ent  value  required  would  be  equal  to 
17*696:  and  if  they  had  both  been  iO^ears  of  age,  the  required  yalue  would 
Mmy0  h$§M  equal  ta  22-634h 
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lives  YB  by  the  number  of  persons  liring  at  the  age 
of  Y:  and,  having  subtracted  the  product  from  the 
reserved  quotient,  divide  the  remainder  by  the  num- 
ber of  persons  living  at  the  age  of  A.  Subtract  this 
last  quotient  from  the  present  value  of  £l  payable 
on  the  extinction  of  the  two  joint  lives  AB;  and  the 
remainder,  multiplied  by  half  the  given  sum,  will  be 
the  value  required.     See  §  231. 

Ej;ample  1.  What  is  the  present  value  of  £100 
payable  on  the  death  of  A  aged  20,  provided  B  aged 
40  be  then  living:  interest  at  A\  per  cent,  and  the 
probabilities  of  living  as  observed  byM.  De  Parcieu.vl 

The  value  of  an  annuity  on  the  two  joint  lives  OB, 
aged  21  and  40,  is,  by  the  rule  in  page  365,  equal  to 
12*520;  which,  being  added  to  unity,  and  then  mul- 
tiplied by  806  (or  the  number  of  persons  living  against 
the  age  of  21,  in  Table  III),  will  produce  10897-120; 
and  this  being  divided  by  1*045  will  give  10427*866 
for  the  reserved  quotient.  The  value  of  an  annuity 
on  the  two  joint  lives  YB,  aged  19  and  40,  is,  by 
the  rule  in  page  365,  equal  to  12*575;  which  being 
multiplied  by  ^21  (or  the  number  of  persons  living  at 
the  age  of  19,  in  Table  III)  will  produce  10324*075: 
this  being  subtracted  from  10427*866  (the  reserved 
quotient)  and  the  remainder  divided  by  814  (or  the 
number  of  persons  living  at  the  age  of  20)  will  give 
•1275.  Now,  the  value  of  £1  payable  on  the  ex- 
tinction of  the  joint  lives  AB,  aged  20  and  40,  is,  by 
Question  XXVII,  equal  to  -4167:  therefore  *I^7^ 
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being  subtracted  from  this  value  will  leave  '2892; 
which  being  multiplied  by  50  will  give  14*46,  or 
£14  :  9  :  2,  for  the  present  value  required. 

Having  thus  found  the  present  value  of  the  given 
sum  payable  on  the  decease  of  i\.,  provided  B  be 
then  alive;  we  may  easily  determine  the  present 
value  of  the  same  sum  payable  on  the  decease  of  B, 
provided  A  be  then  alive.  For,  we  have  only  in 
such  case  to  deduct  the  value,  found  by  the  rule, 
from  the  value  of  the  same  sum  payable  on  the  ex- 
tinction of  the  joint  lives  AB.  Thus,  the  present 
value  of  £100  payable  on  the  extinctit^n  of  the  joint 
lives  AB  is,  by  Question  XXVIl,  equal  to  41*67; 
whence,  if  we  subtract  14*46  from  such  value,  the 
difference,  or  27*21,  will  be  the  j)resent  value  of 
£\Q0  payable  on  the  decease  of  B,  provided  A  be 
then  alive. 

These  values  are,  in  such  case,  the  sums  that 
ought  to  be  given  in  a  single  payment:  but,  if  we 
wish  to  determine  the  value  of  the  same  in  annual 
payments,  we  must  divide  those  sums  by  unity  added 
to  the  value  of  an  annuity  on  the  two  joint  lives  AB. 
Therefore  14*46  being  divided  by  13*545  will  give 
1*068,  or  £1:1:4,  for  the  annual  payments  in  the 
former  case:  and  27*21  divided  by  13*545  will  give 
2*009,  or  £2  :  0  :  2,  for  the  annual  payments  in  the 
latter  case, 

E.vamplc  2.  B  aged  00  will,  if  he  lives  till  the  de- 
cease of  A  aged  25,  be  entitled  to  a  legacy  of  £100: 
what  is  the  value  of  his  iwteiest  va  such  sum,  taking 
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the  probabilities  of  living-  as  at  Northamptoriy  and 
the  rate  of  interest  5  per  cent? 

The  value  of  an  annuity  on  tv^o  joint  lives  OB, 
aged  26  and  60,  is  equal  7*365;  which  being  added 
to  unity  and  multiplied  by  4685  (or  the  number  of 
persons  living  at  the  age  of  26,  as  in  Table  XXV) 
will  give  39190-025;  and  this,  divided  by  1-05,  will 
give  37323-833  fur  the  quotient,  to  be  reserved.  The 
value  of  an  annuity  on  the  two  joint  lives  YB,  aged 
24  and  60,  is  equal  to  7-399 ;  whicli  being  multiplied 
by  4835  (or  the  number  of  persons  living  against  the 
age  of  24)  will  produce  35774-165:  this,  being  sub- 
tracted from  the  reserved  quotient,  and  the  remainder 
divided  by  4760  (or  the  number  of  persons  living 
against  the  age  of  25),  will  give  -32556.  JVow,  the 
present;  value  of  £1  payable  on  the  extinction  of  two 
joint  lives,  aged  25  and  <'0,  is  equal  to  -60081 :  there- 
fore -32556,  being  subtracted  from  this  value,  will 
leave  27525:  which,  being  multiplied  by  50,  will 
give  13*762,  or  £13  :  15  :  3,  for  the  j)resent  value  of 
B's  interest  in  the  legacy. 

If  this  sum  be  subtracted  from  60-081  (or  the  pre- 
sent value  of  £100  payable  on  the  extinction  of  the 
joint  lives  AB  aged  25  and  60)  the  difference,  or 
46-319,  will  be  the  present  value  of  the  legacy  pay- 
ble  on  the  death  of  B,  provided  A  be  then  alive. 

And  either  of  these  values,  divided  by  unity  added 
to  the  value  of  an  annuity  on  the  two  joint  lives,  will 
show  the  annual  payment  which  ought  to  be  given  by 
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B  or  A  respectively,  in  order  to  have  the  same  assured 
to  his  heirs  provided  he  dies  before  the  other. 

SCHOLIUM. 

§  423.  The  examples  above  given  show  the  pro- 
per method  of  proceeding  in  all  similar  cases :  and  it 
may  be  here  useful  to  remark  that  the  values  in  Table 
LIII  (which  are  adopted  by  all  the  Assurance  Offices 
in  London)  have  been  computed  from  an  incorrect 
rule  given  by  Mr.  Simpson,*  and  therefore  cannot 
be  depended  upon  when  the  life  of  A  is  very  young, 
or  when  there  is  any  considerable  difference  between 
ages  of  the  two  lives.  I  shall  however  enter  more 
at  large  on  this  singular  fact,  in  Chapter  XIV.  See 
also  what  has  been  already  said  on  this  subject  in  the 
note  in  page  187. 

*  Id  the  Supplement  to  his  Doctrine  of  Annuities,  Prob.  XXXII;  and 
in  his  Select  Exerciees  ;  Prob.  XXXII.  In  using  which  rule,  it  should  be 
observed  that,  when  the  reversion  is  a  eum  and  not  an  e^tate^  the  value 
foand  by  the  rule  must  be  divided  by  £1  increased  by  its  interest  for  a  year :  as 
explained  in  page  162.    Agreeably  to  this  correction  it  will  be  found  that 

Mr.  Simpson's  rule  may  be  expressed  by  the  formula  s  x  'X  •■^* 

2(1  +  j)       e 
which  denotes  half  the  value  of  an  assurance  of  the  giveh  siim  payable  on 

the  extinction  of  two  joint  lives  of  the  same  age  with  the  oldest  of  the  two 

lives,  multiplied  by  a  fraction  whose  numerator  is  the  expectation  of  tht 

Mfe  B,  and  whose  denominator  in  the  expectation  of  the  life  A. 

This  ia  Uie  approximate  value  when  B,  or  the  life  in  expectation,  is  the 

x)ldest  of  the  two  lives.    But  if  B  be  the  youngest,  this  value  must  be  sub- 

tracted  from  n  x ;  and  the  diflference  will  be  the  value  in  this 

•we-  (1+^) 

I  would  here  observe  that  Mr.  Dodson's  formula  {Mat.  Rep.  tjI.  iii.  . 

<2ues.  23)  is  deduced  from  precisely  the  same  series  as  Mr.  Simpson's  for- 

iDola;  uef CfthelesB,  they  gWe  dijffwent  results  when  expounded  aomericaUy* 
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QUESTION  XXXI. 

§  424.  To  find  the  value  of  a  Temporally  assurance 
of  a  given  sum  payable  on  the  decease  of  A,  provided 
he  dies  before  another  life  B. 


SOLUTION.* 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  annuity  on  the  life  B,  and  add  unity 
to  the  product.     Call  this  the^r^^  value. 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  annuity  on  a  life  older  than  B  by  the 
given  term,  add  unity  to  the  product,  and  then  mul* 
tiply  this  sum  by  the  expection  of  B's  receiving  £\ 
at  the  end  of  the  term.  Call  this  product  the  second 
value. 

Divide  the  probability  that  A  will  die  before  the 
end  of  the  term,  by  the  number  of  years,  and  multiply 
the  quotient  by  half  the  given  sum.  Call  this  product 
the  third  value. 

Subtract  the  second  value  from  the^r^^,  and  divide 

*  It  may  be  necessary  to  observe  that  this  rule  is  only  an  appraafitnation 
to  the  true  value,  agreeably  to  the  principles  laid  down  in  the  note  in  page 
194;  and  therefore  must  be  always  used,  not  only  with  caution  but,  with 
a  due  regard  to  the  tables  of  observation  employed.  The  correct  value  may 
be  obtained  by  the  help  of  the  formula  in  Prob.  XXVII,  cor.  4 ;  but,  as 
that  formula  could  not  be  conveniently  expressed  in  woids  at  length,  I  have 
preferred  the  one,  above  alluded  to,  for  the  illustration  of  this  part  ^f  the 
tvlject. 
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the  remainder  by  the  amount  of  £1  in  a  year:  the 
quotient  thence  arising,  being  multiplied  by  the  third 
value,  will  give  the  present  value  of  the  given  sum 
required. 

Example.  1.  What  is  the  present  value  of  £100 
payable  on  the  decease  of  A  aged  7,  provided  that 
shall  happen  within  14  years,  and  provided  another 
life  B,  aged  30,  be  then  alive :  interest  at  3  percenti 
and  the  probabilities  of  living  as  observed  at  North- 
ampton ? 

The  value  of  an  annuity  on  the  life  B,  aged  30,  is, 
by  Table  XXVII,  equal  to  16-922  ;  which  being  mul- 
tiplied by  2-03  i^or  2  added  to  -03)  will  produce 
34-35166;  and  this,  being  added  to  unity,  will  give 
35-35166  for  the/m  value. 

The  value  of  an  annuity  on  a  life  14  years  older 
than  B  (that  is,  on  a  life  aged  44)  is  equal  to  13  929; 
which,  being  also  multiplied  by  2*03,  will  produce 
28-275S7.  This,  being  added  to  unity,  wilLgive 
29-27587;  which  being  multiplied  by  -50144  (or 
the  expection  of  B's  receiving  £1  at  the  end  of  14 
years*)  will  produce  14-68009  for  the  second  Value. 

The  probability  that  A  will  die  before  the  end  of 
the  given  term  is  equal  to  -14599,t  which  being  di- 
vided by  14  will  give  -010428;  and  this  quotient, 
multiplied  by  50  (or  half  the  given  sum)  will  produce 
•5214  for  the  third  value. 

The  difference  between  lUe  Jirst  aad  second  value 
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is  20-67157;  which,  being  divided  by  1*03,  will  give 
20-0695.  This  quotient,  multiplied  by  -5214  will 
produce  10-464  for  the  value  required. 

This  is  the  sum  that  ought  to  be  given  for  the  as- 
surance in  a  single  payment:  but,  if  we  wish  to 
determine  the  value  of  the  same  in  annual  payments, 
we  must  divide  this  sum  by  9*566  (or  unity  added 
to  the  value  of  an  annuity  on  the  two  joint  lives  for 
13  years);  which  will  give  1*094  for  the  annual  pay- 
ment required. 

Ejpample  2.  B  aged  60  will,  if  he  lives  to  the 
decease  of  A  aged  25,  be  entitled  to  a  legacy  of  £100, 
provided  that  event  shall  happen  within  15  years: 
what  is  the  value  of  his  interest  therein,  reckoning 
the  probabilities  of  life  as  observed  at  Northampton, 
and  the  rate  of  interest  at  5  per  cent  ? 

The  value  of  an  annuity  on  the  life  aged  60  is,  by 
Table  XXVII,  equal  to  8*392;  which,  being  multi- 
plied by  2*05  and  added  to  unity,  will  make  18*2036 
for  i\iQ Jirst  value. 


*  The  probability  that  B  shall  live  to  the  end  of  14  years  is,  by  the  rule 
in  Question  I,  equal  to  ^|ff *;  (^nd  the  present  value  of  £1  certain  to  bs 
received  at  the  end  of  that  period  is,  by  Table  LVIII,  equal  to  '6611 :  the 
product  of  these  two  quantities  will  give  *50144  for  the  expectation  required. 

t  The  probability  that  A  shall  live  to  the  end  of  14  years  is,  by  the 
rule  in  Question  I,  equal  to  |g|g  ;  that  is,  equal  to  '85401.  This  value, 
subtracted  from  unity,  will  give  *145j99  for  the  probability  that  A  shall  die 
before  the  end  of  that  period. 

4   M 
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The  value  of  an  annuity  on  a  life  aged  76  is  equal 
to  4*744;  which  being  multiplied  also  by  2*05,  and 
iadded  to  unity  will  make  10'7252:  and  this,  being 
multiplied  by  •19637  (or  the  expectation  of  B's  re- 
ceiving £1  at  the  end  of  15  years*)  will  produce 
2*1061  for  the  second  value. 

The  probability  that  A  will  die  before  the  end  of 
16  years  is  equal  to  •23634'f*;  which,  being  divided 
by  15,  will  give  •015756;  and  this  quotient,  multi- 
plied by  half  the  given  sum,  will  produce  •7878  for 
the  third  value. 

The  difference  between  the  Jirst  and  second  value 
is  16*0975;  which,  being  divided  by  r05,  wiU  give  . 
15-3310.     This  quotient,  multiplied  by  -7878,  will 
produce  12*078  for  the  value  required,  in  a  singk 
payment. 

And  this  sum  being  divided  by  7*592  (or  unity 
added  to  the  value  of  an  annuity  on  the  two  joint 
lives  for  14  years)  would  give  1*591  for  the  value  of 
the  same  sum,  if  required,  in  annual  payments. 

SCHOLIUM. 

§  425.     If  the  term,  for  which  the  assurance  is 

*  The  probability  that  B  shall  live  to  the  end  of  15  years  is  equal  to 
"sV^V  and  the  present  value  of  £1  to  be  received  at  the  end  of  that  term 
is  equal  to  '48102  :  the  product  of  these  two  quantities  wiJl  give  '19637  for 
the  expectation  required. 

t  The  probabiiity  that  A  will  die  in  15  years  is  equal  to  |4f  4  subtracted 
from  unity  ;  that  ig,  equal  to  -J}.|g.  or  •23634. 
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made,  happens  to  fall  within  the  limits  of  equal 
decrements,  of  the  life  A,  as  found  in  the  given  table 
of  observations,  it  is  obvious  (from  the  method  of 
deduction  in  the  note,  in  page  192,  &c)  that  this 
rule  will  give  the  e.vact  value.  This  is  the  case  ia 
tbe  second  example  here  given :  for,  by  referring  to 
Table  XXV,  it  will  be  found  that  from  the  age  of  25 
to  40  the  decrements  of  life  are  exactly  equal :  and 
consequently  the  rule  is  in  this  case  strictly  correct. 
Nevertheless,  if  the  value  of  the  same  assurance  be 
found  by  the  help  of  the  formula  given  in  Prob. 
XXVII,  cor.  4,  it  will  come  out  equal  to  12*139^, 
and  I  can  account  for  this  difference  in  no  other  way, 
than  by  supposing  there  is  some  error  in  the  tables 
of  the  values  of  the  annuities ;  for,  it  is  evident  that 
the  two  results  ought  to  be  precisely  the  same. 


QUESTION  XXXII 

§  426.  To  find  the  value  of  an  Assurance  of  a 
given  sum  payable  on  the  decease  of  A,  provided  he 
dies  after  another  life  B. 


SOLUTION. 


From  the  value  of  the  assurance  of  the  given  sum 
payable  on  the  decease  of  A,  subtract  the  value  of 
the  same  assurance  payable  on  the  dece^^^  o"?.  ^.^ 
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provided  he  dies  before  B :  the  difference  will  be  the 
value  required.     See  §  241. 

Example  1.  What  is  the  present  value  of  £100 
payable  on  the  decease  of  A  aged  20;  provided  B 
aged  40  be  then  dead :  reckoning  interest  at  4^  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcteiu:  ? 

The  value  of  the  assurance  of  £100,  payable  on 
the  decease  of  A,  is,  by  Question  XXVII,  equal  to 
24*107 ;  and  the  value  of  the  same  sum,  payable  on 
the  decease  of  A,  provided  he  dies^  before  B,  is,  by 
Question  XXX,  equal  to  14*460 :  consequently  9*647, 
or  £9  :  12  :  11,  will  be  the  value  required. 

Having  thus  found  the  value  of  the  given  sum 
payable  on  the  decease  of  A,  provided  B,  be  then 
dead,  we  may  easily  determine  the  value  of  a  similar 
sum  payable  on  the  decease  of  B,  provided  A  be  the 
extinct :  for,  we  have  only  in  such  case  to  deduct 
the  value,  found  by  the  rule,  from  the  value  of  the 
same  sum  payable  on  the  extinction  of  the  longest  of 
the  two  lives.  Thus,  the  present  value  of  £100  pay- 
able on  the  extinction  of  the  longest  of  two  lives 
aged  20  and  40  (at  the  rate  of  interest  &c.  above 
mentioned)  is,  by  Question  XXVII,  equal  to  16*748; 
from  which  if  we  subtract  9*647,  as  above  found,  the 
difference,  or  7*101,  will  be  the  value  of  £100  pay- 
able on  the  decease  of  B,  provided  he  dies  after  A. 

I'bese  sums  are  the  values  which  ought  in  each  case 
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to  be  given  in  a  single  payment :  but,  if  we  wish  to 
determine  the  value  of  the  same  in  annual  payments 
till  the  claim  is  determinedy  we  must  divide  the  single 
payment,  thus  found,  by  unity  added  to  the  value  of 
an  annuity  on  the  two  joint  lives.  Or,  if  we  wish 
to  determine  the  value  of  the  same  in  ajwww^/ payments 
till  the  claim  becomes  due,  we  must  divide  the  single 
payment  by  unity  added  to  the  value  of  an  annuity 
on  the  single  life,  on  which  the  assurance  is  made.* 
Thus,  9'647  being  the  value,  in  a  single  payment,  of 
an  assurance  of  £100  on  the  life  A  provided  he  dies 
after  B;  it  follows  that  the  value  of  the  same  assu- 
rance, in  ^^wwwt?/  payments  till  the  claim  is  determined,  is  . 
equal  to  9*647  divided  by  1 3-645  :  that  is,  equal  to 
•712,  or  14^ :  Zd.  And  that  the  value  of  the  same 
assurance,  in  annual  payments  till  the  claim  becomes 
due,  is  equal  to  9*647  divided  by  1 7*624;  that  is, 
equal  to  *547,  or  10^  :  l\d. 

Example  2.  What  is  the  present  value  of  £  100  pay- 
able on  the  decease  of  A  aged  25,  provided  he  should 
die  after  B  aged  60 :  interest  at  5  per  cent,  and  the 
probabilities  of  living  as  at  Northampton  ? 

The  value  of  an  assurance  of  £100  on  the  decease 
of  A  is,  by  the  rule  in  Question  XXVII,  equal  to 
30*633 ;  and  the  value  of  the  same  sum  payable  at 
the  same  period,  provided  B  be*  then  extinct,  is, 
by  Question  XXX,  equal  to  1 3*762 ;  consequently 

*  See  p^ge  ddS. 
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16-871,  or  £16  :  17  :  5,  will  be  the  value  required, 
in  a  single  payment. 

This  value,  being  divided  by  8-383  will  give  2-013, 
or  £2:0:  3,  for  the  annual  payments  till  the  claim 
is  determined:  or,  being  divided  by  14*567,  will  give 
1-158,  or  £1  :  3  :  2,  for  the  annual  payments  till  the 
claim  become  due. 


QUESTION  XXXIII. 

§  427.  To  find  the  value  of  a  Temporary  assurance 
of  a  given  sum  payable  on  the  decease  of  A,  provided 
he  dies  after  another  life  B. 


SOLUTION. 

From  the  value  of  a  temporary  assurance  of  the 
given  sum  payable  on  the  decease  of  A,  subtract  the 
value  of  a  similar  temporary  assurance,  payable  oa 
the  decease  of  A,  provided  he  dies  before  B :  the 
difference  will  be  the  value  required. 

Ex'ample.  What  is  the  present  value  of  a  legacy  of 
£100  payable  on  the  decease  of  A  aged  25,  provided 
he  dies  within  15  years,  and  provided  also  that 
another  person  B,  now  aged  60,  be  then  dead :  in- 
terest being  reckoned  at  5  per  cent,  and  the  proba- 
bilities of  living  as  at  Northampton  ? 
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The  value  of  an  assurance  of  £100  payable  on  the 
decease  of  a  person  aged  25,  provided  that  should 
happen  w^ithin  15  years,  is,  by  the  rule  in  Question 
XXIX,  equal  to  16-354*;  and  the  value  of  a  similar 
assurance,  provided  another  person  now  aged  60  be 
then  living,  is,  by  Question  XXXI,  equal  to  12*078  : 
consequently  this  latter  value  subtracted  from  the 
former  will  leave  4-276,  or  f  4  :  5  :  6,  for  the  value 
of  the  assurance  required. 

SCHOLIUM. 

§  428.  This  rule  will  still  be  correct  although 
the  given  term  ej^ceedthe  number  of  years  between 
the  age  of  B,  and  the  oldest  life  in  the  table  of  obser- 
vations :  but,  in  such  case,  the  value  of  the  assurance 
payable  on  the  decease  of  A,  provided  he  dies  before  B 
(being  now  for  the  whoie  continuance  of  the  joint  lives) 
must  be  found  by  Question  XXX  instead  of  Question 
XXXI:  and  the  value  thus  found,  being  deducted 
from  the  temporary  assurance  on  the  life  A,  will  give 
the  value  requiredf. 


*  The  Talue  of  the  assurance  on  the  whole  continuance  of  the  life  is,  by 
the  rule  in  Question  XXVII,  equal  to  30-633;  and  the  value  of  the  same 
assurance  deferred  for  16  years  is,  by  the  rule  in  Question  XXVIII, 
equal  to  14*279  :  consequently  the  difference  between  these  two  values, 
will  be  the  value  of  the  temporary  assurance, 

+  Mr.  Morgan  has  given  a  singuhir  and  troublesome  rule  for  this  case, 
in  Dr.  Price's  Obi,  on  Eev,  Pay.  vol.  1,  page  70,  note  1.  It  is  neither  sim- 
ple nor  correct • 
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Thus,  if  the  term  in  the  preceding  example  had 
been  40  years ;  then  the  value  of  the  assurance  on 
the  life  A  for  40  years  would,  by  the  rule  in  Ques- 
tion XXIX,  be  equal  to  27-682*;  and  the  value  of 
the  assurance  on  the  same  life,  provided  B  be  alive 
at  his  decease,  would  by  question  XXX,  be  equal  to 
13*762;  consequently,  this  latter  value  subtracted 
from  the  former  would  leave  13*920,  or  £13  :  18  :  6, 
for  the  value  required,  in  a  single  payment.  And 
13-920  divided  by  8*383  (or  unity  added  to  the  value 
of  an  annuity  on  the  two  joint  lives)  will  give  1*661 
for  the  value  of  the  same  in  annual  payments  till  the 
claim  is  determined  :  or,  being  divided  by  14*164  (or 
unity  added  to  the  value  of  an  annuity  on  the  life  A 
for  39  years)  will  give  "983  for  the  same  value  in 
annual  payments  till  the  sum  becomes  due. 


§  429.  Before  I  close  the  present  chapter  I  shall 
insert  the  solution  of  a  Question,  which  will  be  often 
found  of  considerable  practical  utility,  not  only  to  in- 
dividuals, but  likewise  to  those  Societies  whose  bu- 
siness consist  in  granting  Assurances  on  lives. 

The  reader  must  be  already  aware  that  if  a  person 
were  to  make  an  assurance  at  any  of  the  OflBces  on 

*  The  value  of  the  assurance  on  the  whole  continuance  of  the  life  is,  as 
in  the  preceding  note,  equal  to  30*633;  and  the  value  of  the  same  assurance 
deferred  for  40  years  is,  by  the  rule  in  Question  XXVIII,  equal  to  2-951: 
consequently  the  latter  value  subtracted  from  the  former  will  be  the  value 
of  the  temporary  assurance  required. 
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his  own  life  for  a  single  year,  and  to  repeat  this  at 
the  end  of  every  successive  year  to  the  utmost  ex- 
tremity of  life,  the  annual  payment  (for  such  as 
sufance)  would  be  continually  increasing  till  his 
death.  But,  if  he  made  the  assurance  on  the  whole 
contintcance  of  his  life,  and  contracted  with  the  Office 
to  pay  the  value  of  such  assurance  by  equal  annual 
payments  during  his  life  (as  is  usually  the  case),  it 
is  evident  that  such  annual  payment  ought  to  be 
greater  then  the  premium  required  for  an  assurance 
for  a  single  year  at  his  present  age,  but  less  than  the 
premium  required  for  a  similar  assurance  at  the  more 
advanced  periods  of  life.  Hence,  it  appears  that  if  a 
person,  who  was  originally  assured  for  the  whole 
term  of  his  life,  should  be  desirous  (either  through 
inability,  or  any  other  motive)  of  renouncing  his  claim 
upon  the  Office  and  of  cancelling  his  policy,  he  ought 
to  have  some  part  of  those  annual  payments  returned 
to  him;  or,  in  other  words,  a  compensation  ought  to 
be  made  him  for  that  ea^cess  in  the  annual  payments 
which  he  has  been  advancing  to  the  Society.  The 
object  of  the  following  question  is  to  determine  the 
amount  of  that  remuneration. 


QUESTION  XXXIV. 

§  430.  To  find  the  sum  that  ought  to  be  given  to 
a  person,  who  is  assured  for  the  whole  term  of  his 
life,  for  a  given  sum,  in  order  that  he  may  renounce 
his  claim  thereto. 

4  N 


A5B  PRACTICAL   QUA8TI0KS.  Ck.  12 


SOLUTION. 


Subtract  the  equal  annual  payment,  which  he  has 
been  giving  since  the  assurance  commenced,  from 
the  equal  annual  payment  which  ought  to  be  given 
for  the  assurance  of  the  given  sum  on  the  life  at  its 
present  age  ;  multiply  the  remainder  by  the  value  of 
an  annuity  (increased  by 'unity*)  on  the  life  at  its 
present  age:  the  product  will  be  the  sum  required. 

Example.  A  person  now  aged  50,  who  has  been 
paying  21-790,  or  £21  :  [5  :  ]0,t  annually  for  the 
assurance  of  £1000  at  his  death,  is  desirous  of  dis- 
continuing the  same  ;  what  sum  ought  to  be  given 
to  him,  by  the  Office,  as  a  compensation  for  so 
doing:  interest  being  reckoned  at  3  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.X 

The  annual  premiums  which  ought  to  be  given  for 
the  assurance  of  £1000  on  a  life  aged  50  is,  by  Ta- 
ble LI,  equal  to  45*300 ;  and  the  difference  between 
this  and   21*790  is  equal  to  23*510;  which  being 

*  This  supposes  that  the  policy  is  cancelled  immediately  before  the  W 
nual  payment  becomes  due :  but  if  immediately  a/fer,  we  must  multiply 
the  remainder,  above  alluded  to,  by  the  value  of  an  annuity  on  the  giTen 
life,  without  the  addition  of  unity. 

t  Tiiis  is  the  annual  payment  for  the  assurance  of  £1000  on  aliftag^ 
20,  as  a])pears  by  Table  LI. 

X  The  rate  of  iflterest  and  probabilities  of  life,  in  such  computatioDSi 
ought  to  be  the  same  as  those  adopted  by  the  Office,  at  which  the  policy* 
effected. 
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multiplied  by  13-436  (or  unity  added  to  the  value  of 
an  annuity  on  a  life  aged  50)  will  produce  315'880, 
or  £315  :  17  :  7,  for  the  answer  required.* 

SCHOLIUM. 

§  431.  If  the  sum,  which  is  to  be  received  at  the 
death  of  the  assured,  has  been  increased  by  any  ad- 
dition, or  bonus,  (as  will  oftentimes  be  the  case  in 
the  Equitable  Society)  we  must  take  the  difference 
between  the  annual  payment,  that  ought  to  be  given 
for  the  assurance  of  ^the  given  sum  together  with  its 
bonuSf  and  the  original  annual  payment  above  men- 
tioned: and  the  remainder  multiplied,  as  before,  by 
the  value  of  an  annuity  (increased  by  unity)  on  the 
life  at  its  present  age,  will  give  the  sum  required. f 

Example.  Suppose  that  the  several  additions  made 
to  the  policy,  alluded  to  in  the  preceding  example, 

*  Tlus  case  may  be  stated  in  another  manner,  as  follows.  The  Society 
may  be  considered  as  indebted  to  the  assured  in  the  present  value  of  an  as- 
surance of  £1000  on  a  life  aged  50 ;  which  is  equal  to  608'6G,  or  £608  :  13 : 2. 
And  the  assured  may  be  considered  as  owing  to  the  Society  the  present 
Talue  of  all  the  aiinual  payments  of  £21 :  15  :  10,  during  tlie  remainder  of 
his  life ;  the  first  of  which  payments  is  supposed  to  be  made  immediately : 
therefore  the  value  of  all  those  payments  will  be  equal  to  21'790  multiplied 
by  13*436  ;  which  produces  292-78,  or  £292  :  15  :  7.  Consequently  the 
interest  of  the  assured  in  his  policy  will  be  equal  to  the  difference  between 
£608. :  13 : 2,  and  £292 :  15 :  7 :  that  is,  equal  to  £315  :  17  :  7>  a?  found 
by  the  example  in  the  text. 

t  Or,  we  may  add  the  value  of  an  assurance  of  the  additional  sum  on 
the  given  life,  to  the  value  found  by  the  preceding  solution ;  wliich.  will 
fife  the  sam^  results. 
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amount  to  £500 ;  in  which  case,  the  executors  of  the 
assured  would  be  entitled  to  £1500  on  his  death: 
what  sum  ought  now  to  be  given  him  for  renouncing 
his  claim  upon  the  Society ;  the  interest,  &c,  being 
as  in  the  preceding  example  ? 

The  annual  premium  which  ought  to  be  given  for 
the  assurance  of  £1500  on  a  life  aged  50  will  be 
67*950;  and  the  difference  between  this  and  21*790 
is  equal  to  46*160 :  which  being  multiplied  by  13*436 
will  produce  620-206,  or  £620  :  4  :  1,  for  the  answer 
required. 

The  same  result  would  have  been  obtained  by 
adding  *£304  :  6  :  6  (or  the  value  of  an  assurance  of 
the  additional  £500  on  the  given  life)  to  £315  :  17:7, 
as  found  by  the  preceding  example. 

§  432.     These  two  examples  will  show  the  method 
of  proceeding  in  all  similar  cases,  whether  the  as- 
surance depends  upon  a  single  life,  upon  any  joint 
lives,  or  on  any  other  contingency.     It  will  also  serve 
to  show  the  amount  of  the  debts  owing  by  a  Com- 
pany, whose  business  consists  in  making  Assurances 
on  lives  :  since  these  are  the  sums  which  would  be 
required  to  cancel  the  respective  claims  on  the  So- 
ciety, and  may  consequently  be  fairly  considered  as 
money  owing  by  them.     These  debts,  therefore,  be- 
ing deducted  from  the  amount  of  capital  in  hand, 
will  leave  the  net   surplus  stock  belonging  to  the 
Society :  and  it  is  this  net  surplus  stock  alone  that 
can  be  considered  as  the  true  profits  of  the  concer% 
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and  as  the  only  fund  from  which  any  divisions  ought 
to  be  made  amongst  the  different  members :  either 
by  way  of  interest,  dividend,  or  bonus,  A  society 
that  is  not  guided  by  some  principle  of  this  kind 
must  inevitably  terminate  in  disgrace  and  ruin. 
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CHAPTER  XIII. 

On  Schemes  for  providing  Annuities  for  the  Benefit  of 

Old  Age,  and  of  Widows. 


1 .     For  Old  Age. 

§  433.  X  HE  rule  given  for  the  solution  of  Ques- 
tion VI,  in  the  preceding  Chapter,  is  of  considerable 
practical  use  ;  since,  by  means  of  it,  we  are  enabled 
to  determine  the  efficacy  and  propriety  of  those 
schemes  and  establishments  which  are  proposed  with 
a  view  of  providing  Annuities  for  Old  Age.  For, 
having  found  the  present  value  of  an  annuity  of  /£1 
per  annum  on  any  given  life  or  lives,  to  commence 
at  the  end  of  any  number  of  years  from  the  present 
time,  we  may  easily  find  the  present  value  of  any 
other  annuity  (either  in  a  single  payment,  or  in  an- 
nual payments,  or  in  both)  by  multiplying  the  present 
values,  thus  deduced,  by  that  other  annuity;  agree- 
ably to  the  principles  already  laid  down  in  the  note 
in  page  362.  And  in  like  manner,  having  found  the 
present  value  above  alluded  to,  we  may  readily  de- 
termine the  annuity  that  ought  to  be  given,  at  the 
end  of  any  period,  for  a  given  sum  paid  down  im- 
mediately ;  or,  for  a  given  sum,  part  of  which  is  paid 
immediately,  and  the  remainder  by  annual  payments 
till  the  end  of  the  given  lexm. 


Ch.  13*  ON   ANNl^ITIEd  FOR   OLD   AO£.  463 

Thus  it  appears,  by  the  second  example  in  page 
378,  that  the  present  value  of  an  annuity  of  one 
pound  per  annum  on  the  life  of  a  female  aged  40,  to 
commence  at  the  end  of  10  years,  is  (reckoning  in- 
terest at  4  per  cent,  and  the  probabilities  of  life  as 
observed  in  Sweden)  equal  to  6*926,  or  £6  :  18  :  6  : 
consequently  an  annuity  of  £44  per  annum  to  com- 
mence at  the  same  period  would  be  equal  to  304*744, 
or  £304  :  14  :  11,  in  ^.  single  present  payment.  And 
this  latter  sum  divided  by  7*900  (or  unity  added  to 
the  value  of  an  annuity  on  the  given  life  for  9  years) 
will  give  38*575,  or  £38  :  11  :  6,  for  the  value  of  the 
same  annuity  in  annual  payments  :  the  first  of  such 
payments  to  be  made  immediately,  and  the  remain- 
ing ones  at  the  beginning  of  every  subsequent  year, 
provided  the  given  life  is  then  in  being.  Or,  if  £200 
(part  of  the  £304  :  14  :  11)  be  paid  down  imme-- 
diately;  then  the  annual  payments  which  ought  in 
this  case  to  be  made,  iri  order  to  supply  the  de- 
ficiency, will  be  equal  to  the  remaining  sum  of 
104-744  divided  by  7*900  :*  that  is,  equal  to  1 3*259, 
or  £13  :  5  :  2. 

*  If  ths  first  of  these  annual  payments  is  not  made  till  the  end  of  the 
first  year,  then  the  sum  here  alluded  to  must  he  divided  by  7*475  (or  the 
■  value  of  an  annuity  on  the  given  life  for  10  years)  v^hich  will  make  the  an- 
nual payment  equal  to  14*018,  or  £14:0:8:  and,  in  this  case,  the  last 
annual  payment  will  be  made  at  the  same  time  that  the  first  payment  of 
the  aanuity  becomes  due.  In  the  cases  mentioned  by  Dr.  Price  {Obs.  on 
Mev.  Pay.  vol.  i.  p.  141)  and  to  which  I  shall  presently  allude,  the  pay- 
ments were  made  half -ye&r\y ;  and  the  first  of  those  half-yearly  payments 
was  paid  down  with  the  Admission  money  :  but  he  does  not  notice  this  fact, 
•Ithoi^gh  it  msike»  $02B9  difference  in  the  reftulu. 
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In  like  manner  if  we  wish  to  determine  the  annuity 
that  ought  to  be  granted  on  such  life  at  the  end  of 
10  years,  for  £73  ;  10  :  0,  paid  down  immediately ^ 
and  £6  :  14:0  in  annual  payments,  we  must  pro* 
ceed  as  follows.  Multiply  6*700  (or  the  amount  of 
the  annual  payment)  by  7*900  (or  unity  added  to  the 
value  of  annuity  on  the  given  life  for  9  yeats)*, 
which  will  produce  62'930,  or  £52  :  18  :  7,  for  the 
total  present  value  of  such  annual  payments ;  and 
which  being  added  to  the  admission  money,  or 
£73  :  10  ;.  0,  will  make  the  whole  value,  given  for 
the  annuity,  equal  to  126'430,  or  £126  :  8  :  7.  There- 
fore this  quantity,  being  divided  by  6*926  (agreeably 
to  the  principles  laid  down  in  the  note  in  page  363), 
will  give  18*254,  or  £18  :  5  :  0,  for  the  amount  of 
the  annuity  required. 

§  434.  This  example  will  show  the  method  of 
proceeding  in  all  similar  cases ;  and  I  have  taken 
this  one  in  particular,  because  it  is  the  one  assumed 
by  Dr.  Price  (Obs.  on  Rev.  Pay.  vol.  i.  p.  137)  to 
expose  the  futility  and  iniquity  of  those  Schemes 
that  were  published  by  the  several  societies  instituted 
about  the  year  1770 :  who  by  holding  out  a  false  lurd 
to  the  public,  took  in  the  unwary,  &  entailed  misery 
and  distress  on  the  unfortunate  adventurers. f     Hap- 

*  If  the  first  annual  payment  is  not  to  be  made  till  the  end  of  the  year, 
we  mast  multiply  6*700  by  7*475  (or  the  value  of  an  annuity  on  the  given 
life  for  10  years):  see  the  preceding  note. 

t  The  following  are  tha  terms  upon  which  some  of  thoie  Sooiedfif 
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pily  his  efforts  were  crowned  with  success,  and  none 
of  those  public  societies  now  exist  to  disgrace  the 
present  age.  But  although  he  has  sufficiently  de- 
monstrated that  those  bubbles  could  not  possibly 
comply  with  the  terras  held  out  to  the  public,  yet 
he  has  not  shown  that  they  were  so  deficient  and 
absurd  as  they  will  appear  to  be,  when  compared 


granted  annuities  to  members,  aged  40,  for  what  might  happen  to  remain 
of  their  lives  after  50  years  of  age. 

^  Admission  Annual  Annuity 

Money.  Payment.  granted, 

£      s.  £      s.  £      s. 

The  Laudable  Society  73  :  10  6  :  14  44  :     0 

The  Jiondon  Annuitants  26  :    0  10  :    0  44  :     0 

The  Equitable  Society  of  Annuitants    32  :    0  13  :    0  44  :    0 

The  London  Union  Society  37:    0  7:    0  64:12 

The  Amicable  Society  of  Annuitants     28  :  16  6:0  26  :     0 

The  Provident  Society , 31:10  8:    8  25  :    0 

The  annual  payment  was  usually  paid  half  yearly  :  and  the  first  half 
yearly  payment  was  made  at  the  time  of  admission.  It  will  be  readily  seen 
^from  the  ei^ample  given  in  the  text)  that  there  was  no  probability  that  the 
Societies  would  ever  be  able  to  continue  these  enormous  annuities  to  all 
the  members.  The  truth  is,  that  (even  at  that  day)  they  were  styled  im- 
positions on  the  public  proceeding  from  ignorance,  and  supported  by 
credulity  and  folly,  "  But,  (as  Dr.  Price  justly  continues)  this  is  two 
**  gentle  a  censure.  There  is  reason  to  believe  that  worse  principles  have 
^  contributed  to  their  rise  and  support.  The  present  members,  consisting^ 
''  chiefly  of  persons  in  the  more  advanced  ages  who  have  been  admitted  on 
*'  the  easiest  terms,  believe  that  the  schemes  they  are  supporting  will  last 
^  their  time  and  that  they  will  be  gainers.  And,  as  to  the  injury  that  may 
^  be  done  to  their  successors  or  to  younger  members,  is  at  a  distance,  and 
**  they  care  little  about  it.  Agreeably  to  this  principle  the  founders  of 
**  these  societies  begin  so  low  as  not  to  require  perhaps  a  fourth  or  a  fifth  of 
^  the  values  of  the  annuities  they  promise.  Afterwards  they  advance  gra* 
**  dually,  just  as  if  they  imagined  that  the  value  of  the  annuities  was  nothing 

4  o 
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with  the  values  deduced  as  above  from  tfce  real  pro- 
babilities of  life.*  The  present  examples  will  be 
sufficient  to  enable  any  one  to  examine  the  accuracy 
and  sufficiency  of  similar  proposals  :  and  I  shall  not 
detain  the  reader  with  any  further  comments  on  this 
subject,  as  it  is  probable  that  a  similar  circunafstance 
will  not  soon  again  occur  to  call  forth  the  censttre 
of  every  honest  member  of  society.  The  public  are 
now  better  acquainted  with  the  method  of  caltu- 
lating  the  values  that  ought  to  be  given  in  such  cases, 
and  are  not  likely  to  become  again  in  this  manner 
the  dupes  of  any  artful  impostor.  Their  danger  now 
seems  to  lie  in  the  opposite  extreme. 

I  do  not,  however  by  these  observations  at  all  in* 
tend  to  discourage  institutions  or  schemes  for  pro- 
viding annuities  for  old  age.     On  the  contrary,  I  ani 


**  determinate,  but  iocreaeed  with  every  increase  of  the  flociety;  .  But,  as 
**  no  ignorance  can  believe  this,  the  true  design  appears  to  be,  toiona  boqu 
**  Bfi  large  a  society  as  possible  by  leading  the  unwary  to  endeavour  to  be 
^  foftemoit  in  their  applications,  lest  the  advantage  of  getting  in  qb-  the 
^  €|isiestt«nns  should  be  lost.  It  is  well  known  that  these  arts  bAvc^toceeflded 
**  wonderfully ;  and.  that,  in  consequence  of  them,  these  societies  now.poOf 
^f  sist  of  persons  who  for  the  «ame  annuities  make  higher  or  lower  payment!^ 
**  according  to  the  time  when  they  have  been  admitted ;  and  the  generality 
^  of  whom,  therefore,  must  know  that  either  more  than  the  values  have 
**  been  required  of  the  members  last  admitted.;  or,  if  not,  thjat  they  are 
^  themselves  expecting  considerable  annuities  for  which  they  have  given  ne 
^  vafuabie  consideration :  and  which,  if  paid,  must  be  stolen  from  the 
<«  po^ets  of  some  of  their  fellow-members.'* 

*  Dr.  Price  formed  his  calulation  frf;m  the  values  of  annuities  dedveed- 
from  the  hypothesis  ol  M,  Dt  Mwvre* 
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fully  persuaded  that  a  society  or  office,  that  would 
proceed  upon  an  efficient  and  liberal  plan,  n^ight  be 
of  essential  advantage  to  the  state  and  highly  bene- 
ficial to  the  public.  Many  persons,  particularly  in 
the  inferior  stations  of  life,  would  in  such  case  be 
induced  to  lay  by  (during  the  period  of  youth  and 
vigour)  many  small  sums,  which  are  now  squandered 
in  riot  and  dissipation ;  and  by  endeavouring  to  get  a 
little  money  beforehand  would  acquire  habits  of  in- 
duSitry,  aud  be  probably  enabled  thus  to  make  pro- 
vision for  themselves  in  the  more  advanced  periods 
of  life,  when  they  will  be  incapable  of  labour.  There- 
by rendering  themselves  not  only  more  independent 
and  valuable  members  of  society,  but  also  obviating 
the  necessity  of  their  applying  to  the  parish  for  relief. 
Dr. :Pri,ce justly  observes  that  "the  lower  orders  of 
**  mankind  are  objects  of  particular  compassion,  when 
*'  rendered  incapable,  by  accident,  sickness,  or  age, 
^^  of  earning  their  subsistence.  This  has  given  rise 
"  to  many  very  useful  societies  among  them  for  grant- 
'^  ing  relief  to  one  another,  out  of  little  funds  supplied 
**  by  weekly  contributions.'*  It  is  much  to  be  feared, 
however,  that  many  of  these  establishments  are  for- 
med on  such  vague  and  inefficient  plans,  without  any 
regard  to  the  true  principles  of  calculation,  that  they 
are  not  always  entitled  to  our  unqualified  approbation. 
When  thus  erroneously  founded,  and  perhaps  at  the 
same  time  badly  and  carelessly  conducted,  they  only 
serve  to  increase  the  misery  which  they  were  inten- 
ded to  remove. 
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§  435.  Under  these  circumstances  it  is  to  be  re- 
gretted that  the  Legislature  has  not  adopted  some 
eflBcient  measures  towards  assisting  such  persons,  in 
the  humbler  stations  of  life,  as  might  be  desirous  of 
employing  their  money  in  this  laudable  manner. 
Two  attempts  have  been  made  to  obtain  an  Act  for 
this  purpose :  but,  though  it  has  each  time  passed 
the  House  of  Commons,  it  has  been  as  regularly 
thrown  out  by  the  House  of  Lords.  I  cannot  here, 
however,  omit  the  opportunity  of  inserting  the  per- 
tinent remarks,  on  this  subject,  of  a  very  able  writer*, 
which  will  serve  to  show  the  objects  that  those  bills 
had  in  view. 

*  To  make  such  a  provision  for  one's  old  age,  is  so 

*  natural  a  piece  of  prudence,  that  it  seems  wonderful 

*  at  first  sight  that  it  should  not  be  generally  prac- 

*  tised  by  the  labouring  poor  above  described,  as  it 
'  is  almost  universally  by  persons  engaged  in  the 

*  higher  paths  of  industry,  such  as  the  several  branches 
'  of  commerce,  and  the  practice  of  the  liberal  pro- 

*  fessions :  nor  can  their  negligence  in  this  respect  be 

*  accounted  for  in  any  other  way  so  naturally  as  by 

♦  Mr.  Baron  Mascres,  in  a  pamphlet  which  he  published,  entitled  A  pro- 
poaalfor  establishing  Life  Annuities  in  Parishes  Jhr  the  benefit  of  the 
Industrious  Poor  :  London,  1772.  The  learned  author  has  lately  favoured 
me  with  a  copy  of  that  pamphlet,  with  an  obliging  offer  that  I  might  make 
what  use  of  it|I  pleased  in  my  intended  publication  :  and  I  lament  that  the 
limitB  oi  the  present  treatise  will  not  enable  me  to  enter  upon  the  subject 
aiore  thtm  by  an  insertion  oi  i\ie  «k\)ONe  ^ilU^^\.  VtQm<)Cfii%x^^\u&\^HiQik« 
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*  ascribing  it  to  their  wanting  opportunities  of  em- 
'  ploying  the  money,  they  might  save,  in  some  safe 
'  and  easy  method  that  would  procure  them  a  suitable 
'  advantage  from  it  in  the  latter  periods  of  their  lives. 
'  They  know,  for  the  most  part,  but  little  of  the  pu- 
'  blic  funds ;  and  when  it  happens  that  they  are  ac- 
'  quainted  with  them,  the  smallness  of  the  sums  they 

*  would  be  entitled  to  receive  (as  the  interest  of  the 

*  money  they  could  afford  to  lay  out  in  them)  is  no 

*  encouragement  to  dispose  of  it  in  that  way.     What 

*  inducement,  for  instance,  can  it  be  to  a  man,  who 

*  has  saved  ten  pounds  out  of  his  year's  wages,  to 

*  invest  it  in  the  purchase  of  three  per  cent  Bank 
'  annuities,  to  consider  that  it  will  produce  him  about 
^  six  or  seven  shillings  a  year?  It  is  but  the  wages 
'  of  three  days  labour.  And  if  they  lend  their  money 
'  to  tradesmen  of  their  acquaintance,  as  they  some- 

*  times  do,  it  happens  not  unfrequently  that  their 

*  creditor  becomes  a  bankrupt ;  and  the  money,  they 

*  had  trusted  him  with,  is  lost  for  ever ;  which  dis- 
'  courages  others  of  them  from  saving  their  money  at 

. '  all,  and  makes  them  resolve  to  spend  it  in  the  en- 
.  '  joyflient  of  present  pleasure.     But,  if  they  saw  an 

*  easy  method  of  employing  the  money  they  could 
'  spare,  in  such  a  manner  as  would  procure  them  a 

*  considerable  income  in  return  for  it  at  some  future 

*  period  of  their  lives,  without  any  such  hazard  of 

*  losing  it  by  another  man's  folly  or  misfortune,  it  is 

*  probable  they  would  frequently  embrace  it :  and 

*  thu5  a  diminution  of  the  poor's  rate  ow  \)cka  ^^"^^^.^  ^^ 
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the  rich,  an  increase  of  the  present  industiy  and 
sobriety  in  the  poor,  and  a  more  independent  and 
comfortable  support  of  them  in  their  old  age  than 
they  can  otherwise  expect,  would  be  the  happy 
consequences  of  such  an  establishment.  Now  this, 
I  conceive,  might  be  eflfected  in  the  following  plain 
and  easy  method . 

*  1*^  Let  the  churchwardens  and  overseers  of 
every  parish  be  empowered  by  Act  of  Psrrliament 
to  grant  life-annuities  to  such  of  the  inhabitants  of 
the  parish  as  shall  be  inclined  to  purchase  thetii> 
to  commence  at  the  end  of  one,  two,  or  three  yfeirs 
(or  such  other  future  period  of  time  as  the  piircha&A 
shall  choose)  and  to  be  paid  out  of  the  poor's  ratfe  of 
the  parish,  so  that  the  lands  and  ot^er  properiy  in 
the  parish  that  is  chargeable  to  the  poor 'S  rate,  sball 
be  answerable  for  the  payment  of  these  ^ntritied. 
This  circumstance  would  give  these  annuities  gtestt 
credit  with  the  poor  inhabitants,  by  setting  belbit 
them  so  solid  and  ample  a  security  for  the  regtilisbr 
payment  of  them. 

*  2^  Let  the  annuities,  thus  granted  to  the  poor 
inhabitants,  be  such  as  arise  from  a  supposition 
that  the  interest  of  money  is  three  per  cent;  or  *hne 
higher  rate  of  interest,  if  the  churchwaitien&6r  dver- 
seers  of  the  poor  shall  think  fit  to  make  use  of  ^ach 
higher  interest. 

'  3°   But,  at  the  rate  of  three  per  cent,  the  pur- 
'  chaser  should  have  a  right  to  an  annuity,  and  the 
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*  churchwardens  and  overseers  of  the  poor  should  be 

*  compellable  to  grant  it, 

'  4**  No  annuity,  depending  upon  one  life,  should 

*  exceed  201.  a  year. 

*  5°  No  less  sum  than  6/.  shoold  be  allowed  to  be 
'  employed  in  the  purchase  of  an  annuity.  This  is 
'  to  avoid  intricacy  and  multiplicity  of  accounts. 

^  6^  An  exact  register  of  these  grants  should  be 
^  kept  by  the  churchwardens  and  overseers  of  the 
^  poor  in  proper  books  for  the  purpose,  in  which  the 
'  grants  should  be  copied  exactly,  and  the  copy  of 

*  each  grant  subscribed  by  the  person  to  whom  it  is 
^  granted :  or,  if  he  cannot  write,  marked  with  his 
'  luark^  and  subscribed  by  two  other  persons  as  wit- 

*  nesses.  And  this  copy  in  the  register-book  of  the 
'  parish  should  be  good  evidence  of  the  purchaser's 
'  right  to  the  annuity,  ia  case  the  original  deed  of 

*  grikiMi  to   the  purchaser  (which  was  delivered  to 

*  h^qi.  at  thei  time  of  the  purchase)  should  afterwards 

*  be  lost. 

'  7*  The  money,  thus  paid  to  tlje  churchwardens 
^  and  ovqrseers  of  the  poor  for  the  purchase  of  life- 
'  wnnities,  should  be  employed  in  the  purchase  of 
'  three  per  cent  Bank  annuities^  in  the  joint  names 
'  of  all  the  churchwardens  and  overseers ;  and  by 

*  them  transferred  at  the  expiration  of  their  offices 
'  to  their  successors,  and  so  on  to  the  next  suc- 

*  eessors  for  ever,  so  as^  to  be  always  the  legal  pro- 

*  pcrty  of  the  churchwardens  and  overseers  oi  1\» 
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poor  for  the  time  being,  in  trust  for  the  persons 
who  should  be  entitled  to  the  several  life-annuities, 
granted  in  the  manner  above  mentioned ;  and  the 
interest  of  this  money  should  be  received  every  half 
year,  and  invested  in  the  purchase  of  more  prin- 
cipal annually,  so  as  to  make  a  perpetual  fund 
for  the  payment  of  these  life-annuities.  And  when 
any  annuity  became  due,  the  churchwardens  and 
overseers  ot  the  poor  should  pay  it  out  of  this  fund, 
and  should  sell  a  sufficient  part  of  the  principal  for 
that  purpose,  where  the  interest  was  not  sufficient 
for  the  purpose,  as  would  generally  be  the  case; 
and  the  deficiencies  (it  any  were)  of  both  principal 
and  interest  should  be  made  good  out  of  the  poor's 
rate  assessed  upon  the  parish.  But  this  could 
hardly  ever  happen,  if  the  annuities  granted  to  the 
purchasers  were  such  as  would  be  proportional  to 
the  money  contributed,  upon  a  supposition  that  the 
interest  of  money  was  only  three  per  cent ;  because 
that  is  a  lower  interest  than  that  which  the  parish 
would  receive  from  the  goverment  for  the  same 
money,  by  investing  it  in  the  three  per  cent  Bank 
annuities,  as  that  stock  is  now  twelve  p^r  cent 
under  par,*  and  is  not  likely  soon  to  rise  to  par 
again.  So  that  the  landholders  of  the  parish,  and 
•the  owners  of  other  rateable  property  in  it,  need  be 
under  very  little  apprehension  of  having  their  es- 
tates exorbitantly  burthened  by  a  great  increase  of 
the  poor's  rate,  in  order  to  make  good  the  payment 
of  these  annuities.     On  the  contrary,  they  would 
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*  be  gainerg  by  this  institution,  as  was  observed  above, 

*  since  many  of  the  poor  who  must  otherwise,  in 
^  their  old  age,  come  to  be  a  burthen  upon  the  par- 

*  ish,  would  now  be  maintained,  in  part  at  least,  by 

*  annuities  paid  to  them  out  of  a  fund  of  their  own 

*  raising.' 

Agreeably  to  this  plan,  a  bill*  was  brought  into 
the  House  of  Commons  in  the  year  1773  by  Mr. 
William  Dowdeswell,  and  passed,  on  a  division  after 
a  debate,  by  a  majority  of  two  to  one  of  all  the  mem- 
bers present:  but  it  was  rejected  by  the  House  of 
Lords  in  consequence  of  the  opposition  of  Lord  Camb- 
den,  who  conceived  that  the  measure  might  be  ulti- 
mately injurious  to  the  landed  interest;  since  the 
value  of  future  leases  might  be  affected  by  an  increase 
of  the  poor's  rate  to  make  good  any  deficiency  arising 
from  the  failure  or  defection  of  the  sche  tne.  A  bill 
of  a  similar  nature,  however,  with  tables  computed 
by  Dr.  Price,t  was  introduced  in  the  year  1789 ;  but 
shared  a  similar  fate. 


2.     For  Widows. 

§  436.  The  rules,  by  which  Question  XIII  and 
XVIII,  in  the  preceding  Chapter,  are  bolved,  are 
very  useful  in  enabling  us  to  determine  the  ad- 
vantage and  propriety  of  those  schemes  which  are 

*  A  copy  of  this  bill,  together  with  the  tables  that  were  computed  for  it, 
are  inserted  by  Mr.  Baron  Maseres  in  his  Doctrine  of  Life  Annuities. 
■    i*  Theae  Tables  are  inserted  in  Dr.  Price's  Obs,  on  Bet).  Pay.  vol.  ii» 
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instituted  with  a  view  to  provide  Armuities  for  Wi- 
dows*,  For,  having  found  the  present  value  of  a 
reversionary  annuity,  or  a  deferred  reversionary  an- 
nuity, of  £l  per  annum  on  any  given  life  after  any 
other  given  life,  we  may  readily  find  the  present 
value  of  any  other  annuity  (either  in  a  single  payment, 
or  in  annual  payments,  or  in  both)  by  multiplying  the 
present  value,  thus  obtained,  by  that  other  annuity. 
And  in  like  manner,  having  found  the  present  value 
above  alluded  to,  we  may  easily  determine  the  an- 
nuity which  ought  to  be  granted,  to  the  life  in 
reversion,  for  a  given  sum  paid  down  immediately; 
or,  for  a  given  sum,  pari  of  which  is  paid  down  im- 
mediately, and  the  remainder  by  annual  payments 
during  the  existance  of  the  life  in  possession.  Or,  ac- 
cording to  any  other  plan  which  may  be  proposed. 

Thus,  let  the  scheme  of  a  society,  for  granting  an- 
nuities to  widows,  be  such  that,  if  a  member  lives 
one  year  after  admission,  his  widow  shall  be  entitled 
to  a  life  annuity  of  £20 :  if  seven  years,  to  £10  more 
(or  £30  in  the  whole) :  \ijifteen  years,  to  £10  more 
(or  £40  in  the  whole).  What  ought  to  be  the  an- 
nual payments  for  members  aged  30,  40,  and  50 
years  respectively,  and  supposing  them  of  the  same 
ages  as  their  wives :  interest  being  reckoned  at  4  per 

**  These  observations  relate  to  the  method  of  determining  the  best  mode 
of  jToviding  Annuities  for  Widows  :  but  those  inquiries  which  relate  to 
the  best  mode  of  providing  for  the  payment  of  any  given  Bum  to  a  Widow, 
on  the  death  of  her  husband,  are  answered  by  Question  XXX,  la  the  pre- 
ceding  Chapter, 


s 
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cent,  and  the  probabilities  of  living  as  observed  in 
Sweden  amongst  males  and  females  respectively ;  and 
also  as  observed  at  Northampton  and  at  London  1 

By  proceeding  according  to  the  rules  laid  down  in 
the  Scholium  in  page  394^,  we  shall  find  that  the 
annual  payments  which  ought  to  be  made  by  the 
members,  of  the  respective  ages  above  mentioned, 
will  (according  to  the  several  tables  df  observations 
made  use  of)  be  as  follow : 

Ages*  Sweden,         Northampton,        London* 

30    -     6-90  7-66  8-52 

40    -     7-89  8-09  9-06 

60    zz    8-60  8-40  9-61 

I  have  selected  this  scheme  as  being  that  on  which 
the  Uondon  Annuity  Society  for  the  Benefit  of  Widows 
set  out  in  1765.    The  Laudable  Society,  which  was 

•  For  example :  the  value  of  a  reversioaary  annuity  on  the  life  of  a 
female  aged  dO  after  the  life  of  a  man  aged  also  30,  and  deferred  for  one 
ymr  provided  both  the  lives  continue  so  long,  is  (by  the  rule  in  the  Scholium, 
acoordiiig  to  the  Sweden  observations)  equp I  to  3*108 :  consequently  the 
present  value  of  au  annuity  of  £20,  under  the  same  circumstances,  is  62'160. 
In  like  manner,  the  present  value  of  £10  per  annum  on  the  same  life,  de- 
ferred for  9even  years  provided  hoth  the  lives  continue  so  long,  is  equal  to 
^r680.  And  by  the  same  rule  the  present  value  of  £10  per  annum,  de- 
^l^rred  for  fifteen  years,  is  under  the  like  circumstances  equal  to  12*566. 

These  values,  being  added  together,  are  equal  to  96*404 ;  or  the  value 
of  the  expectation,  described  in  the  scheme,  in  a  aingie  present  payment : 
and  which  being  divided  by  13*065  (or  unity  added  to  the  value  of  an  an- 
luiity  on  the  two  joint  lives)  will  give  6*903  for  the  value  of  the  same  ex- 
pectation in  annual  payments,  as  stated  in  the  text.  In  like  manner  may 
be  found  the  answer  to  all  Questions  of  a  similar  kind* 
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formed  on  nearly  a  similar  plan»  had  been  established 
in  the  year  1761.  In  each  of  these,  the  annttal  con- 
tribution of  every  member  was  five  guineas  only, 
payable  half-yearly;  for  which  payment,  his  widow 
was  entitled  to  the  annuities  stated  in  the  scheme 
above  mentioned,  according  to  the  conditions  there 
expressed.  Nothing,  however,  can  more  fully  show 
the  inadequacy  of  the  means  for  carrying  into  effect 
the  intentions  of  those  Societies  than  the  examples 
above  given.  For  it  will  be  seen  that,  on  the  sup- 
position that  the  members  are  of  the  same  agts  as 
their  wives,  the  Societies  received,  on  an  average, 
little  mpre  than  three Jifths  of  the  true  value  of  the 
annuities :  but  on  the  supposition  that  they  are,  one 
with  another,  ten  years  older  than  their  wives,  it  will 
be  found  that  they  received  only  one  halfoi  the  true 
value  of  such  annuities.  The  consequences  of  such 
inequitable  measures  were  highly  injurious.  The 
more  early  annuitants  enjoyed  the /w// sums,  accord- 
ing to  the  conditions  of  the  plan :  but,  after  pursuing 
this  pernicious  course  for  some  years,  the  Directors 
at  length  listened  to  the  voice  of  reason ;  and,  in 
consequence  of  the  repeated  warnings  that  were 
given  them,  found  it  necessary  to  adopt  one  of  the 
two  following  plans  in  order  to  maintain  the  perma- 
nency and  security  of  the  establishment : — to  increase 
the  premiums,  or  diminish  the  annuity.  The  London 
Annuity  Society,  at  an  early  period,  adopted  the  for- 
mer proposal,  and  thus  preserved  its  honour  and  its 
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credit :  but  the  Laudable  Society,  although  it  repeated- 
ly reduced  the  annuities,  had  been  too  long  struggling 
with  the  errors  of  its  original  establishment  to  enaBle 
it  to  derive  much  permanent  advantage  from  this 
procrastinated  remedy.  "  If  circumstances  there- 
*'  fore  should  still  continue  unfavourable,  the  next 
*'  measure  must  be  the  disolution  of  the  Society,  and 
"  a  division  of  the  remaining  capital  among  the  an- 
"  nuitants  and  surviving  members,  in  proportion  to 
'*  their  respective  interest  in  the  funds  of  the  So- 
*'  ciety*.'* 

§  437.  Such  will  be  the  final  issue  of  every 
scheme  that  is  not  founded  on  correct  observations 
and  on  mathematical  principles  :  and  though  my  re- 
marks have  been  confined  to  the  two  establishments 
above  mentioned,  they  will,  I  fear,  apply  with  too 
much  justice  to  several  others  of  a  similar  nature. 
'•  There  are  in  this  kingdom  many  institutions  for 
"  the  benefit  of  widows  besides  the  two  on  which  I 
*'  have  now  remarked ;  and  in  general,  as  far  as  I 
**  have  had  any  information  respecting  them,  they 
'*  are  founded  on  plans  equally  inadequate,  having 
'*  been  formed  just  as  fancy  has  dictated,  without 
*'  any  knowledge  of  the  principles  on  which  the 
'*  values  of  reversionary  annuities  ought  to  be  calcu- 
*'  lated.  The  motives,  which  influence  the  con- 
**  trivers  of  these  institutions,  may  be  laudable  \  but 

*  See  the  history  of  these  two  Societies,  brought  down  to  the  present 
Iperiod,  in  Dn  Pri^se's  Oh9*  on  Bev*  Fay,  vol.  i.  pages  72-— 104. 
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^*  they  ought  (I  think)  to  have  informed  thems^ves 
^'  better." — "  The  longer  such  schemes  are  carried 
on,  the  more  mischief  they  must  produce.  Tis 
vain  to  form  such  establishments  with  the  expec- 
tation of  seeing  their  fate  determined  soon  by 
"  experience.  If  not  more  extravagant  than  any 
"  ignorance  can  well  make  them,  they  will  go  on 
'*  prosperously  for  20  or  30  years ;  and  if  at  all 
'*  tolerable,  they  may  support  themselves  for  40  or 
^'  50  years,  and  at  last  end  in  distress  and  ruin.  All 
**  inadequate  schemes  lay  the  foundation  of  present 
**  relief  on  future  calamity ;  and  afford  assistance  to 
^'  B,few  by  disappointing  and  distressing  multitudes.*'' 
The  very  learned  and  able  writer,  from  whose 
work  these  quotations  are  made,  employed  his  great 
abilities  in  detecting  the  pernicious  tendency  and 
iniquity  of  the  several  schemes  above  alluded  to. 
His  remarks  on  this  subject  are  invaluable,  and  will 
always  be  consulted  with  advantage.  He  has  not 
only  shown  how  far  the  various  societies,  then  in  ex- 
istence, erred  from  the  true  line  of  equity  and  pro- 
priety (predicting,  therefrom,  their  incapacity  and 
ruin) ;  but  has  likewise  pointed  out  some  of  the  best 
schemes  for  providing  annuities  for  widows — such  as 
might  be  "  durable,  and  "  at  the  same  time  easy  and 
encouraging/'  As  I  cannot  add  muqh  to  the  obiser- 
vations  of  so  intelligent  an  author  I  must  refer  the 
reader  to  that  work,  for  any  further  information  on 
this  subject 

*  Dfi  Price's  Ob«,  on  Rc«%  Pa)j%N^\*CVaJ5ito  11. 
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CHAPTER  XIV. 

An  Account  of  the  several  Companies^  established  in 
London^  for  Life  Assurances,  Sgc. 


The  Amicable  Society. 

\  438.  JL  HP  first  establishment  of  this  kind^  in 
point  of  time,  is  the  Amicable  Society  for  a  perpetual 
Assurance  office ;  which  was  founded  by  a  charter  of 
Queen  Anne  in  1706,  at  a  period  when  the  subject 
of  Life  Assurances  was  but  little  understood.  Its 
original  plan  was  consequently  in  many  instances^ 
exceedingly  defective,  absurd,  and  inequitable  :  and^ 
though  it  has  since  undergope  several  partial  reforms,, 
it  is  still  liable  to  many  objections.  It  was  limited 
by  its  first  charter  to  the  disposal  of  shares  or  num- 
bers, not  exceeding  2000,  held  by  single  lives ;  and 
entitling  to  claims  when  they  drop.  For  each  of 
these  shares  every  new  purchaser  paid  down  at  en- 
trance £7  :  10 :  0,  besides  £1  ;  11 :  0,  as  the  first 
quarterly  payment  of  £6:4:0  per  annum  to  be 
continued  during  his  life.  An  annual  dividend  of 
£1  :  4  :  0  for  each  share  was  allowed  to  every  pur- 
chaser, out  of  the  profits  of  the  society ;  which 
reduced  the  annual  payment,  on  ^ae\v  ^Vvw^^  \ft  t^% 
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No  one  person  was  allowed  to  purchase  more  than 
three  shares ;  nor  were  any  admitted  to  be  purchasers 
whose  ages  were  below  12  or  above  45 :  and  all  be- 
tween those  ages  were  admitted  on  the  same  terms. 
Every  person  admitted  became  a  member :  and  the 
net  annual  income,  arising  from  all  the  anniuil  pay- 
merits* f  was  equally  divided  among  the  nominees  of 
such  members  as  happened  to  die  within  the  year. 
In  1757  the  society  engaged  that  this  dividend, 
though  it  might  be  more,  should  not  be  less  on  each 
share  than  £125;  and  in  1770  they  guaranteed  they 
it  should  not  be  less  than  £150. 

Such  are  the  outlines  of  the  plan  upon  which  the 
business  of  this  society  was/ormer/y  conducted.  Its 
absurdity  and  injustice  are  manifest  in  its  two  most 
prominent  features :  P  in  regulating  the  dividends, 
among  the  nominees,  by  the  number  of  members  that 


*  Making  £10,000  v^hen  the  society  was  full ;  being  £S  net  income  on 
each  of  the  2000  shares.  The  admittance  money  of  £7  :  10  :  0,  together 
with  such  profit,  interest  or  improvement,  as  the  Society  might  be  able  to 
make,  were  carried  to  a  separate  account.  In  17£»7  these  savings  had  ac- 
cumulated to  £25,300  three  per  cent  stock  ;  which  in  1770  had  increased 
to  £38,300.  Out  of  this  stock,  the  sum  of  £4000  Consols  and  £11,000 
Reduced  was  in  1770  appropriated  and  set  apart,  together  with  all  future 
savings,  as  a  fund  for  augmenting  the  claims  to  the  full  sum  of  £150,  wheiT' 
ever  they  fell  short  of  that  amount  under  the  dividend  directed  by  the 
charter.  Tn  1780  the  stock  of  the  Society  had  been  increased  to  £51^300; 
and  in  1790,  to  £64,300  three  per  cent  annuities,  together  wiih  some  pro- 
perty in  houses.  Out  of  this  amount,  the  sura  of  £30,000  stock  was 
appropriated  in  aid  of  the  fund  above  mentioned :  but  the  remainder  cannot 
be  disposed  of  without  the  consent  of  two  successive  General  Courts* 
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die  within  the  year ;  whereby  that  benefit  is  made 
to  depend  not  on  the  value  of  the  contribution,  but 
on  a  contingency :  2^  in  requiring,  from  all  the  mem- 
bers, the  same  payments  without  regarding  their 
difference  of  age.  The  utility  of  this  institution 
however  (defective  as  it  is)  has  been  virtually  ac- 
knowledged, and  the  plan  thereof  sanctioned,  by  the 
grant  of  three  subsequent  charters :  one  in  1730, 
providing  for  the  better  regulation  of  the  society :  the 
next  in  1790,  enabling  it  to  enlarge  the  number  of 
its  members  to  4000  ;*  and  the  last  in  1807,  whereby 
the  society  is  enabled  to  render  itself  more  exten- 
sively useful,  and  whereby  it  has  obtained  several 
otiier  powers  for  the  better  regulation  and  conduct 
of  the  business  of  the  corporation. 

By  this  new  charter  the  society  is  enabled  to  grant 
twelve  shares  on  each  life  at  any  age  between  8  and 
67,  It  is  also  empowered  to  proportion  the  pre- 
miums on  admission,  and  the  annual  contributions 


*  When  the  Society,  in  1770,  guaranteed  that  the  dividend  on  each  share 
should  not  he  less  than  £150,  the  numher  of  subscrihcK  increased  very 
con^derably :  the  natural  consequence  of  which  was,  (in  a  Society  so  con- 
stituted) that,  for  the  first  10  or  15  years,  the  dividends  rose  from  £150  to 
£200 ;  and  in  some  years  even  to  £300.  A  similar  rise  was  produced  from 
the  increase  of  the  number  of  shares,  by  the  charter  of  1790 :  but  these  ef- 
fects were  temporary  only,  and  necessarily  ceased  with  the  cause  that  pro- 
duced them.  They  were  sufficient  however  to  prove  to  the  society  the 
absurdity  of  their  plan,  had  they  been  disposed  to  profit  by  experience.  Of 
late  years,  the  dividend  has  been  gradually  decreasing ;  but  it  is  now  fixed 
that  it  sbaU  not  be  leas  tbaa  £180. 

^  4<i 
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for  each  share^  to  the  age  and  other  circumstances 
of  the  parties  on  whose  lives  the  Assurance  is  made; 
with  further  power  to  grant  (when  applied  for  by 
the  parties)  Annuities  in  lieu  of  the  amount  insured, 
or  in  lieu  of  policies  which  it  may  be  desirable  no  lon- 
ger to  continue.  The  whole  of  the  annual  contri- 
butions for  every  share  granted  previous  to  this 
t  charter,  and  seven-eights  of  the  contributions  on  shares 
subsequently  granted,  are  to  be  divided  every  year 
amongst  the  claimants  by  deaths  which  happen  in 
that  year:  and  the  corporation  now  engages  that 
each  share  (although  it  may  be  more)  shall  not  pro- 
duce less  than  £180.* 

The  several  charters  provide  that  the  joint  stock, 


*  The  following  are  some  of  the  RateSy  on  which  persons  are  now  ad- 
mitte()  to  become  shareholders,  according  to  the  ages  of  the  lives  assured. 


Premium 

on 

Annual 

r 

[gei. 

Admission, 

Payments^ 

£       s,     d. 

£       s.     d. 

16 

1  :  11  : 

6 

3  : 

10  : 

6 

20 

1  :   14  : 

6 

4  : 

0  : 

6 

26 

1  :   17  J 

:  0 

4  : 

:     9  : 

:  0 

SO 

1  :   19  : 

6 

4  : 

19  : 

0 

35 

2  :     2  : 

.  6 

5  : 

11  : 

:  6 

40 

2  :     5 

:  0 

6 

:     7 

:  6 

45 

2  :     9 

:  0 

7  : 

;     7 

:  0 

50 

%i  13 

:  0 

8 

:   12 

:  0 

55 

2  :   16  ; 

:  6 

10  : 

4  ; 

:  0 

60 

3:1: 

:  6 

12 

:     6  ; 

:  0 

^5 

3  :     6 

:  6 

15 

:     6 

:  0 

The  annual  payments  are  to  be  made  half  yearly ;  and  the  tot  half 
yearly  payment  is  to  be  made  at  the  time  of  admission 
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raised  by  the  accumulation  of  the  reserve  fund  ne- 
cessary for  the  security  of  this  guarantee,  is  to 
be  improved  for  the  benefit  of  all  the  members,  ac 
cording  to  their  respective  interests :  and  no  division 
of  this  capital  is  to  be  made,  otherwise  than  in  the 
payment  of  claims  on  death,  without  the  consent  of 
two  successive  General  Courts  of  the  members  of  the 
corporation.  And  the  Society  is  now  enabled  to  ef- 
fect assurances  for  any  number  of  years^  or  on  the 
joint  continuance  of  lives,  or  on  survivorships,  or  on 
any  other  contingency  of  life.* 


The  Royal  Exchange,  and  London  Assurance 

Companies. 

§  439.  The  Royal  Exchange  Assurance  Company 
was  formed  about  the  time  of  the  South  Sea  Bub- 
ble; and  is  one  of  the  few  projects  which  has 
survived  that  troublesome  period, f  and  preserved  its 
credit  to  the  present  day.  It  was  established  by 
charter  dated  June  22,  1720,  under  the  name  of  The 
Royal  Exchange  Assurance,  for  insuring  ships  and 

*  No  table  has  yet  been  published  of  the  terms  on  which  these  As- 
surances are  effected. 

t  Out  of  above  two  hundred  visionary  schemes,  that  were  formed  and 
carried  into  effect  at  that  time,  only/our  exist  at  present !  viz.  the  Royal 
Exchange  Assurance  Company,  the  London  Assurance  Company,  the  York 
Buildings  Company,  and  the  English  Copper  Company.  See  Macpherson"8 
Annah  qf  Commerce,  yo\.  Hi,  page  99« 
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goods  at  sea,  or  going  to  sea,  and  for  lending  money  on 
bottomry.  This  charter  was  granted  by  virtue  of  an 
Act  of  Parliament  (6  Geo.  I,  c.  13) :  but  in  the  fol- 
lowing year  (April  29,  1721)  the  king  (by  virtue  of 
his  prerogative)  granted  them  another  charter  for  the 
Assurance  of  Lives  and  against  casualties  and  acci- 
dents by  fire,  under  the  name  of  The  Royal  Exchange 
Assurance  of  houses  and  goods  from  Fire. 

The  London  Assurance  Company  had  a  similar 
origin,  and  was  incorporated  in  consequence  of  the 
Act  above  mentioned.  It  is  also  empowered  to  grant 
Assuraqces  on  Lives. 

In  addition  however  to  the  powers  and  privileges, 
which  are  common  to  both  these  Companies,  the 
Royal  Exchange  was  further  authorised  and  enabled 
(by  Act  33  Geo.  Ill,  c.  14)  to  sell  and  purchase  Atir 
nuities  either  immediate  or  reversionary,  under  certain 
restrictions :  and  for  the  purposes  of  that  act  only  - 
they  are  (over  and  above  the  names  by  which  they 
were  before  styled)  to  assume  the  name  of  ITie  Royal 
Exchange  Assurance  Annuity  Company.  In  order  to 
render  full  security  to  the  Annuitants  under  this  act, 
it  is  provided  that  the  money  received  for  the  an- 
nuity shall  (as  often  as  it  shall  amount  to  £1000)  be 
laid  out  in  goverment  security ;  the  interest  or  di- 
vidends on  which,  the  Corporation  may  from  time  to 
time  receive  :  but  they  are  prohibited  from  touching 
any  part  of  the  principal  till  the  extinction  of  the  life 
on  which  the  annuity  is  granted.    And  for  the  sake 
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of  preventing  any  fraud  in  this  respect,  it  is  enacted 
that  the  time  and  place  of  the  death  and  burial  of 
each  annuitant  shall  be  inserted  twice  at  least  in  the 
London  Gazette :  and  that  a  certificate  of  such  death 
or  burial,  with  an  account  of  the  annuity  depending, 
shall  be  left  at  the  OflSce  in  London ;  to  be  inspected, 
without  fee  or  reward,  by  any  person  interested  in 
any  annuity  granted  by  virtue  of  that  act.  And  it 
is  likewise  further  enacted,  that  no  agreement  for  the 
selling  or  purchasing  of  any  annuity  shall  be  valid, 
unless  at  the  price  stated  in  a  Table  which  is  di* 
rected  to  be  hung  up  in  some  conspicious  place  in 
the  Office ;  and  which  table  shall  be  remaining  in 
the  office  at  the  time  oi  granting  the  annuity. 

It  is  difficult  to  discover  upon  what  principles  this 
Corporation  has  deduced  its  table  of  the  Rates  oiWiQ 
Atmuities.*  Those  rates  have  certainly  not  been  de- 
duced from  any  observations  hitherto  published;  nei- 
ther do  they  agree  with  any  probable  rate  of  human 
mortality :  but  seem  to  have  been  formed  at  random, 
without  any  regard  to  the  true  principles  of  the  sci- 
ence. The  values  for  all  the  lives  under  50  years  of 
ag*ei  are  much  too  low,  even  when  compared  with 
M.  De  Parcieux's  Observations,  xit  4  per  cent :  but, 
abwt  that  age,  they  err  considerably  more  from  the 
true  value,  in  the  contrary  extreme.    If  however 

*  Their  rates  of  Life  Awuranceat  as'weli  those  of  the  London  AesftrAnee 
Compttny,  are  the  same  as  these  ado]^  by  o^  the  ^Cber  OiBoes  :  ef  wfuek 
I  shall  speak  hereafter. 
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their  rates  be  compared  with  those  proposed  by 
Government  (as  explained  at  the  end  of  this  chapter), 
they  will  be  found  altogether  too  high :  and  few  persons, 
who  are  enabled  to  accept  the  proposals  there  alluded 
to,  will  be  disposed  to  sacrifice  so  considerable  a  dif- 
ference by  purchasing  an  annuity  at  the  Office  of  the 
Royal  Exchange  Company :  or  indeed  at  any  other 
OflSce  whose  terms  have  yet  been  published. 


Equitable  Society. 

§  440.  These  were  the  only  three  Companies  for 
granting  Life  Assurances  till  the  establishment  of  the 
Equitable  Society  in  1762;*  which  was  formed  in 
consequence  of  Mr.  Simpson's  lectures,  recommend- 
ing such  an  institution.  It  appears  likewise  that 
Mr.  Dodson  was  active  in  recommending  the  plan  of 
this  society ;  and  composed  some  tables  for  its  use. 
It  is  truly  deserving  the  name  which  it  has  assumed: 
it  being  certainly  one  of  the  most  Equitable^  as  well 
as^  the  most  important,  of  all  the  societies  that  have 
ever  yet  been  formed  for  the  purpose  of  granting 
Assurances  on  lives. 

By  its  constitution,  the  assured  are  mutual  assurers 

•  Several  Societies  however  had  been  formed,  and  still  exist,  for  the  pur- 
pose of  assuring  the  lives  of  &  particular  class  of  the  community  ;  such  as 
Naval  and  Military  men,  Clergymen,  Schoolmasters  and  others.    But  it  is 
not  my  intention  to  enter  into  any  inquiry  on  the  principles  whereon  these 
Booietieg  bare  been  established. 
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one  to  the  other ;  and  participate  equally*  in  all  the 
profits  and  advantages  of  the  concern.  These  profits 
are  estimated  from  certain  periodical!  valuations  of 
all  the  claims  upon  the  society,  compared  with  its 
present  assets.  J  One  third  of  the  clear  surplus  stock 
is  then  set  apart  as  a  fund  for  the  permanency  and 
future  security  of  the  concern.^  But,  the  remaining 
two  thirds  are  divided  amongst  the  assured ;  and  the 
amount  of  each  person's  share  (estimated  in  proportion 
to  the  time  that  he  has  been  a  member)  is  added  to 
his  policy :  so  that  his  representives  will,  at  his  de- 
cease,  probably  receive  considerably  more  than  the 

*  This  applies  only  to  those  persons  who  are  assured  for  the  whole  con- 
tinuance of  their  lives  :  that  right  has  not  yet  heen  extended  to  those  who 
are  assured  for  a  term  ofyears^  except  a  Bonus  should  happen  to  he  declared 
during  the  term  for  which  the  assurance  is  made ;  and  then  only  in  ease  the 
life  should  happen  to  become  extinct  between  the  time  of  declaring  such 
bonus  and  the  end  of  the  given  term :  which,  in  most  ordinary  cases,  can 
be  bat  a  partial  advantage. 

+  The  period  of  ten  years  (which  has  been  adopted  by  the  Society)  is 
certainly  too  great  an  interval  since  few  persons  can  expect  to  enjoy  the 
full  value  of  their  interest  in  the  concern.  A  new  plan,  however,  has  just 
been  adopted  by  the  Society  (which  I  shall  presently  mention)  that  will  in 
some  measure  remove  this  objection,  as  far  as  the  old  members  are  con- 
cerned. 

i  See  the  method  of  making  these  valuations  in  Question  XXXIV,  page 
457. 

When  it  is  considered  that  this  reserved  third  is  continually  improved 
at  interest,  to  the  end  of  the  next  period,  for  the  use  of  all  the  members, 
and  then  merges^into  the  general  stock  to  be  again  divided ;  it  will  -appear 
that  a  person  assuring  at  the  Equitable  Society,  in  its  present  established 
state  (with  its  reserved  third  in  abeyance),  receives  nearly  the  whole  of  his 
share  of  the  current  profits  of  the  concern. 
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original  sum  insured.    That  this  has  hitherto  been 
the  case  will  appear  from  the  following  statement. 

In  the  year  1786,  the  addition  of  }^  per  cent  on 
the  sum  assured^  which  had  been  made  to  the  claims 
in  1782,  for  every  annual  payment  prior  to  that  year, 
was  increased  to  2^  per  cent.     In  the  years  1791 1 
1793,  and  1795,  still  further  additions  were  made; 
amounting  together  to  4  per  cent.     In  the  year  1800, 
another  addition  of 2  per  cent,  was  made  to  the  claims: 
and  we  have  just  seen  a  still  further  bonus  declared, 
of  2|-  per  cent  per  annum,  on  all  claims  from  as- 
surances  effected   before   December  7,    1809.    So 
that  at  this  time,  the  assurances  of  the  year  1800  are 
increased  by  the  addition  of  25  per  cent;  those  of 
1790  are  increased  by  86  per  cent;  those  of  1780 
are  increased  by  180  per  cent;  those  of  1770  are 
increased  by  290  per  cent;  and  those  of  1762  are 
increased  by  378  per  cent;     Or,  in  other  words,  (for 
I  cannot  be  too  explicit  upon  this  important  subjecti) 
the  executors  of  a  person  assured   at  this  Office 
in  the  year  1800,  for  the  sum  of  £1000  only,  wil 
on  his  decease  be  entitled  to  the  sum  of  £1250:  but,, 
if  the  assurance   has  been   effected  in  1790,  they 
will  be  entitled  to  £1860  :  if  in  1780,  to  £2800  :  i 
in  1770,  to  £3900:  and  if  in  1762  (when  the  Society- 
was   first  established)  they  will  be  entitled  to  th& 
enormous  sum  of  £4780.     Now,  at  no  other  OflBic^ 
(with  the  exception  of  the  partial  advantages  derived 
from  assuring  lit  one  or  two  of  the  Societies  hereafter 
mentioned^  would  the  executors  be  entitled  to  receive 
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a  shilling  more  than  the  jsum  of  £1000  originally 
assured.  Surely  these  facts  speak  sufficiently  for 
themselves  ;  and  show,  most  decidedly,  the  impolicy 
of  assuring  at  those  Offices  whose  sole  object  is  gain, 
and  who  consequently  make  no  return  of  their  im- 
mense premiums. 

But  the  most  important  alteration  in  the  plan  of 
this  Society  was  that  which  was  brought  forward 
and  proposed  at  the  General  Court  held  December 
7,  1809 :  where  it  was  resolved  that  in  future  the 
addition  of  2  per  cent  on  the  sum  assured  should  be 
made  to  each  existing  policy  at  the  end  of  every  year ^ 
for  the  next  10  years :  at  the  end  of  which  period 
another  valuation  is  to  take  place,  when  the  surplus 
profits  of  the  Society  (after  allowing  for  the  bonus 
just  alluded  to)  will  be  divided  amongst  the  ex- 
isting policies,  in  the  usual  manner.  So  numerous 
however  were  the  applications  for  admission  into  the 
Society,  on  this  proposal  being  made  known  to  the 
public,  that  it  was  thought  necessary  and  proper  to 
amend  it  At  the  next  General  Court  (December 
19,  1809)  it  was  therefore  resolved  to  limit  this  ad- 
vantage  to  the  persons  already  assured  at  the  Office, 
an^  to  such  claims  only  as  should  arise  prior  to  the 
next  division  of  profits.  Consequently,  by  this  new 
plan,  the  executors  of  a  person  already  assured  at 
this  Office  will  be  entitled  to  receive  (in  addition  to 
any  other  bonus  which  may  have  been  declared)  2 
per  cent  (on  the  original  sura  assured)  for  ever^  ^^bx 

which  has  transpired  since  tVve  date  oi  \!cLi\^V.  ^"^v 

4ii 


490  OK  THE  LONDON  Ck.  14 

sion  of  profits  and  the  time  of  his  death.  Bat»  this 
benefit  is  not  yet  extended  to  members  effecting  ^« 
surances  subsequent  to  the  date  above  meijitioued.  ..  « 
,  The  proceedings  of  this  Society  have  hitherto  ^bqea 
ifounded  oh  a  firm  and  durable  basis:  and  the. JPi*, 
rectors*  have,  in  their  management  of  it,  shown  the 
greatest  prudence  and  discretion.  Guiding, thenoi- 
selves  by  the  light  of  mathematical  science  (without 
which  no  establishment  of  this  kind  can  be  ever  up- 
held) they  have  taken  no  step  which  can  at  all 
hazard  its  permanency  or  safety :  '  and,  in  order  to. 
secure  the  same  prudence  and  discretion  in  the  fu« 
ture  conduct  of  its  members,  the  Society  has  provided 
by  certain  laws,  '*  That  no  allowance  to  claimants;, 
shall  ever  be  m^de  without  a  previous  investigation 
of  its  affairs,  and  the  concurrence  oi  four  Jiftns  of  it3, 
**  members  at  three  successive  General  Courts ;  and 
**  also  that  such  allowance  shall  in  no  instance  .ex-. 
•'  ceed  two  thirds  of  the  clear  surplus  stock  of  the 
"  Society."  By  these  restrictions,  as  far  as  hu43\an^ 
precaution  can  operate,  the  danger  of  intemperfiie, 

*  The  Directors  are  chosen  aimtiaHy  by  the  members  of  th>B(,  Sd|di$l7,t^'^ 
and  fooT  General  Courts  are  held  in  the  year ;  at  which  are  exhibited  ie- 1 
counts  of  the  ^rate  of  the  Compafay,  ani  at  which  are  formed  stich'niMNi  ilAa' 
rtj^aAiAislA  ihtj^  Ab&ted  heee88ii^x*y  ft^  Hs  'ki^^kHattkl  Hot;^^^ 
Ivwmide  in  Jvffaary  1810,  no  fperson,  admitted  a  mtoib^r  .sebveqnefril  if^9 
December  19, 1809>  has  a  roice  at  the  general  meetings  unless  he  has  beoi 
assured  for  5  years  in  the  sum  of  £2b(X)  on  the  whole  continuance  oi^'alife* 
1^<^  ^*tfny  i^ch  pe^soti  be  chd^n  for'adilrebttrr  unt^s  fae'l)as1yl^''i&^^ 
fbf  $  y^rs  in  the  tmin^f  £'6000. 


it 
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t  See  the  history  of  this  Society,  brought  down  to  the  i^reseat  timflk  n 
Price's  Cfbi,  on  Rev*  Pay.  vol.  1,  Chapter  11,  Section  7f 
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meftsures  is  avoided :  and  there  is  every  reason  to 
hc^e  that  an  institution,  founded  on  such  liberal 
principles  and  defended  by  such  wholesome  pro* 
visions,  will  not  only  be  secure,  but  continue  to 
improve  in  credit  and  prosperity,  f' 

Other  Societies. 
^441.  Soon  after  the  establishment  of  the  Equi- 
table Assurance  Company  a  number  of  societies 
sprang  up,  (all  about  the  same  time*),  which  assumed 
the  false  and  alluring  title  of  Institutions  "  for  the. 
ben^t  of  Old  Age."  These  institutions  were,  for 
the  most  jpart,  gross  impositions  on  the  public  ;  pro- 
ceeding  from  ignorance  or  knavery,  and  encouraged 
by  credulity  and  folly.  The  promoters  of  them  were 
principally  persons  in  the  more  advanced  ages  of 
life,  and  who  imagined  the  schemes  would  last  their 
time :  they  were  consequently  little  anxious  about 
the  durabilitjf  of  the  plan,  and  desirous  only  of  getting 
a  numerous  body  of  subscribers,  that  their  plunder 
might  be  the  greater.  Agreeably  to  this  principle, 
the  founders  of  these  societies  began  so  low  as  not  to 
require  so  much  as  ?i  fourth  or  ^  fifth  part  of  the  va- 
lues of  the  annuities  which  they  undertook  to  pay : 
andi  encouragement  was  also  held  out  to  early  appli* 
cants.    These  base  attempts  to  deceive  and  alinre 

♦  The  Laudable  Society,  the  AmicaWe  Society  of  Annuitants,  the  Provi- 
Imt  Suoietyvthe  Londoa  Ai^uity  Society,  the  Equitable  Society  of  Aunul* 
tf9t9»ilb^  W^^ltQiiDfit^  Mm^  Society,  the  lioodvii  U^ioa  Society,  the  Cou- 
fpUd»t94  Vn\m  Society,  the  Public  Annuitant  Society,  the  Rational  Society, 
the  Friendly  Society  of  Annuitants,  and  many  otheis  (nvIvo^  tlvov^^i^^^^ 
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the  ignorant  and  distressed  (and  which  unfortunately 
succeeded  to  well)  first  induced  Dr.  Price  to  publish 
bis  Obstrvations  on  Reversionary  Payments.  "  On 
*'  the  first  appearance  however  of  this  work,  the  rage 
for  establishing  ?iew  Societies  ioimediately  sub- 
sided ;  a  partial  reformation  took  place  in  some  of 
**  those  which  had  been  already  formed  :  and  in  a 
"  short  time  the  greater  part  of  them,  convinced  of 
**  their  mistakes,  dissolved  themselves.  A  few,  in- 
**  deed,  persevered  in  an  obstinate  adherence  to  their 
*'  original  plans ;  but  they  have  long  since  exhibited 
•'  a  melancholy  proof  of  their  own  folly,  and  of  the 
"  truth  and  justice  of  the  admonitions  which  had 
*'  been  wasted  upon  them.*" 

The  general  practice  of  the  promoters  of  those 
schemes  was  to  attract  the  weak  and  credulous  by 
holding  out  the  most  easy  and  advantageous  terms. 
These  arts  succeeded  wonderfully  well  at  first ;  till 
the  public  became  better  informed  on  the  subject; 
when  they  soon  fell  into  disrepute  and  contempt. 
But  although  such  specious  proposals  should  always 
be  viewed  with  suspicion,  the  public  should  be  cau^ 
tious  not  to  fall  into  the  opposite  extreme,  and  suffer 
themselves  to  be  enticed  into  the  payment  of  exorbi- 
tant rates,  under  the  delusive  plea  of  stability  and 
security.  They  ought  to  satisfy  themselves  that  any 
extra  charge  which  is  made  upon  them  (over  and 
above  the  fair  value,  after  allowing  a  proper  and  li- 
beral compensation  to  the  proprietors)  is  sacredly  and 

*  Introd*  to  Dr% Pii^ik  Obi,  B.W*  Pa.)i*    ^ ^ 
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inviolably  appropriated  to  secure  the  permanency  of 
the  establishment,  and  to  provide  for  those  unfavour- 
able events  which  sometimes  arise  and  overturn  the 
best  contrived  schemes. 

Towards  the  end  of  the  last,  and  the  begining  of 
the  present  century,  several  new  Public  Comi>anies 
were  formed  for  the  purpose  of  making  Assurances 
on  Lives,  granting  Annuities,  &c  :  viz  the  Westminster 
Society^  in  1792  ;  the  Pelican  in  1797  ;  the  Globe  in 
1799  ;  the  Albion  in  1805 :  the  Rock  and  the  Provi- 
dent Institution  in  1806;  and  the  Eagle,  the  Hope, 
the  London  Life  Association  and  the  Atlas  in  1807 
None  of  these  societies  however  are  confined  solely 
to  the  granting  of  Life  Assurances :  since  they  all 
unite  thereto,  the  purchase  or  sale  of  Annuities ;  and 
five  of  them  (in  addition  to  the  other  two  branches) 
are  engaged  in  Fire  Assurances.  It  is  not  my  inten- 
tion to  enter  into  the  nature  and  form  of  all  these 
different  Societies ;  since  the  major  part  of  them  do 
not  (as  far  as  the  subject  of  thib  work  is  concerned) 
profess  to  hold  out  any  peculiar  advantages  to  the 
public.^  But,  as  two  of  them  in  particular  differ  ma- 
terially in  this  point  from  all  the  rest,  I  shall  devote 
a  few  lines  to  their  seperate  explanation  and  exami- 
nation. 

The  Provident  Institution. 

§  442.     The  Provident  Institution  was  formed  in 

*  There  is  some  trifling  difference  between  them  as  to  the  fees  on  ad^ 
m%8sumy  and  as  to  military  persons  :  but,  these  are  j^Ur^  CQVi&\d.<&t«Xv^'QSL 

compare  with  tboge  which  I  ahaU  b«reaftex  menUou^ 
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1806,  with  a  view  ''  to  enable  the  iadtistrioas  aad 
economical  to  appropriate  their  savings  saost  bwe* 
ficially  to  their  different  objects  of  priKieneerer 
affection ;  and  to  encourage  that  laudaUe!  dilM^ 
^'  position  hf  affording  an  ample  guaiwitee^.lbr  tthe^ 
^^  fulfilment  of  the  benefits  propwtd,  without  cwri9^> 
ing  them  by  commercial  views  of 'profit.  With  these 
objects  sever al  hundred  noblemen  and  gentlemen 
''  have  entered  into  a  subscription  of  £2fiO,QOO  to 
^'  constitute  an  original  capital  *  ;  and  taking  upon 
*'  themselves  the  sole  responsibility  of  the  establish^ 
''  ment,  they  render  the  insured  and  adadUaBti 
*'  proprietors,  and  entitle  thein  tijudUy  to  p^rtl!!S|lel8r 
'*  in  profits,  after  the  expenses  of  wi  eicandli^ieid '^^^ 
"  rangfement  are  defrayed,  in  which  the  fS^SiSfaiii^^ 
'<  Directors,  Trustees  and  Auditors  att  gtrabitlb^is^^' 
'  Thus,  by  the  specific  sum  insured,  iifA'^^da^f^^ 
*'  of  contingent  profits,  every  memb^^^of  ^Siis  \hS^jSi^^ 
**  tion  has  the  fullest  value  possible^,  for  n1N|^^ 
**  without  being  subject  to  any  calls  tir  riS 
*'eveh"  ^tiini 

This  institution  not  tmly  makes  Asmirances 
Kves,  tiut  also  buys  and  seUs  Antiniti^^,  iatid  gta, 
Endowments  for  children.    Their  proposals,  9t  fir 
sight,  appear  to  be  the  same^as  in  the  Equitable^^ 
ciety ;  since  all  the  proprietors  ate  stated  to'pkrticf 
pate  equally  in  the  prpft^  »if  tfe  ^J^Aeeto'. '  ^i^mis 
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^  These  aabscfiben  are  not  obliged  la  iiMiHreiAa^  MrkliTes,.  as  is  the  . . 
49000  «t  ail  ^Atf  o^ermewVy  es^\AM>%edOffifieB« 
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kowever  this  material  difference,  that,  in  the  Provi- 
dent Institution,  those  profits  are  shared  in  conjunc- 
tion with  the  several  hundred  noblemen  and  gentlemea 
who  have  guaranteed*  the  capital ;  and  who  appear 
not  to  have  wholly  lost  sight  of  the  commercial  views 
^profit  'm  establishing  this  concernf. 


'■*', 
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JTie  Rock. 


.  \  443.  The  Rock  Life  Assurance  Company  was 
rormed  also  in  the  year  1806 ;  and  appears  in  some 
r^pects  to  have  followed  the  plan  of  the  Equitable 
Speiety :  it  is  however  in  its  nature  essentially  dif- 
liprent.  In  the  Rock,  the  assured  are  not  mutual 
iflufmrersone  to  the  other :  neither  do  they  participate 
yufJfy  in  the  profits  of  the  concern.  For,  though  at 
:^i;|1^  {periods  (of  not  less  than  seven  yearsj:)  an  es- 
iltlMs  is  made  of  those  profits,  and  two  thirds  of  the 
tWSiie^  ^fter  deducting  the  sum  cf  Jive  thousand  pounds 
JkU^^iom^,  are  divided  amongst  all  the  policies,  as 
Ik  the  Equitable  Society ;  yet  the  remaining  third, 
mi^MMl  of  being  improved  for  the  bene&t  of  aU  the 
l|^^,  is  appropriated  to  4&e  use  <^  the  proprietors 

^  A 'small  portion  only  of  the  capital  has  been  actaally  advanced. 

%)|fee  aaiae  obserrations  on  the  JRatet  of  this  Society  in  §  S74  and  446. 

'^H'l^firit  division  of  profits,  however,  is  not  to  take  plaoe  till  «fter  the 
nrairation  of  twelve  years  from  the  establishment  of  the  Society. 

Y  1^  fe  provided  for,  In  the  Yhed  of  S^tlennent,  although  it  is  fiOt  men- 
;kned  in  the  Prospectus  oi  the  Gompany.  See  a  pamphlet  issued  by  this 
ftiiijiltf''  under  the  erroneous  and  illusive  title  of  The  Frindpiee  of  Lijb 
Asiurunee  Ewptained. 
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only.  This  third  part  is  thus  for  ever  lost  to  the  rest 
of  the  assured ;  and,  at  the  end  of  the  next  period, 
another  third  part  is  likewise  taken  away  :  which 
continual  subtraction  operates  in  the  inverse  method 
to  that  pursued  by  the  Equitable  Society,  and  must 
in  a  course  of  years  make  a  very  material  difference 
in  the  amount  to  be  added  to  the  policies  at  each 
respective  office.* 

General  Observations. 

^  444.  With  respect  to  the  remaining  iostituiiops 
of  this  kind  now  in  existance,  I  believe  they  areall 
formed  with  a  view  to  private  interest,  and  do  not 
profess  to  hold  out  any  peculiar  advantage  to  the 
public. '\  It  will  be  recollected  that,  a  few  years  ago 
there  existed  in  this  country  a  great  rage  for  Jmt- 
Stock  Companies;  and  the  public  were  much  amused 
with  the  various  proposals  that  daily  issued  from  the 
press.  The  enormous  profits  that  are  made,  by 
granting  Life  Assurances  and  Annuities,  attracted 
^4he  hopes  and  expectations  of  many  persons;  and 
several  of  the  more  recent  Offices  may  ascribe  their 
origin  to  these  popular  impressions.  The  success, 
attending  the  establishment  of  these  Offices,  and  of 

*  It  will  appear  from  this  view  of  the  subject  that  a  person  insnriDg  tt 
the  Rock  does  not  stand  a  chance  of  receiving  even  one  half  the  addltionl 
profit  that  he  would  probably  obtain  by  insuring  at  the  Equitable.    See  the 
note  in  page  487* 
t  See  the  note  in  page  403. 
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similar  undertakings,  encouraged  others  to  come  for* 
ward,  not  only  with  the  like  proposals,  but  with 
various  fanciful  schemes  and  visionary  projects :  and 
there  was  every  appearance  that  the  times  of  the 
South  Sea  Bubble  were  about  to  be  revived.  The 
same  measures,  however,  that  put  a  stop  to  the  ne- 
farious practices  of  that  period,  were  now  resorted 
tp ;  the  act  ot  6  Geo.  I,  c.  18,*  after  lying  dormant 
above  80  years,  was  applied  to  the  correction  of  this 
public  grievance ;  and  the  decision  of  the  Court  of 
King's  Bench,  in  the  case  of  The  King  versus  Dodd, 
put  a  stop  to  all  these  delusive  projects.  As  the 
opinion  of  the  Lord  Chief  Justice  (EUenborough)  on 
that  occasion  cannot  be  made  too  public,  and  as  it 
has  some  connection  with  the  present  subject,  I  shall 
make  no  apology  for  here  inserting  it. 

"  This  case  has  been  very  fully  argued,  and  the 
**  application  for  an  information  has  at  least  had  this 


^  B  J  that  statute  it  was  declared  that  all  the  misehievous  undertakings 
And  attempts  therein  described^  tending  to  the  common  grievance,  prejudice 
and  inconvenience  of  his  Majesty's  subjects,  in  their  trade  and  commerce,—- 
and  all  public  subscriptions,  receipts,  payments,  assignments  or  transfers, 
for  tlie  purpose  of  furthering,  countenancing,  or  proceeding  in  suck  under- 
takings,— and  more  particularly  the  presuming  to  act  as  a  corporate  body, 
and  pretending  to  raise  and  tranfer  any  shares  in  such  concerns  without 
legal  authority  (either  by  Act  of  Parliament  or  Royal  Charter) — should  be 
illegal  and  void.  All  such  undertakings  are  declared  to  be  a  public  nuisance  ; 
and  persons  ofifending  therein  are  not  only  subject  to  the  usual  fines  in  such 
cases,  but  are  further  liable  to  the  penalties  and  forfeiture  of  the  statute  of 
Fr0munire, 

4  s 
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"  good  effect;  that  it  has  produced  a  full  discussion 
*'  of  the  question,  and  has  given  a  general  notoriety 
"  to  the  existence  of  the  statute  of  the  6  Geo.  I :  so 
**  that  no  person  can  hereafter  pretend  to  say  thSit  it 
"  is  an  obsolete  law ;  and,  on  that  account,  no  longer 
*•  to  be  enforced  against  such  as  offend  against  the 
*'  provisions  of  it.  After  a  lapse,  however,  of  eighty- 
*'  seven  years  since  any  authenticated  proceeding 
*'  has  been  had  upon  this  branch  of  the  act,  and 
*'  when  other  ways  are  still  open  to  the  party  now 
*'  applying  to  put  this  act  in  force  against  offenders, 
*'  the  Court  (in  the  exercise  of  a  sound  discretion, 
*'  under  all  the  circumstances  of  the  case)  will  forbear 
**  to  interfere  in  this  extraordinary  manner.  But,  at 
*'  the  same  time  we  wish  it  to  be  understood  that  it 
*'  is  not  because  we  think  that  the  facts  brought  be- 
"  fore  us  are  not  within  the  penalty  of  the  law  :  but 
*'  we  choose  to  express  ourselves  with  the  greater 
'*  reserve,  because  the  defendent  may  still  be  indic- 
*'  ted,  and  the  Court  may  still  be  called  (upon 
''  the  removal  of  the  indictment  by  certiorari^  or 
upon  an  information  filed  by  the  Attorney-Gen- 
eral) to  give  their  opinion  on  this  very  case.  But 
(independant  of  the  general  tendency  of  schemes, 
f*  of  the  nature  of  the  project  now  before  us,  to  oc- 
'*  casion  prejudice  to  the  public)  there  is  besides  in 
this  prospectus  a  prominent  feature  of  mischief: 
for,  it  therein  appears  to  be  held  out  that  no  per- 
••  son  is  to  be  accountable  beyond  the  amount  of  the 
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**  share  for  which  he  shall  subscribe,  the  cooditions 
*'  of  which  are  to  be  included  in  a  Deed  of  Trust  to 
*^  be  enrolled.  But  this  is  a  mischievous  delusion. 
*'  calculated  to  ensnare  the  unwary  public.  As  to  the 
**  subscribers  themselves,  indeed,  they  may  stipulate 
*'  with  each  other  for  this  contracted  responsibility ; 
'*  but  as  to  the  rest  of  the  world,  it  is  clear  thqit  each 
**  partner  is  liable  to  the  whole  amount  of  fhe  debts 
"  contracted  by  the  partnership.  I  forbear  to  com- 
'^  ment  on  lesser  circumstances ;  such  as  the  small- 
^'  ness  of  the  sum  to  be  subscribed  in  the  first 
'*  instance,*  (which  seems  to  carry  an  appearance  of 
"  holding  out  a  lure  to  the  unwary)  and  other  features 
'^  in  the  case.  But  (considering  that  this  is  brought 
forward  after  a  lapse  of  so  many  years  since  any 
similar  prosecution  was  instituted,  and  brought 
forward  by  a  party  who  does  not  profess  to  have 
''  been  himself  deluded  by  the  project ;  and  the 
*'  statute  having  been  passed  principally  for  the  pro- 
*'  tection  of  unwary  persons  from  delusions  of  this 
'*  jkind)  the  Court  think,  in  the  exercise  of  their  dis- 

*  Of  911  the  Life  Assurance  Companies  that  .have  lately  been  established, 
the  Globe  is  the  only  one  that  has  paid  up  its  subscription  in  full.  The 
remaining  ones  have  divided  their  capital  into  small  shares,  on  which  10  per 
cent  only  has  been  paid.  Thus,  the  Eagle  professes  to  .have  a  capital  pf 
Two^MiLLioris ;  whereas  it  in  reality  consist  of  no  more  than  £20Q,000, 
which  is  divided  into  40,000  shares  of  £6  each.  And  the  Roeh^  which  pro- 
fesses to  have  a  capital  of  One  Million,  is  divided  into  dO,000  share  of  £2 
each.  A  similar  observation  Will  apply  to  most  of  the  other  Societies.  It 
18  true  that  they  have  reserved  a  priviledge  of  making  a  eaU  for  tha  remaia- 
der :  but  I  hope  no  circumstances  will  ever  ariscj  whereia  their  power  or . 
prtttnsions  may  be  (li#piiM» 
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'*  cretion,  that  they  should  not  now  enforce  the 
^'  statute  against  this  defendant,  at  the  relation  of  a 
*'  person  so  circumstanced :  leaving  the  relator  to 
"  the  common  law  remedy  by  indictment ;  or  the 
defendant  to  be  proceeded  against  by  His  Majesty's 
Attorney-General  e.v  officio^  if  he  should  deem  it 
•'  adviseable  for  the  protection  of  the  public.  But, 
'^  the  Gburt  think  it  is  fit  that  this  rule  should  he 
''  discharged  without  costs.  And  they  recommend 
^*  it  as  a  matter  of  prudence  to  the  parties  concerned, 
*'  that  they  should  forbear  to  carry  into  execution 
*'  this  mischievous  project,  or  any  other  speculative 
project  of  the  like  nature,  founded  an  Joint-stack 
and  transferable  shares :  and  we  hope  that  this  in- 
timation will  prevent  others  from  engaging  in  the 
like  mischievous  and  illegal  projects.*'' 
With  respect  to  the  constitutions  of  the  several 
Assurance  Companies  above  alluded  to,  they  are  all 
of  them  (with  the  exception  of  the  Amicabk  and 
Equitable  Societies)  in  one  particular  nearly  the 
same.  In  each  of  them  the  Assured  may  be  divided 
into  two  classes,  Proprietors  and  Non-Proprietors. 
The  former  are  those  who  hold  shares  in  the  concern 
and  who  divide  allf  the  profit  among  themselves: 
and  the  latter  consist  of  such  other  persons  as  have 

*  £ast's  Reports,  in  Easter  Term  1808,  vol.  ix.  page  525. 

f  This  must  be  taken  with  some  limitation  as  far  as  it  r^rds  the  FrO' 

vident  Institution  and  the  Bock ;  agreeably  to  what  I  have  above  stated' 

when  speaking  of  those  companies.    There  is  also  the  following  advanta^ 

held  out  by  the  Hope  Insurance  Company  :  viz.  '*  Persons,  not  being  pro- 

^  ^^prietors,  who  insure  for  £600\x^oxv\Vw«w[i\\^ii%^^"^,\i'^'Ktli« 
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been  indncei  from  ignorance,  persuasion,  or  necessity 
to  effect  assurances  at  those  Offices ;  and  who  (al- 
though they  pay  the  same  premium  on  their  policy 
as  at  the  Equitable  Society)  will  never  receive  a 
shilling  more  than  the  sum  originally  insured. 

For,  it  is  necessary  here  to  remark  (and  I  think  it 
an  observation  of  considerable  importance)  that  the 
rates  of  Assurances  on  lives  do  not  differ^  in  the  least, 
at  any  of  the  Offices :  so  that  whether  a  person  makes 
an  assurance  at  the  Equitable  Society  where  the  sum 
assured  is  continually  increasing  in  value,*  or  whether 
he  effects  it  at  any  other  Office  where  no  additional 
advantage  is  derived,  he  pays  precisely  the  same  pre- 
mium! Surely  this  important  fact  cannot  be  suffi- 
ciently known  by  the  public,  else  it  is  difficult  to  con- 
ceive how  any  of  the  newly  established  Offices  should 
ever  have  been  able  to  extend  their  business  beyond 
the  limits  of  their  own  proprietary  .f 

Independent,  however,  of  the  superior  advantage 
of  insuringat  the  Equitable  Society,  there  isasatisfac- 


*'  of  ten  shilliDgs  per  cent  (on  their  admission)  beyond  the  premium  paid  for 
^  the  Assarance,  be  entitled,  out  of  the  profits  of  the  Life  Fund,  to  fuch 
**  interest  or  dividend  as  may  be  paid  on  a  ^(50  share  to  the  several  pro- 
^  prietors  thereof;  and  so  in  like  manner  for  every  £500  so  insured.  But 
*  in  no  case  whatever  are  they  to  be  responsible  for  any  claims  which  the 
^  Life  Fund  may  be  called  upon  to  pay ;  the  Capital  of  the  Compaiiy  being 
^  of  sufficient  magnitude  for  that  purpose.'' 

*  See  page  488. 

t  EYery  praprieCor,  in  all  these  newly  established  Societies;  it  cbN^  lo 
insure  a  given  lum  on  his  own,  or  on  jsome  other  peitou'tltCe* 
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tioD  arising  from  the  consciousness  of  its  superior 
security  *  This  security  originated  from,  and  is  prin^- 
cipally  maintained  by,  the  power  which  each  member 
possesses  (in  his  own  right)  of  giving  his  vote  and 
opinion  on  all  the  proceedings  of  the  Society :  so  that 
no  unfair  advantage  can  be  taken  by  any  particular 
class  of  the  assured.  On  the  contrary,  at  all  the 
other  Offices!  the  management  of  the  concern  is  in 
the  hands  of  the  Proprietors  only :  and  the  Non-Pro- 
prietors (or  those  who  assure  at  the  office  without 
holding  any  share)  have  no  voice  whatever  in  the 
administration  of  the  affairs  of  the  Company.  Thejf 
may  see  the  proprietors  voting  dividends  amongst 
themselves,  and  the  capital  of  the  society  (which 
ought  to  be  improved  with  the  greatest  economy) 
annually  dwindling  away :  but,  though  this  should 
be  apparent  to  the  most  common  observer^  they 
would  be,  in  a  great  measure,  unable  to  relieve  them- 
selves. For,  most  persons,  after  continuing  the  pay- 
ments* on   their  policies  though  a  series  of  years, 

*  A  person  who  makes  an  Assurance  against  Fire  is  content  if  the  Office^ 
&t  which  he  insures,  possesses  the  present  confidence  of  the  puhlic  and  of 
himself :  since  he  may  remove  his  policy  to  any  other  Office  whenfiver  he 
doubts  its  stability  or  responsibleness.  Not  so  with  a  Life  assoraoce :  foif 
a  policy  of  that  kind,  once  entered  into,  cannot  be  removed  without  eon- 
aiderable  loss  and  inconvenience  to  the  party ;  and,  as  the  eiaim  oaay  not 
become  due  for  20,  80  or  40  years](  nay,  perhaps  for  more  4han  a  half  a  qent- 
tury)  it  therefore  particularly  behoves  him  to  be  satisfied  not  only  with  ,the 
present  flourishing  state  of  the  society  but  with  the  pro^ct  of  .its  pfirmof 
nency  nxiA  future  Melveney. 

t  JSxceptiiv  the  Amicabli  Sociti?. 
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iTOuld  think  it  too  serious  an  injury  to  withdraw; 
nd  would  rather  risk  the  issue  of  the  event. 
Now,  though  I  by  no  means  wish  or  intend  to  cast  any 
eflection  on  the  present  managers  of  any  of  the  more 
eceht  Societies,  many  of  whom  I  know  to  be  men  of 
trict  honour  and  integrity,  and  who  (considering 
[lemselves  equally  trustees  for  the  public  as  for  the 
'ociety)  would  not  give  their  sanction  to  any  measure 
iat  was  likely  to  endanger  its  security,  or  hazard 
s  teputation ;  yet  their  voice  may  not  always  prevail 
gainst  a  numerous  body  of  proprietors,  neither  can 
keir  services  be  perpetuated.  And  the  sad  experience 
f  almost  all  preceding  establishments  of  a  similar 
ihd,  which  have  been  formed  with  a  view  to  the 
enefit  of  posterity,  show  that  this  is  not  an  imagi" 
ary  evil  only  :*  and  that  it  becomes  every  person 
onn£Cted  with  such  Societies  to  be  particularly 
autious  that  no  attempts  are  made,  either  through 
jnorance  or  design,  to  risk  the  security  of  the  es- 
iblishment  by  grasping  too  eagerly  at  immediate  or 
notmous  profits.  They  should  bear  in  mind  the 
dvice  that  was  given  to  the  Directors  of  the  Equi- 
able  Society  by  a  celebrated  writer  on  these  subjects, 
nd  the  adoption  of  which  has  tended  to  raise  that  es- 
iblishment  to  its  present  state  of  eminence.    *'  They 


*  Let  ally  person  read  the  nefarious  practices  alluded  to  by  Dr.  Priee  in 
is  ObHrwtttoiM  on  Bev,  Pay.  and  by  Mr.  Dale  in  his  Calculations  deduced 
^am  first  Principles  ;  he  will  then  be  convinced  that  the  members  cannot 
eep  too  vigilant  an  eye  oyer  tha  proceeding!  of  t\it\x  i^S«V7» 
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*'  should  consider  what  distress  would  arise  from 
the  failure  of  the  concern  at  any  future  time ;  and 
what  are  the  dangers  which  ought  to  be  carefully 

'*  guarded  against  in  order  to  secure  success." 

**  That  it  is  not  to  be  expected  that  any  society  can 
"  meet  with  difficulties  in  its  infancy ;  because,  not 
•'  till  the  end  of  many  years,  after  it  has  acquired  its 
"  maximum  of  members,  will  the  maximum  of  yearly 
'*  claimants  and  annuitants  come  upon  it.  Should 
''  it,  therefore,  through  inattention  to  this  remark,  and 
'*  the  encouragement  arising  from  the  possession  of 
''  a  large  surplus,  be  led  to  check  or  stop  the  increase 
"  of  its  stock  [or  to  divide  the  profits  of  the  concern] 
**  too  soon,  the  consequences  might  be  higly  perai- 

"  cious.*" *'  That  it  is  of  great  importance  to 

'^  the  safety  of  such  a  society  that  its  affairs  should 
"  be  under  the  inspection  of  able  mathematicians. 
*'  Melancholy  experience  shows  that  none  but  ma- 
**  thematicians  are  qualified  for  forming  and  con- 
*'  ducting  schemes  of  this  kind.  In  short ;  dangerous 
"  mistakes  may  sometimes  be  committed,  if.  the 

*  The  distinguishing  principle  of  the  London  Life  Association  is,  tiiat 
the  profits  resulting  from  its  transactions  shall  be  shared  by  the  memkn 
during  life :  whereby  the  security  of  that  establishment  must  be  considertblf 
**  impaired.  For,  **  in  matters  of  chance  it  is  impossible  to  say  that  an  on- 
^*  favourable  run  of  events  will  not  come,  which  may  hurt  the  best  contriTed 
**  scheme.  The  calculations  only  determined  probabilities  ;  and  agreeaUy 
^^  to  these  it  may  be  depended  on  that  events  will  happen  an  the  wAofc* 
*^  But,  at  particular  periods,  and  in  particular  instances^  great  deviitioBS 
'*  will  often  happen ;  and  these  deviations,  at  the  commeiiGemeAt  of  ascbeBC^ 
'^  must  prove  either  very  {a\out«\A.«  oi  n«h  ^(^sSk^^^^^W. 


{ 
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"  affairs  of  such  a  society  are  not  managed  frugally, 
"  carefully,  and  prudently.*" 


.  f 


Rates  for  Life  Assurances. 


.  ^  445.  I  cannot  conclude  tbis  chapter  iiy^ithout 
some  observations  on  the  Rates  of  Life  Assurances 
published  by  the  several  Companies  above  allud^4 
to :  and«  as  those  rates  are  the.  same  in  all,  my.  re- 
marks will  equally  apply  to  each  of  those  ,djfferent 
fiK>cieties ;  excepting  perhaps  th^-EquUaJblCt  )iie  nar 
ture  of  whose  establishment  renders  it  not  of  sq.  much 
moment  what  the  rates  are,  prov^djed  civery :  mc^bep 


■  i  '- 


*  Price's  Oh9*  on  Ew.  Pay,  yol.  1,  page  179.  The  same  author  (in 
^ntitif  otAf  in  another  place,  the  dangers  to  which  a  Society  of  this  kind 
is  exposed)  remarks,  ^^  that  there  are  no  questionSy  the  solution  of  which 
"  requires  a  stricter  attention,  or  greater  skill  in  inyestigation,  than  some  in 
^  the  doctrine  of  Assurances.  Difficult  queations'  are  sometimes  hrought 
**  to  the  Society ;  and  the  Directors,  not  being  themselves  mathemaiticlans, 
^  are  under  a  necessity,  in  making  their  demands,  of  being  governed  by  their 
*  Actuary ;  and  should  he  happen  to  be  unqualified,  he  must  make  mis- 
^  takes,  and  either  the  Public  or  the  Society  will  be  injured.  In  short,  the 
**  Society  can  scarcely  be  sensible  enough  of  the  importance  of  both  abili- 
^  ties  and  probity  in  the  ftervants  it  employs  :  nor,  therefore,  of  the 
**  particular  reason  there  is  for  guarding  their  places  against  the  applications 
**  of  candidates  who,  on  any-future  Yacaiieie8,-may  endeavour  to  intrude 
^  themselves  by  their  connexionf  or  influeneet" 

-4  T 
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pays  in  proportion.*  The  promoters  of  that  concern 
showed  their  sound  judgeihent  and  good  sense  in 
adopting  such  tables  of  the  probabilities  of  life  is 
vrete  rather  below  than  above  the  truth.  They  first 
made  use  of  Mr  Simpson's  Table  for  London;  but, 
finding  these  too  ittac^urate,  they  changed  them  for 
the  Northampton  Table.  Experience  has  confirmed 
the  propriety  of  their  choice ;  but,  at  the  same  time, 
&as  proved  to  us  that  the  Nortkampt&ii  Table  is  by  no 
meaiis  it  corftct  i^de^  of  the  rate  of  hutnaii  iMrtaKcy 
liinengM  the  members*  of  sueh  a  sod^ty.-f  It  bttt, 
however  befeh  iidtipted  by  all  the  d^^droffitefsi^  ttnder 
Oak  deliiisiVe  plea  that  '*  e:iLpemhce  heA  shown  it  to' 
•*  be  the  most  jiii^  jtrid  liberal  iscde,  whereby  to  ttH 
•  Hmate  a  fait  valde  between  the  two  parties.*'  Brtf 
h^i^ffTtt  applieabte  the  NoHhmnplon  Table  w6tf  bif 
to  the  use  of  a  society  constituted  as  the  EquUable  is, 


*  \  should  likewise  except  the  Amicable  Soetetj/i,  whose  plan  aai  cd&- 
stitution  differ  so  materially  from  the  othen. 

t  Mr.  Moigth  sayi  (Price's  Obs,  on  Rev.  Pt^.  vol.  1,  page  188)  thatftc 
ieerementlB  bJF  Hfe  in  the  Equitable  Society,  from  the  year  ITW  to  M6, 
tbtti]^Med  ikitli  tihe  decrenitofe  of  life  in  the  JSTorthamptOn  Table,  appear  to 
Biw^  bden  ilrbm  the  age  of 

10  to  20  in  the  ratio  of  1;  to  fS 

20-,dp..«.« lto2 

SO  0.  40 ..,^3  to  6  ■    -■■- 

^  ••  00 6  ta7 

00  M  80  ••••••«,••«,,., ...^  to, HI-  .     .,.      ■ 
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it  certainly  is  not  entitled  to  the  same  degree  ^^Bf^ 
INTobation  as  affording  a  fair  estimate  of  the  valne^^ 
annuities  and  assurances  between  the  public  «id  -a 
trading  company;  nor  even  as  between  two  inditi- 
i^iiials,  unless  under  particular  circumstances^  A 
more  just  and  equitabte  scade  iwgkt  to  be  adopted  by 
. those  BQcjeties  wbodKxnotmakeanyicetjinitoi^heas* 
.8iifre4»  oSthe  vast  pi^ts  titatariaefromiliis^jBpeoicaiiaf 
iLe^ly  traflic ;  a^d  .would  tend  mwe  to  the  kcxeafie^^ 
•ittueor  ^iness  in  tlus  way, and  would  Jifcawise  be^mooe 
j|H^ottiab}e  to  theiasel ves,  than  the  disgraceful  {Httctioe 
gf^brifii^ Moiicitot^,  lagents  and  otheis  to.«iiect  as- 
jfHK»i%9^s  at  their  Offices-: : thereby  notopoiialy  in- 
4\)fW?  ^ose  parties  to  maifiee  the  .interest.ef  tiieir 
iPpg^plqy^rs  and  their  friends.*  For,  thcmoney^viuGh 
».^^&P^i^  to  this  base  purpose  jsan  ^be.eoaaidered^tt 
.^ol^r^ght  than.asf^^2^%  taJoen'froiQi  lAe.pockets 


.^.HukjfiS  the  public  CJQmpanies,  whodo.i|Qt;ii^(^.fiqy^t^.9f|^^o 

proSte  to  the  assured,  allow.a  liberal  premium  (generally  ^,.pei'.®^'^^?^.H^® 

(paymenl-ttade)  :to  any  person  who  will  procure  ah  insurance  to  be  effected 

.•^:%riP^  Qffi^  ;;:fu}d  tbif  coa1mb8i0a.i8.dito  allovrid  to  ^my  ^rsoa  who4aakes 

the  annual  payment  provided  it  b€  not  the  party  JUn^f^JJI  .  4^  Hti^ 

whidi  is  easily  seen  through  :  but  which  opens  such  a  door  to  i^jid  and 

ifVifflfftiPffe  thait  it  flannol:  be tao^stJverely  reprobate!.    Aiid-howevef  much 

it  may  be  sanctioned  by  the  Directors  in  their  public  capacity,  we  are  aU 

awart  what  their  emotions  would  be  if  they  discovered  any  of  their  tfades- 

-jiMB.'tamperinff with  IMr  own  •eeryante in- thts ^opprobrious  manner:  since 

.they.mass.weli  know  nko  would  eventuftlly  pay*for  it.    I  omit  ta  give  the 

.jmmmot  those  compaDiee- who  have  adopted  this  ne&rious  practice,  under 

-  the  hope,  that  such  a  mean  aad^  improper  artifice  ^will  not  be  encouxa^^vcL 

future. 
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of  the  assured;  and  would  be  more  properly  and  more 
equitably  employed  in  being  appropriated  towards  a 
reduction  of  the  rate  of  assurance  :  since,  if  the  Com- 
pany can  afford  to  allow  it  to  the  agent,  it  surely  can 
afford  to  allow  it  to  the  principal ;  and  it  evidently 
belongs  more  jW^/y  to  the  latter  than  to  the  former. 

The  Tables  of  the  Rates  of  Life  Assurances,  as  pub- 
lished by  the  several  Companies,  are  precisely  the 
^ame  in  each ;  and  are  usually  three  in  number :  viz. 
one  for  Single  lives,  one  for  Joint  lives,  and  the  other 
om  the  Contingency  that  one  life  shall  die  befdrie  an- 
-othi^  Ufe.^    These  rates  are  all  deduced  from  the 
-  JVorfAampfon  observations,  and  at  the  rate  of  thret 
per  cent  interest.     By  thus  computing  the  valties 
'!fh>m  the  lowest  probabilities  of  life,  and  at  the  hwtst 
LirateTof  interest,  the  Rates  become,  in  most  cases, 
full  a  third  more  than  they  ought  to  be  when  cal- 
culated from  the  more  correct  tables  of  the  pro- 
babilities of  life  as  observed  in  Sweden,  at  the  rate 
oifour  per  cent  interest ;  and  still  more  do  they  differ 
from  the  true  value  as  deduced  from  the  probabilities 
of  life  as  observed  by  M.  De  Parcieua;^  at  the  same 
rate  of  interest. 

Now,  since  the  rate  of  human  mortality,  amongst 

**  These  Tables  are  LI,  LII,  and  UII  at  the  end ;  Iknd  which  may  be 

^  At  any  of  the  Assurance  Offices.    On  a  comparison  of  them,  as  issoed 

^  by  the  different  Offices,  they  will  be  found  to  be  all  alike  :  th«rc  being  only 

f  ""ifling  difference  oftkpenny  or  twopence  per  cent  m  any  of  them;  whiot 

k      '«  sometimes  in  e^cesi  aal  som.%l\mwVxi  de/wt. 
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the  members  assured  at  such  Societies^  is  by  no  means 
correctly  indicated  by  the  Northampton*  table  of  ob- 
servations, but  approximates  more  nearly  to  the  ob- 
.servations  made  in  Sweden ^  or  to  those  made  by  M. 
De  Parcieu^Vf  the  public  may  form  a  tolerable  cor- 
rect idea  of  the  immense  f  profit  that  is  made  by  this 
species  of  daily  trafBc ;  and  may  learn,  to  their  own 
cost,  the  impolicy  of  insuring  at  those  Offices  whose 
sole  object  is  gain,  and  who  consequently  make  no 
return;  of  any  part  of  these  exhorbitant  demands,  i  A 
single  instance  will  illustrate  this. 

A  person  aged  20  is  desirous  of.  assuring  his  own 
life  for  £5000:  the  sum  demanded  for  this  purpose 
by  all  the  Assurance  Companies  is  £2140:2:0. 
But  the  true  value  of  such  sum,  as  deduced  from  the 
Sweden  Observations,  is  no  more  than  £1422 :  10  : 0, 
if  we  take  the  rate  of  interest  at  4  per  cent.;  and  no 
more  than  £1128  :  10 :  0,  if  we  take  the  rate  of  in* 
terest  at  5  per  cent :  or  when  deduced  from  the  ob- 
servations of  M.  De  Parcietuv,  it  is  no  more  than 
£1358 :  2 : 0,  taking  interest  at  4  per  cent ;  and  no 
more  than  £1078:  16 : 0,  taking  interest  at  5  per 
cent.  A  person,  therefore,  of  this  age  who  insures 
the  above  sum  at  any  of  those  Offices,  which  make 


*  It  is  in  the  ratio  of  only  2  to  3.    See  the  note  in  page  50S. 

i  Some  idea  may  be  formed  of  these  enormous  gains,  from  the  large 
sums  which  have  occasionally  been  .added  to  the  policies  at  the  Equitable 
Society ;  and  whioh  have  amounted  to  aboye  one  million  and  a  half  in  pre* 
sent  money.    See  pa^e  488 
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no  return  of  any  part  of  the  premium,  may  be  con- 
sidered as  throwing  away  between  seven  hundred  and 
a  thousand  pounds*.  I  say  that  this  sum  is  thrown 
away  by  insuring  at  smh  Offices,  because,  by  effec- 
ting the  same  assurance  at  the  Eqtdtable  Society,  the 
money  thus  paid  down  is  carried  to  a  common  stock, 
and  the  whole  f  of  the  profits  of  the  concern  (after 
the  expenses  of  an  economical  establishment  are  de- 
frayed) are  from  time  to  time  divided  amongst  M 
the  persons  assured,  and  added  to  their  policies :  so 
that  the  executors  of  a  person  assured  at  that  office 
have  a  chance  of  receiving  (at  his  death)  considsnbly. 
more  %  than  the  sum  originally  insured.  The  pnblicy 
I  rpresume,  are  not  aware  of  this  important  fart; 
otherwise  it  is  difficult  to  conceive  how  the  #ther 


r*'Thc8«  calcoUtions  are  dedaoed  from  the  sfti^osltion  ^hat  Oeviifle 
premium  is  paid  down  immediately  in  one  payment :  but,  aearly  the  woe 
differences  Will  arise  if  we  suppose  the  premiums  to  be  made  annu^y*  For 
tbtanmial  payment  which  would  be  required,  by  all  theOflSces,  fir  the  is- 
soranoe  above  alluded  to,  is  ^108 :  19 :  Q :  whereas  the  value  pftbem^ 
deduced  from  the  observations  of  M.  De  Paroieu».4&  ^71 :  14 :  d«  iflotnest 
be  taken  at  4  per  cent,  and  only  £65  :  10 : 0,  if  interest  be  ti^en  at  5  per 
eenti 

f  t  Every  person  now  insurijig  at  that  OBiee  may  be  considered  as  par- 
taking of  the  whole  of  the  profits  of  the  concern ;  for  the  reasons  given  in 
the  note  in  page  487. 

J  Theyliave  a  chance  of  receiving  considerably  moK,'  for  two  Msou: 
in  the  first  place  the  Society  can  generally  make  more  than  three  percent 
ia*eitBt  of  their  money ;  and  secondly,  the  lives  do  not  die  off  eo  fist  98'^ 

•mnpulatioiis  suppoae.    So  that  the  money  is  not  only  improred  at  a  better 

rate  ofinteieat^  but  also  {oi  a\oii|^ei  ^uq^« 
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Offices  should  ever  have  been  able  to  effect  a  single 
policy,  except  such  as  the  Equitable  Society  had 
refused. 

The  same  observations  will  apply  to  the  case  o£ 
Joint  lives ;  since  the  values  are  here  also  deduced 
from  the  Northampton  table  of  observations,  and  at 
the  rate  of  three  per  cent  interest.  Bat,  if  we  take 
the  case  of  Contingent  assurances  (that  is,  of  an  as* 
surance  made  on  a  given  life,  or  the  contingency 
that  it  dies  before  another)  we  shall  find  still  greater 
cause  for  censure.  For,  independent  of  the  ratea> 
being  computed  from  the  lowest  probabilities  of  life 
atnd  at  the  lowest  rate  of  interest,  they  are  also  de- 
duced from  a  rule  given  by  Mr.  Simpson*,  which 
produces  a  result  that  is  oftentimes  more  than  one 
third  of  the  true  value  too  much,  even  when  computed 
from  the  Northampton  table,  at  3  per  cent  interest !— A 
single  instance  will  confirm  this  also. 

A  person,  10  years  of  tige,  is  desirous  of  assuring 
the  sum  of  £100  on  his  life,  on  the  contingency  that 
he  died  before  another  person  aged  00.  The  sum 
which  would  be  demanded  by  all  the  Assurance 
Offices  (not  even  excepting  the  J^j't^itod/e)  is  £12 :  18 : 6 
in  a  single  payment,  or  £l :  6 :  0  in  annual  payments 
during  the  joint  lives.  But  the  true  value  which 
ought  to  be  given  for  the  same  (even  on  the  sup- 
position that  the  rate  of  interest  is  no  more  than  3 
I>er  centy  and  the  probabilities  of  living  the  same  as 

*  See  Oie  scholium  in  pege  44^, 
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observed  at  Northampton)  is  only  £10 :  13  :  0*  in  a 
single  payment,  and  £1:1:5  in  annual  payments: 
consequently  the  Offices  demand  about  ^fourth  part 
of  the  true  value  more  than  (on  their  own  data)  is  just 
and  equitable.  If  the  value,  however,  had  been  de- 
duced from  the  probabilities  of  living  as  observed  by 
jfcf.  De  Fardeux^  and  at  the  rate  of  4^  per  cent 
interest,  it  would  be  £9:3:  1  in  a  single  payment, 
and  only  eighteen  shillings  and  ninepence  in  annual 
payments;  which  makes  the  Office  rate,  in  this 
case,  nearly  one  half  the  true  value  too  much  I 

Mr.  Morgan  has  taken  considerable  pains  to  prove 
that  Mr.  Simpson's  rule  for  finding  the  value  of  these 
contingent  reversions  is  exceedingly  defective^;  and 
that  it  oftentimes  leads  to  conclusions  too  erroneous 
to  be  overlooked .  Now,  since  the  true  values  can 
in  all  cases  be  obtained  with  so  little  trouble,  it  is 
somewhat  singular  that  the  incorrect  values,  in  Table 
LIII  above  alluded  to,  should  still  be  adopted  (not 
only  by  the  Equitable  Society^  but  also  by  every  other 
Office  in  London)  for  the  purpose  of  determining  the 
sums  that  are  required  for  effecting  assurance!^  on  the 


%  *  I  take  this  sum  from  Mr.  Morgan*s  calculation  in  Phil,  Trans,  for  1788| 
page  344 ;  who  says  that  he  has  compared  it  with  the  sum  deduced  from 
the  exact  values  of  annuities  on  the  joint  liyes  involved  in  the  solution. 

t  See  Phil,  Trans,  ibid.    The  singular  formula  however,  from  which 
3fr.  Morgan  has  deduced  his  values,  has  at  length  been  amended  by  him 
^  in  the  last  edition  of  Br.  Price's  Oba.otv  Ba^»  Pa-y^  "Note  (O).    See  what 
■^«  been  said  in  the  note  la  ^^^  VSl  ^\  Wwi  \(\«aRi*.  ^q^%  \ 
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contingency  here  mentioned.  Amongst  the  numerous 
societies  that  have  lately  have  been  established^  is 
there  no  one  Actuary  that  has  the  confidence  to  pro- 
pose a  new  table  of  the  value  of  such  assurances, 
founded  on  a  true  and  proper  basis;  or  will  the  several 
Cotapanies  still  persevere  in  their  unjust  and  illiberal 
demands  ?  Surely  their  profits  must  be  sufficiently 
great  by  taking  the  lowest  rate  of  interest,  and  the 
lowest  probabilities  of  living  as  the  basis  of  their  cal- 
culations ;  without  adding  thereto  the  unfair  advan- 
tage arising  from  the  use  of  inaccurate  rules*. 

The  following  tables  (given  by  Mr.  Morgan  him- 
selff)  of  the  present  value  of  £100  payable  on  the 
decease  of  A,  provided  B  be  then  alive,  will  show 
"  how  far  Mr.  Simpson's  approximation,  the  only 
'*  rule  now  in  use  [bj/  the  Assurance  Offices']^  may  be 
"  depended  upon." 


*  These  obserTations  will,  in  a  great  measure,  apply  also  to  the  EquitabU 
Society  ;  since  those,  who  assure  on  this  contingency,  pay  more  in  propoT" 
iion  than  the  rest  of  the  members  :  and  it  is  curious  to  observe  how  servilely 
the  other  Offices  have  followed  their  example.  See  what  has  been  alrtady 
taid  upon  this  subject  in  the  note  in  page  188. 

t  Bee  PhiL  Trant,  ibid. 


4  n 
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Interest  3  per  cent,  Northampton  Observations. 


Value  by 

Simpsons 

Value  by 

Value  by 

Age  of 

Age  of 

correct 

Age  of 

Age  of 

Simpson's 

A 

B 

role. 

rule. 

A 

B 

rule. 

10 

10 

24-76 

24-75 

20 

20 

27-96 

10 

20 

2350 

2211 

20 

50 

19-29 

10 

30 

21-47 

19-84 

80 

30 

30-21 

10 

40 

1^07 

17-10 

30 

CO 

18-19 

10 

50 

1B21 

14-04 

40 

40 

32-87 

10 

60 

12-93    . 

10-65 

40 

60 

22-78 

10 

70 

9-15 

7-07 

40 

70 

15-78 

Value  by 

correct 

rule. 

27-96 
18-65 
30-21 
\Vb\ 
32-87 
21*913 
15*35 


Interest  4  per  cent,  Sweden  Observations. 


• 

Value  by 
Simpson  8 

Value  by 

Value  by 

Age  of 

Ag«of 

correct 

Age  of 

Age  of 

Simpson's 

A 

B 

rule. 

rule* 

A 

B 

rule. 

14 

20 

17-82 

15-42 

40 

40 

26-99 

16 

40 

16-23 

13-71 

40 

76 

9-81 

20 

20 

19-84 

19-84 

42 

60 

19-58 

24 

60 

13-01 

9-39 

52 

76 

14-00 

23 

40 

20-44 

17-60 

60 

60 

36-34 

36 

00 

16-81 

12-29 

64 

76 

22-81 

Value  by 

correct 

rule. 

26-99 
9-21 
1611 
12-58 
36*34 
23-81 


It  will  be  seen  by  this  comparison  that,  when  the 
ages  of  the  two  lives  are  equal,  the  exact  values  are 
found  by  either  rule* ;  but  when  there  is  any  consi- 
derable inequality  between  the  ages  of  the  two  lives 
the  values  by  Mr.  Simpson's  rule  are  in  many  cases 
so  wide  from  the  truth,  as  to  show  the  impropriety 


*  Owing  to  some  strange  error  in  his  calculation,  Mr.  Morgan  haa  made 
the  valuei  deduced  from  Mr.  Simpson's  formula  (according  to  the  Sweden 
observations  and  when  the  lives  are  equal)  different  from  those  obtained  by 
the  correct  rule  :  whereas  it  rount  be  evident  from  an  inspection  of  the  for- 
mula in  tne  note  in  pa;*^o  446,  tiiut  they  ought  in  such  case  to  be  precMy 
the  *ame.  The  correction  of  this  error  is  the  only  alteration  I  have  made 
in  the  Table. 
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of  their  being  used  by  any  oflSce,  professing  to  be 
guided  by  mathematical  principles. 


Rates  of  Life  Annuities. 

§  446.  The  observations  which  I  have  made  in 
page  361  will  apply  with  equal  force  to  the  terms  on 
which  the  Provident  Institution  grants  deferred  Life 
annuities.  For  instance :  the  sum  of  £116  :  8  :  0  is 
demanded  for  an  annuity  of  £20  on  the  life  of  a  per- 
son, now  aged  20,  to  commence  vvhen  he  is  40  years 
of  age.  Now  the  value  of  the  same  annuity,  on  the 
life  of  a  person  aged  40,  is  (at  the  same  Office)  es- 
timated at  £296.  But  £1 16  :  8  :  0  put  out  to  interest 
at  5  per  cent  for  20  years  Would  amount  to 
£308 :  16  :  10 ;  or  to  near  £13  more  than  the  sum  fot 
which  he  might  fAe;2  obtain  the  same  annuity,  with- 
out the  risk  of  losing  his  money  in  the  mean  time!! !  > 

With  respect  to  the  value  of  Life  Annuities  in 
general,  at  this  Office,  (and  which  is  the  only  one, 
except  the  Royal  exchange,  that  has  hitherto  pub- 
lished its  rates),  I  would  observe  that,  like  the  values 
adopted  by  that  Corporation,  they  are  too  low  in  the 
younger,  and  too  high  in  the  older  periods  of  life. 
The  cause  of  which  anomaly  is  too  apparent :  since 
life  aqwities  are  generally  purchased  by  those  of 
more  advanced  ages,  and  are  seldom  resorted  to  by 
the  young.  I  would  however  remiark  that  those  ^et^ 
sons  who  are  desirous  of  j>urcfeasing  ^rai>i\^^^  ^^ 
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their  own  lives,  or  on  any  other  person's  life,  or  on 
two  lives  with  benefit  of  survivorship,  have  now  ♦an 
opportunity  erf  doing  it  with  much  greater  security 
and  advantage,  than  at  any  of  the  Offices  above  al- 
luded to.  For,  by  the  act  48  Geo.  Ill,  e.  142,  any 
person  may  exchange  Reduced  or  Consolidated  3  per 
cent  stock  for  an  annuity  on  the  life  of  a  nominee 
not  younger  than  35  and  not  older  than  75  years  of 
age.  And  as  the  terms,  on  which  this  exchange 
can  be  made,  are  always  more  advautageous  to  the 
party  than  by  a  direct  purchase  of  such  annuities  at 
any  of  the  Offices ;  it  is  probable  that  this  plan  will, 
for  the  future,  be  the  only  one  resorted  to,  in  such 
cases,  as  long  as  it  remains  in  effectf.     This  obser- 


*  In  my  Doctrine  of  Interest  and  Annuitiee,  page  106, 1  suggested  the 
propriety  and  advantage  to  Goveri;mcnt  in  exchanging  some  of  the  Public 
Stocks  for  Life  Annuities  :  and  I  proposed  to  enter  more  at  large  on  this 
subject  at  some  future  opportunity.  But,  has  that  plan  has  since  been 
adopted  on  so  fair  and  liberal  a  scale,  I  can  only  add  my  best  wishes  for  its 
success. 

t  The  rate  at  which  the  exchange  can  be  made  depends  on  the  pice  of 
the  stock  on  the  day  preceding  the  day  of  transfer :  and  the  exchange  may  be 
effected  at  any  time  when  the  price  of  the  3  per  cents  is  between  60  and 
81 :  the  terms  varying  according  to  every  one  per  cent  difference  in  the 
market  price  of  the  stock.  The  limits  of  this  work  will  not  enable  me  to 
insert  the  whole  of  the  Table  given  in  the  act ;  I  shall  therefore  subjeia 
only  a  few  of  the  values  of  annuities  on  Single  lives  according  to  three  dif- 
ferent prices  of  stock ;  to  which  I  shall  add  the  terms  of  the  Royal  Exchange 
Assurance  annuity  Company  and  of  the  Provident  Institution  (the  only 
ones  that  have  hitherto  published  their  rates),  whereby  an  estimate  maybe 
formed  of  their  comparative  advantages.  I  would  previously,  howeyer,  ob« 
»er?#  Ibat  tht  annuities  granted  by  Oov  ermnent  and  by  the  Prbyi^ent  Intti* 
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vation,^  however,  applies  only  to  such  persons  as 
wish  to  purchase  annuities.  But  there  are  many 
others  who  are  obliged,  from  various  causes^  to  sell 
or  grant  annuities  on  their  own,  or  on  other  persons', 
lives  :  and  several  of  the  Offices  are  in  the  habit  of 
purchasing  the  same ;  or,  of  advancing  money  oa 
such  contingencies,  I  am  unacquainted  with  the 
terms  on  which  this  part  of  their  business  is  con- 
.  ducted:  neither  do  I  suppose  that  they  are  nicely 
weighed  by  that  class  of  persons  who  are  driven  to 
8uch  an  unfortunate  and  ruinous  measure. 

Conclusion. 

§  447.  Before  I  conclude  this  subject  I  ought  to 
mention  that,  in  consequence  of  the  pernicious  prac- 
tice of  raising  money  by  the  sale  of  Life  Annuities, 


tution  are  payable  half-yearly  :  whereas  those  granted  by  thet  Royal 
exchange  are  payable  quarterly.  But  this  does  not  make  any  material 
difference  in  the  true  value. 


Age. 

Royal 

Exchange 

Rates. 

Provident 

Institution 

Kates. 

Government  Rates. 

4  per  cent. 

or 
Stock  at  76 

4^  per  cefli 

or 
Stock  66§ 

5  per  cent, 

or 
Stock  at 60 

36 
40 
46 
60 
66 
60 
66 
70 
76 

16-380 

14-700 

13-700 

12820 

12-060 

10-870 

9-800 

8-770 

7-760 

16-600 

14-800 

13-700 

12-600 

11-495 

10-250 

9-000 

7-750 

6-600 

14-663 
13-761 
12-821 

11-719 
10-638 
9-494 
8-242 
6-849 
6-396 

13-878 

13072 

12-23i 

11-299 

10-266 

9-009 

8-081 

6-734 

6*333 

13-043 

12-371 

11-660 

10-714 

9-836 

8*889 

7-792 

6-622 

6196   ■ 

-■^  - 
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Hf  hich  was  much  promoted  by  the  secrecy  with  which 
such  transactions  were  cofiducted,  it  was  enacted  by 
17  Greo.  Ill,  c.  26  (commonly  called  the  Annuity  Act) 
that  a  memorial  of  all  ddeds,  bonds,  &c.  for  granting 
Life  Annuities  shall,  within  20  days  of  the  execution 
thereof,  been  rolled  in  the  Court  of  Chancery ;  which 
mdmorial  shall  not  only  contain  the  date,  names  of 
all  the  parties  (and  for  whom  any  of  them  are  trustees), 
and  of  all  the  witnesses,  but  shall  likewise  set  forth 
the  amount  of  the  annuity,  the  consideration  (which 
shall  be  in  money  only*),  and  the  name  of  the  an- 
nuitant :  otherwise  such  deed^  &c.  shall  be  null  and 
void  f. 

This  being  the  case,  it  would  be  almost  imposible 
for  any  of  those  societies,  of  the  nature  of  Jdrnt-Stock 
Copapauies,  to  deal  in  this  kind  of  securities;  since 
the  udimes  o{  all  the  proprietors  (amounting  to  some 
hundreds,  or  perhaps  to  some  thousands;]:)  must  be 
inserted  in  the  deed :  and  it  would  in  fact  be  difficult, 
if  not  impossible,  to  collect  all  those  names,  at  the 
time  of  making  any  one  contract,  owing  to  the  fluc- 
tuating state  of  the  proprietary.  To  obviate  this  in- 
convenience, some  of  those  Societies  hav^  obtained 

*  Bank  notes,  a  cheque  on  a  banjcer,  a  promissory  note,  or  a  bill  of  ex- 
change are  held  td  be  a  good  consideration  provided  they  &Tepaidfoh«niu$f 
and  also  provided  that  they  &re  fully  setfbrtk  in  the  dee^s. 

t  There  are  some  eioceptions  to  this  act ;  attiongst  which  are  annaities 
granted  &y  any  Copoi^te  Body,  or  under  any 'authority  or  ttufit  crdHted  by 
Act  of  Parliament. 

t  B^  the Jiotein  pag«-4d9« 


Ch.  14.  AS6UBANCB   COIIPANIES.  $19 

Acts  of  Parliament  with  a  view  to  enable  them  to 
enrol  such  memorials  in  the  names  of  the  parties  ta 
such  deeds.  &c ;  and  with  an  intention  that  such  en^- 
rolment  might  (all  other  requisites  of  the  Annuity- 
Act  being  duly  complied  with)  be  as  good  and  ef.- 
fectual,  to  all  intents  and  purposes,  as  if  thQ  namesv 
oi  all  the  parties  interested  were  inserted  therein. 

The  Societies,  that  have  obtained  these  illusive* 
Acts,  are  the  Globe ^  the  Albion^  the  London  Life  As^ 
sociatioriy  the  Pelican,  and  the  Provident  Institution: 
and  there  is  a  clause  in  those  acts  whereby  these 
Companies  are  enabled  to  prosecute  and  to  sm  in  the 
name  of  one  of  their  officers ;  but  they  have  oot  the 
privilege  of  being  sued  in  the  same  manner.  And  it 
is  moreover  expressly  provided  by  each  Act  '*  that 


*  See  the  Acts  47  Oeo.  Ill,  iSess.  1,  c.  xxx,  xxxi,.  xxxii,  xxxiii  and 
xxxiy*  Owing  to  a  strange  orersight,  these  Acts  became  of  no  effect,  al' 
most  as  soon  as  formed  ;  and,  in  order  to  render  them  of  any  real  service  to 
thie  piirties,  it  wao  found  necessary  to  have  them  amended.  The  OtobCy  the 
Albion  and  the  Feliean  therefore  obtained  new  Act9  for  that  purpose,  in- 
the  Tery  same  year;  being  47  Geo.  Ill,  Sess.  2,.c.  Ixxs^vj,  Ixxxvii  and. 
Ixxxviii :  but  the  London  Life  Association  and  the  Provident  Institution 
remain  in  their  original  doubtful  state.  These  new  Acts,  however,  being 
Btijl  open  to  some  objections,  were  further  amended  and  explained  (at  least, 
the  titles  so  express  it)  by  49  Geo.  Ill,  c.  cxxiii.  cxxiv  and  oxxv. 

Under  shelter  of  these  statutes,  the  Albion  boldly  claims  the  ambiguous  , 
quaUty  of  being  "  Empowered  by  Act  of  Parliament :"  but  .^he.  Provident 
Institaii&n^  with  less  right  and  more  effrontery,  falsely  asserts  that  it  is 
*^  specially  emppwed  by  Act  of  Parliament  for  the  Insuraaee  of  Lives,  and 
''  the  grant  and  purchase  of  Annuities."  Surely  this  a^tifiee  is  uaiRorth^ 
of  the  respectable  names  at  the  head  of  those  Societies. 


520  ON   THB   LONDON  Ch.  14. 

'nothing  therein   contained  shall  extend,   or   be 

*  deemed,  construed,  or  taken  to  extend  to  incorpo- 

*  rate  the  said  society  or  partnership;  or  to  relieve 
'  or  discharge  the  said  society  or  partnership  (or  any 

*  of  the  members  thereof,  or  subscribers  thereto  res- 

*  pectively)  from  any  responsibility,  contracts,  du- 
'  ties  or  obligations  whatsoever;  which,  by  law,  they 
'  may  (now,  or  any  other  time  hereafter)  be  subject 
■  or  liable  to,  either  as  between  such  society  or  part- 
'  nership  and  others ;  or  between  the  (or  any  of  the) 
'  individual  members  of  such  society  or  partnership 
'  and  others ;  or  among  themselves ;  or  in  any  other 

^'  manner  whatsoever." 

I  cannot  close  this  chapter  without  observing  that, 
by  statute  14  Geo.  Ill,  c.  48,  it  is  enacted  that  no 
Assurance  shall  be  made  on  lives,  wherein  the  party 
assured  hath  no  interest ;  that  in  all  policies  the  name 
of  such  interested  party  shall  be  inserted ;  and  no- 
thing more  shall  be  recovered  thereon  than  the 
amount  of  the  interest  of  the  assured.  And  it  has 
lately  been  decided  that,  although  an  interest  ex- 
isted up  to  the  very  time  that  the  claim  became  due, 
yet  if  such  interest  be  afterwards  destroyed,  the 
money  could  not  be  recovered.  See  (in  East's  Re- 
ports, Vol.  9,  page  72)  the  case  of  Godsall  and  others 
versus  Boldero  and  others,  three  of  the  directors  of  the 
Pelican  Life  Assurance  Company,  who  refused  to 
pay  the  sum  of  £500,  insured  on  the  life  of  the  late 
Mr.  Pitt,  under  the  plea  that  his  debts  had  been 
paid  by  Parliament. 
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Showing  the  Number  of  Persons  living,  at  the 


Stockholm 

Nor- 
wich 

Mnrth* 

Chester  I 

\ges 
0 

Lond. 

Vienna 

Berlin 

ampt. 

J 

Males 

Fern. 

Males 

Fem. 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1 

680 

577 

611 

542 

633 

730 

743 

773 

828 

2 

548 

497 

521 

471 

528 

595 

625 

678 

739 

3 

492 

443 

468 

430 

485 

544 

582 

624 

683 

4 

452 

405 

433 

400 

434 

517 

553 

588 

648 

5 

426 

381 

413 

377 

403 

498 

536 

571 

623 

6 

410 

366 

398 

357 

387 

481 

521 

556 

609 

r 

7 

397 

355 

386 

344 

376 

467 

509 

543 

601 

8 

388 

346 

377 

337 

367 

457 

499 

537 

596 

9 

380 

338 

370 

331 

361 

447 

492 

528 

591 

10 

373 

330 

364 

327 

356 

440 

487 

524 

588 

11 

367 

325 

359 

*322 

353 

434 

483 

521 

585 

12 

361 

321 

356 

318 

350 

429 

478 

519 

583 

13 

356 

317 

354 

314 

347 

424 

474 

516 

579 

14 

351 

314 

351 

310 

344 

419 

470 

513 

576 

15 

347 

310 

348 

306 

341 

415 

465 

511 

572 

16 

343 

306 

345 

302 

338 

411 

461 

506 

568 

17 

338 

3D1 

342 

299 

• 

335 

407 

457 

501 

563 

18 

334 

296 

339 

295 

332 

403 

452 

496 

558 

19 

329 

291 

335 

291 

328 

398 

446 

490 

553 

20 

325 

285 

331 

288 

324 

394 

441 

485 

547 

21 

321 

279 

327 

284 

320 

389 

434 

479 

543 

22 

316 

273 

323 

280 

315 

384 

428 

473 

538 

, 

23 

310 

267 

319 

276 

310 

379 

421 

467 

533 

24 

:   305 

261 

315 

273 

305 

374 

415 

461 

528 

25 

299 

254 

311 

269 

297 

369 

409 

454 

523 

26 

;  294 

247 

306 

265 

293 

364 

402 

448 

515 

21 

'     288 

240 

302 

261 

287 

358 

396 

441 

508 

2g 

;   283 

233 

297 

256 

281 

352 

389 

434 

500 

2£ 

)     278 

226 

291 

251 

275 

346 

383 

428 

493 

3C 

)  272 

219 

285 

247 

269 

341 

376 

422 

485 

31 

I   266 

212 

279 

243 

26^4 

336 

370 

417 

479 

35 

I     260 

205 

273 

239 

259 

331 

364 

412 

473 

1  33 

254 

198 

267 

2^5 

254 

326 

357 

407. 

467 

34 

248 

192 

261 

2^ 

2\^ 

^^\ 

^5>\   «iSS<L\ 

461 

1  35 

242 

185 

254=  226   2^"^   ^\e>   ^^«k  %^i 

.  ^\ 
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several  Ages  and  Places  therein  mentioned. 


Ages 

Bres- 
law. 

Sweden 

Parish 

in 
1  Brand. 

Holy 
Cross 

Vaud 

Annts. 

in 
Hoi. 

Tonts. 

in 
France 

Males    Fem*    Both 

0 

1000 

1000    1000     1000 

1000 

1000 

1000 

1000 

1000 

1 

2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 

17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 


769 
658 
614 
585 
563 

546 
532 
523 
515 
508 

502 

497 
492 
488 
483 

479 
474 
470 
465 
461 

456 
451 
446 
441 
436 

431 
426 
421 
415 
409 


770 
720 
686 
662 
647 

635 
624 
615 
608 
601 

596 
591 

587 
583 
579 

575 

571 
567 
563 
558 

553 
548 
543 
538 
532 

527 
521 
516 
510 
505 


791 
739 
704 
679 
i}66 

654 
643 
635 
628 
622 

616 
612 
608 
604 
601 

597 
593 
589 
585 
581 

577 
572 
568 
564 
559 

555 
550 
544 
539 
533 


780 
730 
695 

671 
656 

644 
634 
625 
618 
611 

606 
602 

597 
594 
590 

566 
582 
578 
574 
570 

565 
560 
555 
551 
546 

541 
535 
530 
525 
519 


31  403  499   527  513 

32  397  493   521  507 
3S     391  487     515  501 

S4     $84  481  508  495 

.^^.  Srr  475  502  488 

— rr     __ 


I 


775 
718 
687 
664 
642 

622 
607 
595 
585 
577 

570 
564 
559 
554 
549 

544 
539 
535 
531 
527 

522 

517 
512 

507 
502 

498 
495 
492 
489 
486 

482 
477 
472 
467 
462 


817 
754 
708 
677 
651 

630 
614 
601 
594 
589 

585 
582 
579 
576 
573 

569 
565 
561 
557 
553 

548 
542 

537 
531 
525 

519 
512 
506 
500 
495 


811 
765 
735 
715 
701 

688 
677 
667 
659 

653 

648 
643 
639 
635 
631 

626 
622 

618 
614 
610 

606 
602 

597 
592 

587 

582 

577 
572 

567 
563 


804 
768 
736 
709 
689 

676 
664 
652 
646 
639 

633 
627 
621 

616 
611 

606 
601 
596 
590 

584 

577 
571 
566 
559 
551 

543 
535 
526 

517 
508 


745 
709 
682 
662 
647 

634 
624 
615 

607 
600 

595 
590 
585 
581 
578 

574 
570 
565 
561 
556 

551 
545 
540 
534 
629 

523 

517 
512 

506 
500 


489      558       499       4^^ 
48^      hhZ       ^^       ^^ 
478      hM^       ^^^       ^'^^t 
572      5^4       ^n\:       Vl^ 
466       5^9       ^^1        ^^ 
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TABLE  I.     Continued. 


236  179  248  221      237 

230  172  242  216 

224  166  236  211 

39      218  160  230  205 


306      331      385      442 
300      325      379      435 


40      212      154      223 


290      312      3CG     423 


41  207  H8  217  194  293  284 

42  201  142  210  189  197  278 

43  194  I3C  204  185  192  274 

44  187  130  197  181  lt*7  268 
4^5  180  124  190  176  182  263 

46  174  119  184  171  177  257 

47  167  113  177  165  172  251 

48  159  108  171  159  1G7  245 

49  153  102  164  133  162  239 

50  147  97  138  147  157  233 


305 

360 

415 

2<)9 

31)2 

40R 

212 

345 

401 

2fl5 

337 

394 

279 

329 

3H7 

272 

322 

380 

2fi5 

31  + 

373 

250 

am 

Slifi 

252 

asm 

359 

245 

290 

35!i 

142      152      227      238      281      345 


52      135        86      146      137 


147      221      231      273      33S 


76      135      128      137 


217      256      325 


71       130      123      132      202      210      249      318 


120      lU      121      188      196      234      31)6 
115      106      115      181      189      226      300 
54      110      101      109      175      182      219      293 


60        96        50      105 


ifia 

201 

277 

i«i 

190 

26b 

154 

178 

253 

71 

'T3 
74. 
'5 


77  73  80  132  HO  156  232 

72  67  75  124  133  148  224 

67  62  70  llG  126  141  217 

62  57  66  109  119  136  210 

57  52  Go  101  113  103  202 

52  48  55  91  106  123  193 


42  40  4  7  79  92      130      167 

58  36  ^S  n^  %^       92      153 

53        33        31        ^^  I*-       ^"^     "^-^ 

28        50        35        ^  1^       "^^     ^^ 
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TABLE  I  Continued. 


Both 


370  469 

363  463 

356  457 

349  451 

342  445 

335  438 

338  431 

321  423 

314'  415 


291  391 

283  383 

275  375 

267  367 

259  357 

250  348 

241  338 

232  329 

224  319 

216  310 

21)9  300 

201  290 

193  280 

18S  270 

178  260 

170  249 

163  237 

155  226 

147  214 

140  203 

132  191 

124  179 

117  167 

109  154 


86     117 
?7  lOS 


496 
490 
485 
479 
473 

467 
459 
452 
444 
437 

489 
423 
416 
410 
403 
395 
387 
379 
370 
362 

353 
345 
336 
327 
317 
306 
294 
282 
270 
258 

246 
234 
222 
210 
198 


482  456 

477  460 

471  444 

465  438 

459  432 

453  427 

445  422 

437  417 

430  412 

422  407 

414  400 

407  394 

400  388 

392  381 

385  374 

376  367 

367  359 

358  351 

349  343 

340  334 


460  460 
453  464 


533 

527 

520 

613  439  454 

506  432  449 

600  425 
494  419 


331 

322 


394 
387 
380 
373 
365 
358 
351 
344 
335 
327 

319 
310 
301 
292 


312  304 
303  293 
293      282     283 


273 
264 
255 
245 


259     248 
247     236 


413 

407 

476  400 

469  393 

461  386 

451  378 

441  370 

431  362 

422  354 

414  345 

406  336 

397  327 

388  318 

377  309 

364  300 

348  291 

331  282 

314  273 

299  264 

286  ^55 

274  245 

262  235 

250  225 


224  213  226  236  215  256 
212  202  216,  220  205  345 
200      190     206     2112      195      234 


175     166     185     16 


185     222 
175     311 


185  162  153  175     153     166      199 

171  149  138  164     140     VA     W\\ 

156  135  122  165     \TO     \45)     ^"''^\  j 

140  121  lOT  144     U«      \5.5'     ^J'^V 

125  108  93  1S4     \(»«5_J^: 
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TABLE  1  Continued, 


Load. 


I 


Stockholm 
Males  ii'em. 


Vienna 


Berlin 


Nor- 
wich 


North- 
atapt. 


Chester 


Mates  Fem. 


76 
77 
78 
79 
80 

81 
82 
83 
84 
85 


28 
25 
22 
19 
17 

14 
12 

10 
8 

7 


8 
6 
5 
4 
3 

2 
2 
1 
1 
1 


23 
19 
16 
13 

10 

8 
6 
4 
3 

2 


27 
24 
21 
18 
16 

14 

12 

10 

8 

7 


86 

6 

0 

1 

6 

87 

5 

0 

1 

5 

88 

4 

0 

0 

4 

89 

3 

0 

0 

3 

90 

2 

0 

0 

2 

91 

1 

0 

0 

1 

92 

0 

0 

0 

0 

93 

0 

0 

0 

0 

94 

0 

0 

0 

0 

95 

0 

0 

0 

0 

96 

0 

0 

0 

0 

97 

0 

0 

0 

0 

32 
29 
26 
23 

20 

18 
16 
14 
12 
10 


52 
46 
40 
35 
31 

27 
24 
20 
17 
14 


65 
68 
52 
46 
40 

35 
30 
25 
20 
16 


64 
58 
52 
47 
41 

36 
31 
26 
22 
19 


116 

106 

96 

86 

76 

66 
57 

47 
37 
29 


8 

12 

12 

15 

S3 

7 

9 

9 

13 

19 

6 

8 

7 

11 

16 

5 

6 

5 

9 

14 

4 

4 

4 

7 

13 

3 

2' 

3 

6 

11 

2 

1 

2 

4 

9 

1 

0 

1 

2 

7 

0 

0 

1 

1 

5 

0 

0 

0 

0 

3 

0 

0 

0 

0 

2 

0 

0 

0 

0 

1 

527 
TABLE  I    Continued. 


Ages 

B  res- 
law 

Hvfeaea 

Parish 

in 
Brand 

Holy 
Cross 

Vaud 

Annts. 

in 

Hoi. 

Tonts. 

• 

Males 

Fem. 

Both 

in 
France 

76 

61 

84 

Ill 

96 

80 

124 

98 

114 

134 

77 

53 

74 

98 

84 

68 

115 

85 

103 

120 

78 

45 

65 

86 

75 

59, 

106 

71 

92 

106 

79 

38 

56 

75 

65 

51 

96 

58 

82 

94 

80 

32 

48 

65 

56 

44 

87 

46 

72 

81 

81 

26 

41 

55 

47 

38 

78 

36 

62 

70 

83 

22 

34 

46 

38 

32 

69 

29 

53 

59 

83 

18 

27 

38 

31 

25 

61 

24 

45 

49 

84 

15 

21 

30 

24 

21 

53 

20 

38 

40 

85 

12 

16 

22 

19 

15 

44 

17 

31 

33 

86 

•9 

12 

17 

14 

11 

36 

14 

25 

26 

87 

6 

9 

13 

11 

8 

29 

11 

19 

21 

88 

4 

7 

10 

8 

6 

23 

9 

14 

16 

89 

2 

5 

8 

6 

4 

18 

7 

10 

12 

90 

1 

4 

6 

5 

3 

13, 

5 

7 

8 

91 

0 

3 

4 

3 

2 

10 

4 

5 

5 

92 

0 

2 

3 

2 

1 

8 

3 

4 

3 

93 

0 

1 

2 

1 

0 

6 

2 

2 

1 

94 

0 

0 

1 

0 

0 

4 

1 

1 

1 

95 

0 

0 

1 

0 

0 

2 

1 

0 

0 

0 

96 

0 

0 

0 

0 

0 

1 

0 

0 

0 

97 

0 

0 

0 

0 

0 

0 

0 

0 

0 

I 


628 


TABLE  II. 

Showing  the  Expectation  of  Life,  at  the 


t          _ 

Lend. 

Stockholm 

Vienna 

Berlin 

Nor- 

North- 

Chester 

Ages 

Mules. 

Fern. 

wich 

ampt. 

Males.  Fern. 

Birth 

17-90 

14-25  18-10 

16-37  17-85 

23^16 

25-18 

28-13  33-27 

5 

35-28 

31-05  37-12 

36-54  28-67 

40-22 

40*84 

43-20  47-44 

10 

34-91 

30-00  36-89 

37-02  37-15 

40^26 

39-78 

41-92  45-17 

15 

32-32 

26-74  33-43 

34-11  33-65 

37-50 

36-51 

38^05  41-36 

20 

29-37 

23-85  30-01 

31-39  30-34 

34-37 

33-43 

34-86  38-10 

25 

26-66 

21-40  26-80 

28-32  27-47 

,31-56 

30-85 

32-00  34^78 

30 

24-11 

19-42  23-98 

25-62  25-25 

28^93 

28*27 

29-25  32-27 

35 

21-76 

17-58  21-62 

22-66  22-76 

26-06 

25-68 

25-97  29-26 

40 

19-50 

15-61 

19-25 

20-49  20-91 

23-18 

2308 

22-92  26-37 

45 

17-63 

13-78  17-17 

17-82  18-85 

20-30 

20*52 

20-20  23-50 

50 

15.84 

11-95 

15-12 

15-88  16-40 

1755 

17-99 

17-64  20-62 

55 

13-91 

10-30  12-89 

13-50  14-14 

14-88 

15-58 

15-14  17-52 

60 

11-69 

8-69  10-45 

11-65  12-49 

12-36 

13'21 

12-36  14-20 

65 

9-69 

7-39 

8-39 

9-51  10-48 

10.06 

10*88 

10-79  11-94 

70 

8-00 

5-81 

6-16 

8-30     8-69 

8-12 

860 

8-05    8^81 

75 

6-27 

4-09 

4-39 

6-37     7-08 

644 

654 

7-00    7-14 

80 

4-86 

3-20 

3-09 

5-50     6-07 

5-15 

475 

5.43    5.20 

85 

3-04 

1-78 

2-02 

3-33     4-50 

3*50 

3*37 

4.25    4'8i 

90 

•00 

-00 

-00 

1-50     2-83 

1'50 

2'41 

250    3-46 

95 

•00 

•00 

•00 

•00      •oo 

•00 

•75 

•00    1-21 

529 
TABLE  II. 

several  Ages,  and  Places  therein  mentioned. 


Ages 


Bres- 

Jaw. 


Svvcdon 


Males     Fom.     Both 


Paiisn 

in 
Brand. 


Holy 

Cross 


Vaud 


Aunts. 

in 
TTol. 


Tunis, 
in 

FrMnce 


liirtli  26-60 

5  41-47 
10  40-40 
15  37-40 
20  34-15 


33-20  35-70  34-42  32-51  33-93  37-56 
45-62  48-00  46-79  45-08  46-30  47*11 
43-94  46-25  45-07  44-93  46-00  45-66 
40-50  42-76  41-64  42^10  42-25  42-17 
36-95  39-15  38-02  38-76  38-66  38-53 


34-47 
44-45 
42-71 
3955 
3631 


34.79 
48.19 
46.76 
4346 
4008 


25  30-89  33-63  35-58  34-58  35-56  35*58  34-84  33.27  3701  | 

30  27-81  30-34  32-17  31-21  31-66  32-66  31-33  30  92  33  96 

35  24-92  27-09  29-03  28-03  28*17  29-43  27-61  28  36  3078 

40  22-19  23-75  2521  24-66  24-95  26-40  24-24  25*49  27*30 

45  19-56  20-71  22-57  21-61  21-33  23-35  20-62  22  34  23*77 

50  17-07  17'72  19-20  18-46  17*98  20*40  17-49  1941  20  24 

5.5  14-77  14-98  16-15  15-53  14-83  17-47  14-14  16-72  16.88 

60  12-31  12-24  13-08  12-63  12-09  14*86  11-84  1410  13  86 

65  9-86     9-78  10*49  10-10     9-57  12-30     9-26  1156  11-07 

70  7*45     7*60     7-91     7*72     7*01  10-00     7*52     915     8-34 


75 

5-51 

6-89 

6-08 

5-91 

5-53 

7-87 

5-36 

6-81 

5-79 

80 

4-07 

4-27 

4-47 

4-28 

4-27 

5-75 

4-24 

5.05 

4.73 

85 

2-37 

3-16 

3-40 

3-23 

2-83 

3-90 

3-21 

3.38 

3.45 

90 

-00 

2-02 

2-55 

2-05 

1-50 

2-89 

-00 

2-47 

1-79 

95 

•00 

•00 

1-07 

1-00 

-00 

1-00 

•00 

-00 

•83 

530 

TABLE    III. 

Showing  the  Number  of  Persons  living  and  dying  at 
every  age,  according  to  the  observations  of  AL 
De  Parcieux. 


I  I 

Age  J  Living  I  Dying 


Age 


Liviiig 


Dying  I   Au.G  \  Living: 
t      '     ' 


Dying 


I 


3 
4 
6 
6 
7 
8 
9 
10 
ll 
12 
13 
14 
15 
16 
17 
18 
19 
£0 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 


1000 
970 
948 
930 
915 
902 
890 
880 
872 
866 
860 
854 
848 
843 
835 
828 
921 
814 
806 
798 
790 
782 
774 
766 
768 
750 
742 
734 
726 
718 
710 


30 
22 
18 
15 
13 
12 
10 
8 
6 
6 
6 
6 
6 
7 
7 
7 
7 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 


34 

3d 

36 

37 

38 
39 

40 

41 

42 

43 

44 
45 
46 
47 
48 
48 
50 
51 
52 
53 
54 
55 
56 
57 
58 
69 
60 
61 

62 
63 
64 


7U2 

8 

65 

694 

8 

66 

686 

8 

67 

678 

7 

68 

671 

7 

69 

664 

7 

70 

657 

.7 

71 

650 

7 

72 

643 

7 

73 

6a6 

7 

74 

629 

7 

75 

622 

7 

76 

615 

8 

77 

607 

8 

78 

599 

9 

'^9 

590 

9 

80 

581 

10 

81 

571 

11 

82 

560 

11 

83 

549 

u 

84 

538 

12 

85 

526 

12 

86 

514 

12 

87 

502 

13 

88 

489 

13 

89 

476 

13 

90 

463 

13 

91 

450 

13 

92 

437 

14 

93 

423 

14 

94 

409 

14 

95 

395 
380 
364 
347 
329 
310 
291 
271 
251 

23l 

211 

192 

173 

154 

136 

118 

101" 

85 

71 

59 

48 

38 

29 

22 

16 

11 

7 

4 

2 

1 

0 


15 

16 
17 
18 
19 
19 
2U 


2U 
20 

19 

19 

19 

18 

18 

17 

16 

14 

12 

11 

10 

9 

7 

6 

5 

4 

3 

2 

1 

II 
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TABLE    IV. 

Showing  the  Exftctation  of  Lift,  according  to  the 
observations  of  M,  De  Parcietuv. 


Age 

Expectation 

Age 

Expectation 

Age 

Expectation 

3 

47-71 

34 

31-52 

65 

11-26 

4 

48-17 

35 

30-88 

66 

10-69 

5 

.48-27 

36 

30-23 

67 

10-14- 

6 

48-20 

37 

29-58 

68 

9-61 

7 

47-98 

38 

28-89 

69 

911 

8 

47-66 

39 

28-18 

70 

8-64 

e 

47-30 

40 

27-48 

71 

8-17^ 

10 

46-83 

41 

26-77 

72 

7-73 

11 

46-26 

42 

2606 

73 

7-31 

12 

45-58 

43 

26-34 

74 

6-90 

13 

44-89 

44 

24-62 

75 

6-50 

14 

44-20 

45 

23-89 

76 

6-10 

15 

43-51 

46 

23-15 

77 

5-71* 

16 

42-82 

47 

22-45. 

78 

5-36 

17 

4217 

48 

21-74.- 

7» 

6-00 

18 

41-52 

49 

21-07  - 

80 

4-69 

19 

40-87 

60 

20-38 

81 

4-33 

20 

40-22 

61 

19-73 

82 

4-01 

.21 

39-62 

52 

19-11 

83 

3-84 

22 

39-00 

53 

18-43 

84 

3-52 

23 

38-40 

54 

17-85 

85 

321 

2i 

37-78 

55 

17-25 

86 

2-93 

25 

3717 

56 

16-64 

87 

2-67 

26 

36-55 

67 

16-02 

88 

2-36 

27 

35-93 

68 

15-44 

89 

2-06 

S8 

36-30 

59 

14-84 

90 

1-77 

29 

34-69 

60 

14-25 

91 

1-50 

SO 

34-06 

61 

13-66 

92 

1-25 

SI 

33-29 

62 

13-04 

93 

1-00 

32 

32-80 

63 

12-43 

94 

•00 

43 

32-16 

«4 

11-86 

682 


TABLE    V. 


Showing  the  value  of  an  annuity  on  a  Single  Life, 
deduced  from  the  observations  of  M.  De  Parcieux, 


Ages 


3 
4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 

27 
28 
29 
30 


3 

per  Cent 


2;^  028 
22  390 
22  597 

22  726 
22  791 
22  813 
22  815 
22  766 

22  664 
22  506 
22  343 
22  175 
22  002 

21823 
21666 
21  505 
21  339 
21  168 

2l02(f 
20  867 
20  711 
20  550 
20  386 

20  217 
20  043 
19  864 
19  681 
19  492 


31 
per  Cent 


19  980 

20  319 
20  618 

20  647 
20  720 
20  754 
20  770 
20  742 

20  665 
20  536 
20  403 
20  266 
20  123 

19  976 
19  849 

19  717 
'19  581 
19  441 

19  321 

19  197 
19  071 
18  940 
18  805 

18  667 
18  524 
18  377 
18  225 
18  069 


4 

per  Cent 


4.^ 


a 


I 


18  242 
18  559 
18  749 

18  877 
18  953 

18  996 

19  022 
19  008 

18  949 
18  844 
18  734 
18  620 
18  502 

18  380 
18  275 
18  167 
18  054 
17  938 

17  841 
17  740 
17  637 
17  530 
17  420 

17  306 
17  188 
17  066 
16  940 
16  810 


per  Cent   per  Cent 


16  756 

17  052 
17  233 

17  357 
17435 
17  482 
17  515 
17612 

17  468 
17  380 
17  289 
17194 
17  095 

16  991 
16  905 
16815 
16  721 
16  624 

16  544 
16  462 

16  377 
16  289 
16198 

16  104 
16  006 
15  905 
15  800 
15  691 


15  475 
15  752 

15  923 

16043 

16  121 

16  171 
16  209 
16213 

IP  179 
16106 

16  029 
15  949 
15  865 

15  777 
15  705 
15  629 
15  551 

15  469 

15  403 
15  336 
15  265 
16198 
15  117 

15  039 
14  957 
14  873 
14-785 
14  693 


6 

per  Ctnt 


13  391 
13  633 
13  787 

13  897 

13  972 

14  024 
14  066 
14  079 

14  061 

14  007 
13  961 
13  892 

13  880 

13  765 
13  713 
13  658 
13  601 
13  641 

13  496 
13  450 
13  401 
13  360 
13  298 

13  243 
13185 
13126 
13  063 
12998 


31 

19  298 

17  907 

16  675 

15  578  . 

14  598 

12  980 

32 

19  099 

17  741 

16  535 

15  460 

14  499 

12  858 

33 

18  893 

17  568 

16  390 

15  338 

14  396 

12  783 

34 

18  682 

17  390 

16  240 

15  211 

14  287 

12  704 

35 

18  464 

17  207 

16  084 

15  078 

14  175 

12  622 

653 
TABLE  V    Continued. 


Ages 


3 

per  Cent 


per  Cent 


4 

per  Cent 


4i 

per  Cent 


5 

per  Cent 


6 
per  Cent 


36 

37 
38 
39 
40 

41 
42 
43 
44 
45 

4C 

47 
48 
49 
50 

51 
:52 
53 
54 
55 

56 

57 
58 
59 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 
70 

71 
72 
73 

74 
T5 


8-240 
8-009 
7-742 
7-467 
7-183 

6-889 
G-r)85 
C-271 
5-946 
5-G09 


3-567 
3-248 
2-919 
2-579 
2-2:)  2 

1-914 
1-565 
1-228 
0-881 
0-522 

10-151 
9-766 
9-392 
9-005 
8-604 

8-212 
7-830 
7-460 
7-104 
6-766 

6-424 
6-105 
5-789 
5-479 
SI  78 


17-017 
16-820 
lC-590 
16-352 
16-105 

15-848 
15-581 
15.004 
15-016 
14-716 


5-260 

14-405 

4-925 

14-105 

4-578 

13-794 

4-244 

13-494 

3-899 

13-183 

12-883 
12-596 
12-298 
li-989 
11-692 

11-383 
11-063 
10-755 
10-436 
10-104 

9-760 
9-402 
9-053 
8-691 
8-314 


7-944 
7-584 
7-234 
6-896 
6-575 

6-250 
5-946 
5-644 
5-348 
6060 


15-9-22 
15-755 
15-556 
15-349 
15-133 

14-907 
14-673 
14-427 
14-171 
13-904 

13-625 

13-357 
13-076 

12-807 
12-526 

12.255 
11-995 
11-725 
11-143 
11-173 

10-891 

10-597 

10-314 

10-020 

9-713 

9-393 
9-060 
8-734 
8-394 
8-039 

7-691 
7-350 
7-019 
6-699 
6-394 

6-084 
5-794 
5-506 
5-222 
4-945 


14-941 

14-797 
14-624 
14-444 
14-254 

14-056 
13-849 
13-631 
13-403 
13-164 

I 

12-913 
12-672 
12-419 
12-176 
11-921 

11-675 
11-440 
11-195 
10-938 
10-691 

10-433 

10-163 

9-902 

9-631 

9-346 

9-049 
8-738 
8-433 
8-114 
7-780 

7-451 
7-129 
6-814 
6-511 
6-221 

5-925 
5-648 
5-373 
5-101 
4-836 


14-057 
13-934 
13-783 
13-625 
13-459 

13-284 
13-100 
12-906 
12-702 
12-487 

12-261 
12-044 
11-815 
11-595 
11-363 

11-140 

10-927 
10-703 
10-468 
10-242 

10-006 
9-757 
9-517 
9-266 
9-003 

8-726 
8-435 
8*150 
7*850 
7-535 

7-224 
6-918 
6-620 
6-331 
6-055 

5-773 
5-505 
5-246 

4-n^o 


12-535 
12-444 
12-329 
12-206 
12-076 

11-939 
11-793 
11-638 
11-473 
11-299 

11-113 
10-935 
10-746 
10-564 
10-372 

10-187 

10-010 

9-823 

9-625 

9-436 

9-235 
9-024 
8-819 
8-604 
8-376 

8-135 
7-880 
7-629 
7-c*^63 
7-082 

6-803 
6-528 
6-259 
5-997 
5-747 

5-489 
5-248 
5  0Q^ 


634 


TABLE  V    Continued. 


Ages 

3 

H 

4 

H 

6 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

76 

4-862 

4^755 

4-652 

4-553 

4-458 

4^278 

77 

4-557 

4-462 

4370 

4-281 

4-195 

4^033 

78 

4-273 

4-188 

4^105 

4-026 

3-948 

3^802 

79 

3-984 

3-908 

3-834 

3-763 

3-694 

3563 

80 

3-730 

3-662 

3-596 

3-533 

3-471 

3  353 

81 

3-448 

3-428 

3^370 

3-313 

3-258 

3163 

82 

3-269 

3-216 

3164 

3-114 

3-C66 

8971 

83 

3-031 

2-984 

2^939 

2-895 

2-863 

2-770 

84 

2-757 

2-717 

2-679 

2-641 

2^604 

2  534 

86 

2-490 

2-45,7 

2-424 

2-392 

£•361 

2  301 

86 

2-240 

2-212 

2-185 

2-158 

2-132 

2  •OS  I 

87 

2-023 

2-000 

1-977 

1-955 

1-933 

1-891 

88 

1-747 

1-728 

1711 

1-693  , 

1-676 

1-642 

89 

1  -474 

1-460 

1-446 

1-433 

1-418 

1^394 

90 

1-208 

1-198 

1-187 

1-178 

M66 

1149 

91 

•956 

•948 

-941 

-934 

•924 

•913 

92 

-721 

•716 

•712 

-707 

•703 

•694 

93 

•485 

•483 

•481 

-478 

•476 

•472 

94 

•000 

•000 

•000 

-000 

•000 

•000  / 

-  ■x 


%  \ 


^  •  ■     «  "■.. 


^::.ji> 


635 

TABLE    VI. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  of  M.  De 
Parcieux.     Difference  of  age  0  years. 


mon 
Ane 


34 

per  Cmi! 


4i 


inon 
A  if'' 


3i 


,)er  Cent 


4i 
per  Cent 


Coiifi- 
mon 


3i 

per  Cent 


4i 
per  Cent 


36 
37 

3  15-785  13-571  38 

4  16-364  14-072  39 


13-839  12-408  71  3-968  3-817 

13-663  12-274  72  3-735  3-599 

13  438  12-U95  73  3-507  3-384 

13-2U3  11-907  74  3-285  3-176 


6  16-733  14-396 

40 

12-958 

11-710  75 

3-075 

2-977 

6  16-994  14-632 

41 

12-702 

11-502  76 

2-844 

2-768 

7  17-171  14-796 

42 

12-434 

11-282  77 

2-625 

2-549 

8  17-287  14-910 

43 

12-154 

11-051  78 

2-429 

2-362 

9  17-378  15-UU4 

44 

U-861 

10-807  79 

2-224 

2-165 

10  17-398  15-038 

45 

11-554 

10-549  80 

2-057 

2-005 

11  17-338  15^004 

46 

11-232 

10-276  81 

1-906 

1-860 

12  17^195  14-897 

47 

10-934 

10-023  82 

1-786 

1-745 

rS  17-046  14-786 

48 

10-621 

9-766  83 

1-649 

1-614 

14  16-891  14-669 

49 

10-331 

9-608  84 

1-472 

1442 

15  16-731  14-547 

50 

10-026 

9-246  85 

1-301 

1276 

16  16-564  14-419 

51 

9-743 

9-004  86 

1-149 

1128 

17  16-432  14-321 

52 

9-485 

8-782  87 

1-042 

r024 

18  16-296  14-220 

53 

9-214 

8-549  88 

•873 

•860 

19  16-155  14-114 

54 

8-930 

8-303  89 

-709 

-699 

20  16-010  14-004 

55 

8-669 

8-077  90 

-562 

•646 

21  15-901  13-926 

56 

8-897 

7-839  91 

-410 

•405 

22  15-789  13-846 

57 

8111 

7.688  92 

-300 

•296 

23  15-674  13-764 

68 

7-847 

7-367  93 

-242 

•239 

24  15-556  13-679 

59 

7-572 

7-114  94 

•000 

•000 

25  15-435  13591 

60 

7-283 

6-857 

26  15311  13501 

61 

6-979 

6-585 

27  15-183  13-408 

62 

6-660 

6-297 

28  15-051  13-312 

63 

6-357 

6-024 

29  14-916  13-213 

64 

6-037 

6  738 

80  14-776  131 10 

65 

5-700 

5-422 

31  14-632  13004 

66 

5-374 

6128 

32  14484  12-893 

67 

5-062 

4-835 

83  14-331  12-779 

68 

4765 

4-560 

fS4  14172  12660 

69 

4-486 

4-aoo 

fSa  14-008  12-636 

70 

4-230 

4-061 

536 


TABLE    Vll. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  of  M.  De 
ParcieiLV.     Difference  of  age  5  years. 


Ages 


3i 
per  Com 


4i 

per  Cent 


Ages 


*  5 


pei"  C«nt 


44 

per  Cent 


Aires 


I  per 


3i 
Ceni 


per  Ci 


31-36  14  199  12  680  61-66  6  065  5  757 
32-37  14  035  12  556  62-67  5  749  5  46? 

3-  8  16  510  14  219  33-38  13  843  12  408  63-68  5  448  5  191 

4-  9  16  854  14  525  34-39  13  644  12  252  64-69  5  151  4  917 
5-10  17  052  14  708  35-40  13  436  12  089  65-70  4  858  4  647 


6^11 
7-12 
8-13 
9-14 
10-15 

11-16 
12-17 
13-18 
14-19 
15-20 

16-21 
17-22 
18-23 
19-24 
fiO-25 

21-36 
22-57 
23-28 
24-20 
25-30 

26-31 
27-32 
28-33 
29-34 
150-35 


17155   14  811  36-41    13  220  11918  66-71  4  568  4  377 

17  172   14  840  37-42    12  995  11739  67-72  4  300  4128 

17154  14  841  38-43  J2  740  11  531  68-73  4  040  3  885 

17  121    14  828  39-44   12  473  11313  69-74  3  792  3  653 

17  048   14  783  40-45    12  194  11082  70-75  3  561  3  436 

16934  14  701  41-46   11902  10  839  71-76  3  314  3  203 

16  796   14  598  42-47    11617  10  601  72-77   3  088  2  989 

16  653   14  491  43-48    11318  10  349  73-78  2  877  2  788 

16  505   14  380  44-49    11025  10  102  74-79  2  663  2  585 

16  351    14  264  45-50   10  718    9  841  75-80  2  478  2  409 

16  213  14  161  46-51    10  416    9  583  76-81  2  293  2  232 

16091   14071  47-52   10  137    9  a45  77-82  2  130  2  076 

15  965  13  979  48-53     9  845    9  095  78-83  1964  1917 

15  835   13  884  49-54     9  557    8  846  79-84  1770  1730 

15  701   13  784  50-55     9  274    8  602  80-85   1596  1562 


15  583  13  699  51-56  8  994 

15  462  13  612   52-57  8  719 

15  338  13  522  53-58  8  449 

15  210  13  429   54-59  8  168 

15  079  13  333  55-60  7889 

14  943  13  233   56-61  7  59? 

14  804  13  131    57-62  7  291 

14  660  13  024  58-63  7  003 

14  511    12  914  59-64  6  701 

14  358  12  799  60-65  6  383 


8  360  81-86  1  437  1  405 

8  120  82-87  1  316  1  292 

7  886  83-88  1  156  1150 

7  639  84-89  969     454 

7  394  85-90  793      782 

7 136  86-91  630     621 

6  862  87-92  495     489 

6  605  88-93  351      348 

6  333  89-94  000      00^ 

6  045  I 


537 

TABLE    Vlir. 

owing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  of  M.  De 
Farcieux.     Difference  of  age  10  years.  ' 


3i 

per  Cent 


4J- 


per  Cent 


Ages 


Qi 


per  Cent 


4i 

per  Cent 


Ages 


3^ 
per  Cent 


<4 

per  Ct. 


31-41   13-500  12-133  61-71  5*054   4*828 

32-42  13-282  11-960  62-72  4*784  4-578 

.3     16-366    13-535  33-43  13-055  11*778  63-73  4*523  4-337 

A    16-586    14*345  34-44  12-818  11-587  64-74  4*261  4-093 

5     16-689    14-446  35-45  12-571  11*385  65-75  3*999  3*848 


6 

7 
8 
9 
0 

1 
2 
3 
4 
5 

6 

7 
8 
9 
0 

I 

2 

3 
4 
5 

6 

7 
8 
9 
3 


16-733  14-498  36-46  12-312  11-174  66-76  3*728  3*594 

16-750  14-528  37-47  12-063  10-970  67-77  3-471  3-351 

16-734  14-53138-48  11-784  10-738  68-78  3-233  3*126 

16-703  14-52139-49  11*513  10-512  69-79*  2-996  2-902 

16-635  14-479  40-50  11-230  10-274  70-80  2-793  2-709 


16-547  14-421  41-51  10*954  10-042  71-81 

16-418  14-326  42-52  10-686  9*817  72-82 

16-285  14-228  43-53  10*406  9*579  73-83 

16-147  14-126  44-54  10-112  9-329  74-84 

16-004  14-020  45-55  9-825  9-083  75-85 


2-598  2-524 
2-431  2*365 
2*253  2*195 
2*049  1-999 
1*853  1-811 


15*856  13-909  46-56  9*525 

15-724  13-811  47-57  9-227 

15-586  13-710  48-58  8*935 

15-445  13-605  49-59  8-645 

15-299  13-496  50-60  8*342 

15-168  13*400  51-61  8*039 

15-032  13-301  52-62  7*736 

14*893  13-199  53-63  7^*37 

14*750  13-092  54-64  7*124 

14*601  12-982  55-65  6*809 

14-448  12-868  56-66  6-496 

14-290  12-749  57-67  6-187 

14-104  12-606  58-68  5-895 

13-911  12*455  59-69  5*611 

13*710  12-298  60-70  5-337 


8-824  76-86 
8-566  77-87 
8-312  78-88 
8-060  79-89 
7'793  80-90 

7*526  81-91 
7*257  82-92 
6*992  83-93 
6*711  84-94 
6-428 

6-145 
5-864 
5-598 
5*339 
5*088 


'663 


503 


1 
1 

1*303 

1-100 

-909 

•727 
*566 
*401 
•000 


1-627 

1-473 

1-279 

1-082 

•895 
.    » 

•717 
•559 
•398 
•000 


538 


TABLE    IX. 

ShowiDg  the  value  of  an  annuity  on  Two  Joint 
Lives,  de4uced  from  the  observations  of  M.  De 
Parcieux.     Difference  of  age  20  years- 


Ages 


3* 

per  cent 


4* 


per  cent 


Ages 


per  cent 


per  cent 


Ages 


3i 

per  cent 


^ 

percent 


31-51  11-398  10-407   61-81   3*039  2-944 

32-52  11-163  10212   62-82   2-849  2-764 

S-28  15-560  13-566  33-53  10*918  10008  63-83   2-647  2.573 

4-24  15-773  13*765  34-54  10-663    9794  64-84  2-409  2-346 

5-25  15-876  13*870  36-55  10*418    9*589   66-85   2-178  2l2o 

6-26  15-925  13*929  36-56  10-163    9-374  66-86   1-954  1-909 

7-27  15*929  13-951  37-57    9-897    9148  67-87   1*766  1729 

8-28  15*903  13*946  38-58    9*625    8*916  68-88   1*628  1.498 

9-29  15-861  13*929  39-59    9*342    8*673   69-89   1*293  1*270 

10-30  15-784  13*882  40-60    9*046    8*417  70-90   1*066  1-049 


11-31 
12-32 

13-33 
14-34 
15-35 


16.668 
15*511 
15-348 
15-179 
16-004 


13*801 
13*684 
13*562 
13*434 
13*301 


41-61 
42-62 
43-63 
44-64 
45-65 


16-36  14*822  13*162  46-66 
17-37  14*652  13033  47-67 
18-38  14-452  12*878  48-68 
19-39  14*245  12*716  49-69 
20-40  14*028  12*545  50-70 


21-41 
22-42 
23-43 
24-44 
26--45 


13*821 

13*606 

13*381 

13*147 
12*902 


12*382 
12*211 
12*032 
11*843 
11*645 


51-71 
52-72 
53-73 
54-74 
55-75 


26-46  12-647  11*436  56-76 
27-47  12-402  11-236  57-77 
28-48  12-146  11*025  58-78 
29-49  11-901  10-823  59-79 
30^0  11-645  10-611  60-80 


8  737  8*147  71-91 

8-413  7-862  72-92 

8  095  7*582  73-93 

7  762  7*285  74-94 

7-412  6*972 

7065  6.659 

6734  6-360 

6*409  6*065 

6103  6787 

5*807  5'517 

5.515  5.250 

5-250  5007 
4*984 .  4*762 

4720  4*518 

4*470  4*286 

4.203  4037 

3-943  3-794 

3*706  3*573 

3*463  3  343 

3'246  3*140 


846 
•646 
^445 
•000 


'834 
^38 
•440 
'000 


TABLE   X. 


Showing  the  value  of  an  annuity  on  Two  Joint 

Lives,  deduced  from  the  observations  of  M.  De 

Parcieux.     Difference  of  age  30  years. 


A«« 

per  Cent 

4i 

pet  Cent 

Ages 

per  Cent 

4^ 
per  Ceat 

3-33 

14-605 

12-893 

36-fi6 

7-357 

6-920 

4-34 

14-761 

13-048 

37-67 

7-043 

6-639 

5-35 

14-813 

13-112 

38-68 

6-726 

6-353 

39-69 

6-420 

6-076 

6-36 

14-910 

13']30 

40-70 

6-127 

5-811 

7-37 

14-764 

13-111 

8-38 

14-662 

13-043 

41-71 

5-828 

5-538 

9-39 

14-542 

12-960 

42-72 

5-548 

5-282 

10-40 

14-384 

12-843 

43-73 

5-268 

5-025 

44^74 

4-990 

4-770 

11-41 

14-186 

12-690 

45-76 

4-718 

4-518 

12^2 

13-946 

12-498 

13-43 

13-694 

12-296 

46-76 

4-427 

4-248 

14-^ 

13-432 

12-084 

47-77 

4-153 

3-991 

15^5 

13-158 

11-860 

48-78 

3-892 

3-748 

49-79 

3-632 

3-503 

16-46 

12-872 

11-624 

50-80 

3-399 

3-284 

17-47 

12-611 

11-410 

lS-18 

12-339 

11-185 

51-81 

3-182 

3-080 

19-49 

12-076 

10-968 

52-82 

2-991 

2-899 

80-50 

11-801 

10-739 

53-83 

2-780 

2-700 

54-84 

2-533 

2-464 

21-51 

11-551 

10-532 

55-85 

2-296 

2'238 

22-52 

11-313 

10-335 

85-53 

11-064 

10-128 

56-86 

2-072 

2-023 

24-54 

10-805 

9911 

57-87 

1-877 

1-836 

25-55 

10-557 

9-702 

58^88 

1-629 

1-596 

6&-89 

1-381 

1-^56 

26-56 

10-298 

9-464 

60-90 

1-138 

1"119 

27-57 

10-029 

9-255 

28-58 

9-769 

9-034 

61-91 

-904 

-881 

29-59 

9-499 

8-803 

62-92 

■686 

■677 

30-60 

9-218 

8-561 

63-93 

-467 

■463 

64-94 

-000 

■000 

31-61 

8-924 

8-306 

32-62 

8-617 

8-038 

33-63 

8-318 

7-775 

\ 

34-64 

8-005 

7-499 

35-65 

7-678 

7-207 

540 


I    t  . 


TABLE    XL 

/     ''".■■■     ■ .   ■ 
Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 

deduced  from  the  observations  of  M.  De  Parcieux. 

Difference  of  age  40  years. 


Age 


3^ 

per  Cent 


^ 


per  Cent 


Age 


3i 


per  Cent 


P^ 


4-L 
r  Cent 


3-43  12  996 
4-44  12  031 
5-45     12  944 


6-46 

7-47 

8-48 

9-49 

10-50 

11-51 
12-52 
13-53 
14-54 
15-55 

16-56 
17-57 

18-58 
19-59 
20-60 

21-61 
22>^62 
23-63 
24L64 
25-65 

26--66 
27^«7 

28-68 
*9--69 
30-70 


12812 
12  656 
12  465 
12  275 

12  04.8 

11804 
11543 
11272 
10  989 
10  715 

10  430 

10145 

9  871 

9  585 

9287 

8  987 
8  675 
8  369 
805p 

7"7,17 

7^89 
7o'68 
6  7$5 
6454 

6:1.66 


11665 
11706 
11658 

11568 
11440 
11289 
11138 

10  958 

10  754 
10  538 
10311 
10  073 
9  843 

9  601 
9  359 
9  125 

'  8  a79 
"8  621 

8  362 

8  088 
7  820 

.7^08 

6  948 

6  659 

.6  378 

6165 

;;5  §45 


31-71 
32-72 
33-73 
34-74 
35-75 

36-76 

-37-77 

■.38-78 

39-79 

.40-80 

41-81 

42-82 
43-83 
44-84 
45-485 


46-^8.6 
47-'47 
. 48^88 
49-89 
50-90 

51-91 
52--92 
53-93 
54-94 


5-874 
5-601 
5-329 

5-062 
4-802 

4-525 
4-259 
4-004 
3-742 
3-511 

'3^292 

'  3-092 

'  2'-874 
2-619 

.  2-3.70 

.  .2-1^3 

1-413 
1-160 

'•919 
•698 

•  .-4313 
-000 


5-578 
5-329 
5-081 
4-835 
4.595 

4-338 

4-Q91 
3-852 
3-607 
3-390 

3184 
2-996 
2-790 
2-547 
2-309 

2-082 
;  1  -888 
1-1^36 
1-387 
1141 

-    -906 

•689 

-  469 

•000' 

■■   *  ^-  i 


'\  •}• 


•V 


'■',-  ')''•, 


.  I 


< 


■<6".v^"  \ 
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TABLE    XIL 


Showing 
deduced 


'..w 


Ages 


3-53 

4-54 
5-55 

6-66 

7-57 

8-58 

9-59 

10-60 

11-61 

12-62 
13-63 
14-64 
15-65 

16-66 
17-67 
18-68 
19-69 
20-70 

21-71 

22-72 
23-73 
24-74 
25-75 


the  value  of  an  annuity  on  Two  Joint  Lives,  . 

-  .  ■      .  .        .  '  ■ »         '       ' 

from  the  observations  of  M.  De  Parcieu^. 
Difference  of  age  50  years. 


^1 


^ 


Ages 


H 


10-680 
10-629 
10-513 

10-351 

10-149 

9-939 


'A 


.9  770 

.^  74.1 
.9  653' 


.26^76... 

. £7^77 

29-79 

30-80-^ 


9, 522 

d  356     . 
■;  9  181      .^1-81 

9-710        :8989,r  ^[^2-8^ 
9-449    -;:'d' 767; -.33-83'' 


9-155 

8-825 
8-502 
8-164 
7-812 

7-464 
7132 

6-809 
6-496 
6-197 

5-901 
5-624 
5-348 
5-076 
4-811 


8  513 

••'••  '■8  224' 

• '  •  7  941  . 

*^ ' 764$ . 

7  on 


34-84 
35-85 

36-86 

•^7-87 
38-88 


39-85 

r^.7l^:;u.-40-a0._.. 

:t6:14^--"-i2-&3- 
-5  873  '• -43-^8 -' • 
^603^^<  44-94- 

.•>5.35l)-i--. 
5  09a:=i!:. 
;  -4.848V' 


4  529 
4  258 
4  003 
3  742 
3  513 

3  294 
3  097 
2  880 
2  628 

2  382 

2150 
1951 
1689 
1430 
1175 

932 

'  706 
i  478 
000 


(. 


■.--'. 


ITT 


I  •  •  • 
.....  I 

>  " )  •  I 

i  :\' 


...  ii-1 


Mil- 


If  .  I  ^n-f^ 


-  a  -  • . 


t  .J  »-   » 

.1  — ^  . 


<\      < 


2 


4  342 

4  089 
3  851 
3  607 
3391 

3186 
3  000 
2  796 
2  556 
2  320 

2  099 
1908 
1655 
1403 
1156 

918 
697 
473 

000 


TABLE    XIII. 

Showing  the  value  of  an  aunuity  on  Two  Joint  Lin 
deduced  from  the  observations  of  M.  De  Parcieu 
Difference  of  age  60  years. 


AgeB 

H 

4+ 

jicr  Cent. 

prCnt. 

3-6T 

8-U49 

7-520  ' 

4-64 

7-883 

7-370 

5-65 

7644 

7-169 

6-66 

7-383 

6-938 

7-67 

7-108 

6-693 

8-68 

6-828 

6-443 

9-69 

6-564 

6-197 

10-70 

6-281 

6-951 

11-71 

5-989 

5-686 

12-72 

5-703 

5-424 

13-73 

5-417 

5-162 

14-74 

5-134 

4-903 

16-76 

4-859 

4-649 

16-76 

4-566 

4-377 

17-77 

4-289 

4-119 

18-78 

4-029 

3-876 

19-7» 

3-768 

3-626 

20-80 

3-526 

3-404 

21-81 

3-306 

3-197 

22-82 

3-107 

3-010 

23-83 

2-889 

2-804 

24-84 

2-635 

2-562 

26-85 

2-386 

2-325 

26-86 

2-152 

2-100 

27-87 

1-950 

1-907 

28-88 

1-689 

1  654 

29-«9 

1-429 

1-408 

30-90 

1-176 

1165 

31-91 

-931 

-918 

32^2 

■706 

-697 

33-93 

■Vl» 

-vn^ 

34-9*       «W1 

-wi^ 

TABLE    XIV. 

showing  the  Number  of  Persoas  living  aad  dying  at 
every  age,  according  to  the  observations  made  in 
Swaien. 


KlnJea 

Feumlcs    1 

LivM  in  Oeneral   1 

igr. 

Livmg  1 

Uying 

Li,™,  1  J),i..  1 

-Living  1  Bying  j 

0 

10000 

2300 

10000 

2090 

10000 

2195 

1 

7700 

500 

7910 

518 

780j 

509 

3 

7200 

337 

7392 

350 

7296 

344 

3 

6863 

240 

7042 

250 

6952 

245 

4 

6623 

150 

6792 

135 

6707 

143 

d 

6473 

125 

6657 

120 

6564 

122 

6 

6348 

105 

6537 

104 

6442 

105 

7 

6243 

90 

6432 

85 

6337 

87 

8 

6153 

75 

6347 

70 

6260 

73 

9 

6078 

65 

6277 

60 

6177 

68 

10 

6013 

65 

6217 

58 

6115 

54 

U 

5958 

45 

6165 

46 

6061 

45 

18 

5913 

45 

6119 

40 

6016 

48 

13 

6868 

40 

6079 

35 

5974 

38 

14 

6828 

40 

6044 

35 

6936 

37 

15 

5788 

39 

6009 

35 

5899 

37 

16 

5749 

39 

5974 

40 

5862 

40 

17 

6710 

39 

6934 

40 

6822 

40 

18 

5671 

44 

5894 

42 

6782 

42 

19 

6627 

44 

685S 

43 

5742 

43 

20 

6583 

60 

5809 

43 

5697 

47 

21 

6533 

50 

5766 

43 

6650 

47 

22 

5483 

60 

5783 

43 

6603 

48 

23 

5433 

65 

5680 

44 

5555 

48 

24 

5378 

55 

5636 

45 

5507 

50 

25 

63S3 

65 

6591 

45 

6457 

50 

26 

5268 

65 

6546 

50 

5407 

62 

27 

5213 

55 

5499 

52 

6365 

64 

28 

5158 

65 

5444 

55 

5301 

55 

29 

6103 

56 

5389 

55 

5446 

55 

30 

3049 

59 

5334 

60 

5\9\ 

Si's 

544 


TABLE    XIV     Continued. 


Ages 

Mules 

Females 

Lives  in 

general 

w    • 

1  Dying  Livina: 

Dyina: 

Living: 

1  Dyino^ 

31 

4988 

60 

5274 

60 

5132 

60 

32 

4928 

60 

5214 

65 

5072 

62 

33 

4868 

60 

5142 

65 

5010 

63 

34 

4808 

60 

5084 

65 

4947 

63 

35 

4748 

60 

5019 

60 

4884 

59 

36 

4688 

60 

4959 

56 

4825 

58 

37 

4628 

60 

4903 

56 

4767 

58 

38 

4568 

00 

4847 

56 

4709 

58 

39 

4508 

60 

4791 

58 

4651 

60 

40 

4448 

65 

4733 

65 

4591 

65 

41 

4383 

72 

4668 

75 

4526 

73 

42 

43li 

80 

4593 

76 

4453 

78 

43 

42;n 

80 

4517 

76 

4375; 

78 

44 

4151 

80 

4441 

75 

4297 

78 

45 

4071' 

80 

4366 

'  72 

4219 

76 

1 

4^6 

3991 

80 

4291 

67 

4143 

74 

47 

3911 

80 

4227 

'  65 

406?) 

72 

48 

3831. 

80 

4162 

m 

3997 

73 

49. 

.3751 

85 

4097 

70 

3924 

78 

50 

3666 

95 

4027 

75 

3846 

85 

51 

3571 

95 

3952 

80 

3761 

87 

52 

3476 

95 

3872 

85 

5674 

90 

53 

3381 

95 

3787 

85 

3584 

90 

54 

3286 

95 

3702 

85 

3494 

91 

55 

3191 

95 

361f 

85 

3403 

91 

56 

3096 

95 

3532 

85 

3312 

92 

57 

3001 

100 

3447 

90 

3220 

95 

58 

2901 

100 

3357 

90 

3125 

95' 

59 

2801 

100 

3267 

100 

3030 

100 

60 

2701 

105 

.3167 

liO 

2930 

108 

61 

2596 

110 

3057 

118 

2822 

114 

62 

2486 

115 

2939 

120 

2703 

118 

63 

2371 

115 

2819 

120 

2590 

118. 

64 

2256 

115 

2699 

120 

2472 

118 

65 

2141 

115 

2579 

120 

2354 

118 

66 

2026 

115 

2458 

120 

2236 

118 

67 

1911 

120 

2339 

120 

2118 

121 

68 

1791 

125 

2219 

120 

1997 

124 

69 

1666 

125 

2099 

120 

1873 

124 

70 

1541 

125 

191^ 

\^^ 

VI  ^^ 

'  ^^^  N 

64S 


TABtE    Xiy.    Continued. 


Ages 

Males 

Females 

Lives  in  ( 

[general 

Living  1 

Dying 

Living 

1  Dying 

Living 

1  Dying 

71 

1416 

125 

1849 

140 

1622 

133 

72 

1291 

120 

1709 

150 

1489 

135 

73 

1171 

120 

1559 

160 

1354 

140 

74 

1051 

110 

1399 

150 

1214 

130 

75 

941 

105 

1249 

140 

1084 

121 

76 

836 

100 

1109 

130 

963 

115 

77 

736 

90 

979 

120 

848 

105 

78 

646  ' 

85 

859 

110 

743 

95 

79 

561 

80 

749 

100 

648 

90 

80 

481 

75 

649 

95 

558 

90 

81 

406 

70 

554 

90 

468 

84 

82 

336 

65 

464 

85 

384 

75 

83 

271 

60 

379 

80 

309 

65 

84 

211 

50 

299 

75 

2H 

55 

85 

161 

40 

224 

55 

189 

45 

86 

121 

30 

169 

40 

144 

85 

87 

91 

22 

129 

30 

109 

27 

88 

69 

17 

99 

23 

82 

20 

89 

52 

14 

76 

18 

62 

15 

90 

38 

12 

58 

15 

47 

14 

91 

26 

9 

43 

12 

38 

12 

92 

17 

7 

31 

10 

21 

10 

93 

10 

6 

21 

8 

11 

6 

94 

4 

3 

13 

6 

5 

3 

95 

1 

1 

7 

4 

2 

1 

• 

96 

0 

0 

3 

2 

1 

1 

97 

0 

0 

1 

1 

0 

0 

546 


TABLE   XV. 


Shewing  the  Expectation  ofLife^  deduced  from  the 

observations  made  in  Sweden. 


Ages 


Males 


Females 


Lives  in 
general 


Ages 


Males 


Females 


I 


Lives  in 
generel 


1 
2 
3 
4 
5 

6 

7 

8 

9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 


42-45 

43-83 
44-96 

45-57 
45-62 


44-00 
46-05 
47-31 
48-04 
48-00 


45-50  47-87 

45-26  47-64 

44-91  47-28 

44-46  46-80 

43-94  46-25 


43-26 
42-58 
41-91 
41-24 
40-56 

39-83 
39-11 
38-39 
37-67 
36-95 

36-28 
35-62 
34-96 
34-30 
33-63 

32-98 
32-32 
31-66 
31-00 
30-34 


45-55 
44-85 
44-15 
43-46 
42-76 

42-04 
41-31 
40-59 

39-87 
39-15 

38-43 
37-72 
37-01 
86-29 
35-58 

34-90 
34-21 

33-53 
32-85 
32-17 


42-95 
44-92 
46-11 
46-78 
46-79 

46-66 
46-43 
46-07 
45-61 

45-07 

44-38 
43-70 
43:01 
42-33 
41-64 

40-92 
40-19 
39-47 
38-74 
38-02 

37-33 
86-64 
35-96 

35-27 
34-58 

33-91 
33-23 
32-56 
31-88 
31-21 


31 
32 

33 
34 
35 

36 

37 
38 
39 
40 

41 
42 
43 
44 
45 

46 

47 
48 
49 
50 

51 
52 

53 
54 
55 

56 

57 
58 
59 
60 


29-69 
2904 
28-39 
27-74 
27-09 


31-54 
30-91 
30-28 
29-66 
29-03 


26-43  28-26 

25-76  27-50 

25-09  26-74 

24-42  25-97 

23-75  25-21 

23-15  24-68 

22-54  24-75 

21-93  23-62 

21-32  23-10 

20-71  22-57 

20-12  21*91 

19-52  21-24 

18-92  20-58 

18-32  19-92 

17-72  19-26 

17-17  18-64 

16-63  18-01 

16-08  17-39 

15-53  n6-77 

14-98  16-15 

14-43  15-53 

13-87  14-92 

13-33  14-31 

12-79  13-69 

12-24  13-08 


80-57 
29-94 
29-80 
28-67 
28-03 

27'81 
26-68 
26-01 
25-33 
24-66 

24-05 
23-44 
22-83 
22-22 
21-61 

20-98 
20-35 
19-72 
19-09 
18-46 

17-87 
17-29 
16-70 
16-12 
15-53 

14-95 

14-37 
13-79 
13-21 
12-63  J 


547 


TABLE, XV    Continued: 


Ages 

Males 

Females 

Lives  in 
general 

Ages 

1 
Males  FemaUs 

Lives  in 
general 

61 

11-72 

12-56 

12-12 

81 

3-96 

413 

4-01 

62 

11-21 

1204 

11-62 

82 

3-69 

3.84 

380 

63 

ld-73 

11-52 

11-11 

83 

3-45 

359, 

357 

64 

10-26 

11-01 

10*61 

84 

3*30 

3.42 

3-39 

65 

9-78 

10-49 

10-10 

85 

3.16 

340 

3-23 

66 

9-30 

9-97 

9-62 

86 

304 

3.34 

309 

67 

8-84 

9-46 

9-15 

87 

2-88 

3  22 

.2*92 

68 

8--40 

8-94 

8-67 

88 

264 

3;05 

271 

69 

7-99 

8-42 

8-20 

89 

2-34 

2.82 

2*43 

70 

7-60 

7-91 

7-72 

90 

202 

2.55 

2*05 

71 

7-22 

7-54 

7-32 

91 

173 

2-27 

1-71 

72 

6-87 

7-16 

6-89 

92 

1.38 

1'95 

1-40 

73 

653 

6-78 

6-53 

93 

100 

1-64 

1-23 

74 

6-22 

6-40. 

6-23 

94 

•75 

135 

1*10 

75 

5-89 

6-03 

5-91 

95 

•00 

l!07 

1.00 

76 

556 

5-73 

5*59 

96 

.00 

.83 

.00 

77 

525 

5-43 

5-28 

97 

.00 

.00- 

.00 

78 

492 

5-11 

4-96 

79 

4-59 

4-79 

4-61 

» 

80 

4-27 

4-47 

4-28 

- 

548 


TABLE     XVI. 

Showing  the  value  of  an  annuity  on  a  Single  Life^ 
at  every  age,  (Male  or  Female),  deduced  from  the 
observations  made  in  Sweden, 


Mill 

es 

J^Vniaies                 | 

Ages 

4 

5 

4 

5 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

16-508 

14-051 

16-820 

14-271 

2 

17-355 

14-778 

17-719 

15034 

S 

17-935 

15-279 

18-344 

15-571 

4 

18-328 

15-624 

18-780 

15-951 

5 

18-503 

15-786 

18-927 

16-088 

6 

18-622 

15-901 

19-045 

16-203 

7 

18-693 

15-977 

19-131 

16-29i 

8 

18-725 

16-021 

19-162 

16-335 

9 

18-715 

16-030 

19-151 

16-343 

10 

18-674 

16-014 

19-109 

16-325 

11 

18-600 

15-970 

19-041 

16-286 

12 

18-491 

15-896 

18-952 

16-229 

13 

18-378 

15-819 

18-840 

16-153 

14 

18-246 

'  15-724 

18-707 

16-059 

15 

18:105 

15-624 

18-568 

15-960 

16 

17-958 

15-517 

18-424 

15-856 

17 

17-803 

15-404 

18-290 

15-761 

16 

17-643 

15-28^ 

18-151 

15-662 

19 

17-492 

15-175 

18-013 

15-563 

20 

17-335 

15-059 

17-872 

15-462 

21 

17-192 

14-955 

17-7-25 

15-356 

22 

17-042 

14-846 

17-573 

15-245 

23 

16-887 

14-732 

17-414 

15-129 

24 

16-742 

14-627 

17-252 

15-009 

25 

16-592 

14-517 

17-087 

14-886 

26 

.       16-436 

14*402 

16-915 

14-757 

27 

16-274 

14-282 

!         16-751 

14-636 

28 

'  16-105 

14-156 

►        16-588 

14-515 

29 

'       15-930 

14-024 

16-427 

14-396 

30 

1       15-751 

13-88S 

1         16-261 

14-272 

549 


TABLE    XVI     Continued. 


Ages 


Males 


/ 


31 
33 
33 
34 
35 

36 
37 
38 
89 
40 

41 
43 
43 
44 
45 

46 
47 
48 
49 
50 

51 
52 
53 
54 
55 

56 
57 
58 
59 
60 

61 
62 
63 
64 
65 


4 
per  C  Tit 


5-575 
5-395 
6-208 
5-014 
4-812 

4-601 
4-382 
4154 
3-916 
3-668 

3-426 
3-196 
2-984 
2-763 
2-535 

2-297 
2  051 
1-796 
1-628 
1-267 

1-030 
0-785 
0-531 
0-269 
9-998 

9-717 
9-425 
9-440 
8-846 
8-640 

8-241 
7-950 
7-669 
7-382 
7-090 


6 

per  Cent 


FeiDBles 


4 
Per  Cent 


6 

per  Cent 


3-756 
3-619 
3-477 
2-327 
3-170 

3-006 
2-833 
2-652 
2-462 
2-261 

2-065 
1-880 
1-710 
1-532 
1  -347 

1-163 
0-951 
0-738  ■ 
0-516 
0-298 

10-100 
9-895 
9-682 
9-460 
9-229 

8-988 
8-736 
8-489 
8-232 
7-»«$ 

7-700 
7-442 
7-193 
6-938 
6-676 


6-104 
6-941 

5-787 
5-629 
5-466 

6-278 
5-070 
4-854 
4-629 
4-401 

4-185 
3-994 
3-798 
3-596 
3-383 

3-151 
2-894 
2-620 
2-333 

2-049 

1-769 
1-492 
1-220 
0-937 
0-642 

0-334 
0-012 
9-692 
9-388 
9-039 

8-739 
8-453 

8-1  e« 
1-56S 


14156 
14-036 
13-923 

13-806 
15-684 

13-542 
13-382 
13-213 
13-036 
12-856 

12-687 
12-638 
12-387 
18-229 
13-061 

1 1  -876 
11-668 
1 1  -443 
1 1  -206 
10-970 

.10-737 

10-507 

10-280 

10-042 

9-79? 

9-529 
9 -263 
8-976 

■  8-684 

■  8-406 

m 

8-144 
7-895 
7-64S 


{ 


550 


TABLE    XVI   Continued. 


Ages 

Males 

Females 

4 

6 

4 

6  ■ 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66 

6-792 

6^408 

7^252 

6^831 

67 

6-489 

6134 

6-930 

6  •541 

68 

6-201 

6-872 

6-596 

6-2?9 

69 

5-933 

5-628 

6-253 

5-926 

70 

5-670 

5-389 

5-897 

5-599 

71 

6-418 

5-158 

5-564 

5-293 

72 

5-180 

4-940 

5-261 

5-013 

73 

4-940 

4-719 

4-998 

4-770 

74 

4-724 

4-521 

4-792  . 

4-581 

75 

4-487 

4-302 

4-582 

4-388 

76 

4-253 

4-084 

4-367 

4-189 

77 

4-024 

3-871 

4-145 

3-983 

78 

3-768 

3631 

3-913 

3-767 

79 

3-512 

3-390 

3-668 

3-636 

80 

3-260 

3-152 

3-402 

3^286 

81 

3-017 

2-921 

3-146 

3-041 

82 

2-792 

2-706 

2-905 

2-812 

83 

2-600 

2-623 

2-699 

2-615 

84 

2-473 

2-403 

2-559 

2-480 

85 

2-371 

2-306 

2-552 

2-476 

86 

2-281 

2-222 

0 

2-518 

2  446 

87 

2154 

2-103 

2-431 

2  365 

88 

1-955 

1-912 

2-294 

2  236 

89 

1-698 

1-664 

2-108 

2  059   . 

90 

1417 

1-392 

1873 

1833 

91 

1164 

1136 

1-628 

1596 

92 

•835 

•824 

1-349 

1325 

93 

•477 

•471 

1-071 

1054 

94 

•240 

•238 

•799 

'     788 

95 

•000 

•000 

•544 

637 

96 

•000 

•000 

•320 

317 

651 


TABLE    XVII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  n[iade  in  Sweden. 

Difference  of  age  0  years. 


Com- 

4 

Com- 

4 

Com- 

4 

iCoiri- 

4 

mun 

mon 

mon 

mon 

A^e 

per  cent 

1  Agre 

per  Cent 

Affe 

per  cent 

\ze 

per  cent 

1 

12  252 

26 

13  671 

51 

8  469 

76 

2  490 

2 

13  5«3 

27 

13  495 

52 

8  230 

77 

2  340 

3 

14  558 

28 

13  323 

53 

7  994 

78 

2  170 

4 

15  267 

29 

13  148 

54 

7  748 

79 

1967 

5 

15  577 

30 

12  965 

55 

7  495 

80 

1758 

6 

15  820 

31 

12  795 

56 

7  229 

81 

1600 

7 

16  003 

32 

12  624 

57 

6  954 

82 

1472 

8 

16  109 

33 

12  456 

58 

6  678 

83 

1364 

9 

16  152 

34 

12  286 

59 

6  388 

84 

1276 

10 

16  141 

35 

12109 

60 

6104 

85 

1212 

11 

16  087 

36 

11904 

61 

5  844 

86 

1172 

12 

15  982 

37 

11683 

62 

5  600 

87 

1127 

13 

15  855 

38 

11452 

63 

5  367 

88 

1071 

14 

15  701 

39 

11209 

64 

5  128 

89 

949 

15 

15  535 

40 

10  964 

65 

4  881 

90 

718 

16 

15  361 

41 

10  732 

66 

4  626 

91 

516 

17 

15  196 

42 

10  531 

67 

4  362 

92 

326 

18 

15  023 

43 

10  346 

68 

4103 

93 

236 

19 

14  854 

44 

10  154 

69 

3  851 

94 

190 

20 

14  682 

45 

9  954 

70 

3  593 

95 

024 

21 

14  525 

46 

9  736 

71 

3  845 

96 

000 

22 

14  360 

47 

9  497 

72 

3128 

23 

14  194 

48 

9  236 

73 

2  935 

24 

14  020 

49 

8  966 

74 

2  797 

25 

13  849 

50 

8  707 

75 

2  648 

1 

552 


TABLE    XVIII. 

ShowiDg  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 

Difference  of  age  6  years. 


Ages 


I 


4 

per  Cent 


Ages 


4 

per  Cent 


Ages 


4 
per  Cent 


1-  7 

2-  8 

3-  9 
4-10 
5-11 

6-12 
7-13 
8-14 
9-15 
10-16 

11-17 
12-18 
13-19 
14-20 
15-21 

19-22 
17-23 
18-24 
19-25 
20-26 

21-27 

22-28 
23-29 
24-30 
25-31 

26-32 
27-33 
28-34 
29-85 
30-36 


3  989  31-37 

4  780  32-38 

5  323  33-39 
5  685  34-40 
5  817  35-41 

5  887  36-42 
5  914  37-43 
5  888  38-44^ 
5  824  39-45 
5  729  40-46 

5  617  41-47 
5  477  42-48 
5  327  43-49 
5 164  44-50 
5  001   45-51 

4  832  46-52 
4  665  47-53 
4  491  48-54 
4  320  49-55 
4  144  '50-56 

3  976  51-57 

3  807  52-58 

3  6^5  53-59 

^455  54-60 

3  284  55-61 

3 108  56-62 

2  935  57-63 

2  763  58-64 

2  586  59-65 

2  390  60-66 


12  292 
11938 
11779 
11568 
11361 

11156 
10  953 
10  741 
10519 

10  286 

10  049 
9813 
9  581 
9351 
9129 

8  897 
8  658 
8  402 
8139 

7  874 

7613 
7  351 
7  083 
6  814 
6  555 

6  299 
6  045 
5  788 
5519 
5249 


61-67 
62-68 
63-69 
64-70 
65-71 

66-72 
67-73 

68-74 
69-75 
70-76 

Yl  77 
^2-78 
73-79 
74-80 
75-81 

76-82 
77-83 
78-84 
79-85 
80-86 

81-87 
82-88 
83-i89 
84-90 
85-91 

86-92 
87-93  - 
88-^4 
89-96 
90-96 


4  984 
4  729 
4  482 
4  231 
3  982 

3  750 
3  527 
3  340 
3  147 
2  946 

2  752 
2  558 
2  355 
2  172 
2  017 

1  877 
1  756 
1  639 
1  524 
1  416 

1  320 

1  225 

1  094 

902 

725 

566 
469 
396 
364 
000 


I 


553 


TABLE    XIX. 

owing  the  value  of  an  annuity  on  Two  Joint  Lives; 
ieduced  from,  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden, 
Difference  of  age  12  years. 


Ages 


4 

per  Cent 


Ages 


4 
per  Cent 


Ages 


4 
per  Cent 


1-13 
2-14 
3-15 
4-16 
5-17 

6-18 
7-19 
8-20 
9-21 
10-22 


13  894 

14  657 

14  988 

15  259 
15  326 

15  354 
15  351 
15  310 
15  244 
15  149 


31-43 
32-44 
33-45 
34-46 
S*-47 

36-48 
37-49 
38-60 
39-51 
40-52 


11359 
11170 
10  978 
10  775 
10557 

10314 

10069 

9  805 

9  568 

9  308 


61-73 
62-74 
68-75 
64-76 
66-77 

66-78 
67-79 
68-80 
69-81 
70-82 


/- 


3  927 
3  747 
3  563 
3  370 
3  180 

2  974 
2  743 
2  514 
2  324 
2  155 


11-23 

15  033 

41-63 

9  066 

71  83 

2  004 

12-24 

14  889 

42-64 

8  830 

72-84 

1875 

13-25 

14  736 

43-55 

8697 

73-85 

1768 

14-26 

14  566 

44-56 

8354 

74-86 

1692 

15-27 

14  392 

46-57 

8101 

75-87 

1605 

16-28 

14  216 

46-58 

7841 

76-88 

1497 

17-29 

14  042 

47-59 

7563 

77-89 

1339 

18-30 

13  860 

48-60 

7281 

78-90 

1097 

19-31 

13  687 

49-61 

7008 

79-91 

863 

20-32 

13  512 

50-62 

6749 

80-92 

638 

21-33. 

13  345 

61-63 

6  505 

81-93 

511 

22-34 

13  173 

52-64 

6266 

82-94 

427 

23-35 

12  997 

53-65 

6004 

83-95 

379 

24-36 

12  801 

54-65 

5743 

84-96 

000 

25-37 

12  599 

55-67 

5474 

• 

26-38 

12  387 

56-68 

6204 

27-39 

12  170 

67-69 

4936 

28-40 

11953 

56-70 

4664 

29-41 

11742 

69-71 

4395 

SO-42 

11543 

60-7a 

4Ud 

554 


TABLE    XX. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  18  years. 


Ages 

4 
per  Cent 

Ages 

4 
per  Cent 

Ages 

■ 

4 
per  Cent 

1-19 

13-389 

31-49 

10-365 

61-79 

2-974 

2-2P 

14-008 

32-50 

10-128 

62-80 

2-744 

3-21 

14-417 

33-51 

9  905 

63-81 

2-657 

4-22 

14-671 

34-62 

9-679 

64-82 

2-396 

5-23 

14-725 

35-53 

9-452 

65-83 

2-252 

6-24 

14-740 

36-54 

9-207 

66-84 

2123 

7-25 

.   14-727 

37-55 

8-951 

67-85 

2-010 

8^26 

14-673 

38-56 

8-683 

68-86 

1-910 

9-27 

14-590 

39-57 

8-404 

69-87 

1-798 

10-28 

14-484 

40-58 

8-124 

70-88 

1-661 

11-29 

14-357 

41-59 

7-839 

71-89 

1-464 

12-30 

14-202 

42-60 

7-569 

72-90 

11 89 

13-31 

14-045 

43-61 

7-318 

73-91 

-937 

14-32 

13-874 

44-62 

7-075 

74-92 

-v708 

15-33 

13-700 

45-63 

6-836 

75-93 

-575 

16-34 

13-520 

46-64 

.      6-586 

76-94 

•481 

17-35 

1 3-340 ' 

47-65 

6-323 

J7-96 

•421 

18-36 

13-141 

48-66 

6-048 

78-96 

•000 

19-37 

12-934 

49-67 

5-764 

20-38 

12-720 

50-68 

'      5-487 

21-39 

12-505 

51-69 

'      5-221 

32-40 

12-286 

52-70 

'      4-953 

23-41 

12-073 

53-71 

4-694 

24-42 

11-873 

54-72 

1      4-455 

25-43 

11-683 

55-73 

'      4-231 

26-44 

1 1  485 

56-74 

\      4  043 

27-45 

11-284 

67-7S 

1      3-844 

\ 

38-46 

11 -072 

58-7  € 

►      a-637 

(29-47 

10-847 

59-1' 

1       %-4^Q 

V 

30-48 

10-606 

i  60-^ 

a     a-u<i 

A 

555 


TABLE    XXI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Fepiales  collectively)  made  in  Sweden. 
Difference  of  age  24  years. 


4 

4 

.   4 

Age* 

per  Cent 

Ages 

pec-Cent - 

Ages 

per  Cent 

1-25 

12-832 

26-50 

10-364 

61-75 

4-008 

2-26 

13-409 

27-51 

10-130 

52-76 

3-803 

3-27 

13-778 

28-52 

9-894 

53-77 

3-606 

4-28 

14-003 

29-63 

9-659 

.54-78 

3-389 

6-29 

14-037 

30-54 

9-413 

56-79 

3150 

■  V 

6-30 

14-033 

31-65 

9-167 

56-80 

2-909 

7-31 

14-006 

82-56 

8-912 

67-81 

2-710 

8-32 

13-944 

33-67 

8-651 

68-82 

2-639 

9-33 

13-855 

34-58 

8-389 

69-83 

2-386 

10-34 

13-741 

35-59 

8-114 

60-84 

2-248 

•  - 

11-35 

13-604 

36-60 

7-833 

61^85 

2-136 

12-36 

13-428 

37-61 

7-661 

62v;86 

-2-037 

13-37 

13-234 

38-62 

7-296 

63-S7 

1-926 

14-38- 

13-023 

39-63 

.7-033 

64-88 

.1-790 

15-39 

12-798 

40-64 

6-763 

65-89 

1-686 

*        1                          • 

16-40 

12-570 

41-65 

6-492 

66-ao 

1-2S6 

17-41 

12-351 

42-66 

6-225 

67-91 

.1-017  • 

18-42 

12-146 

43-67 

5-957 

68-32 

-764 

19-43 

11-951 

"44-^8 

5-689 

.69-93 

-617 

20-44 

11-751 

45-69 

5-426 

70-94 

•514 

• 

21-45 

1 1  -550 

46-70 

5153 

71-95 

r.  -441 

22-46 

11-335 

47-71 

.    4-884 

72^6 

.'   -.000  ■ 

33-47 

11-107 

. 48-72 

.4-633 

f 

•            •   .- 

24-48 

10-862 

49-73 

4-398 

■                           *-' 

«•'-.; 

25-49 

10-612 

50-74 

4-205 

.• 

556 

TABLE    XXII. 

bowing  the  values  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  30  years. 


AgM 

4 
per  Cent 

A...  1     , 

4 
Er  Cent 

As=. 

4 
per  Cent 

1-31 

12196 

26-56 

9-080 

61-81 

2-792 

2-32 

12-730 

27-57 

8-807 

52-82 

S-623 

3-33 

13066 

28-58 

3-534 

53-83 

2-475 

4-34 

13-864 

29-59 

8-250 

54-84 

2-344 

5-35 

13-277 

30-60 

7-967 

55-85 

2-232 

6-SS 

13-243 

31-61 

7-702 

56-86 

2  130 

7-37 

13-170 

32-62 

7-446 

57-87 

2-010 

8-38 

13-059 

33-63 

7-196 

58-88 

1-864 

9-39 

12-913 

34-64 

6-942 

59-89 

1-644 

10-10 

12-743 

35-65 

6-679 

60-90 

1-333 

11-41 

12-563 

06-66 

6-402 

61-91 

1-050 

12-42 

12-379 

37-67 

6-115 

62-92 

-789 

13643 

12-196 

38-68 

5-828 

63-93 

-639 

14-44 

11-997 

39-69 

5-543 

64-94 

-533 

15-45 

11-787 

40-70 

5-254 

65-95 

-456 

16-46 

11-562 

41-71 

4977 

66-96 

-000 

17-47 

11-328 

42-72 

4-730 

18-18 

11-076 

4a-73 

4-507 

19-49 

10-819 

44-74 

4-322 

20-50 

10-567 

45-75 

4-128 

21-51 

10-332 

46-76 

3-921 

22-52 

10-092 

47-77 

3-715 

23-53 

9-852 

48-78 

3-489 

24-54 

9-602 

49-79 

3-238 

25-55 

9-347 

50-80 

2-990 

667 


TABLE    XXIIL 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  36  years. 


4 

4 

Ages 

per  Cent 

M 

;e» 

per  Cent 

1-37 

1 1  -465 

31- 

■67 

6197 

2-38 

11-913 

32- 

-68 

5  917 

3-39 

12-164 

33-69 

5  642 

4-40 

12-284 

34- 

-70 

6364 

5-41 

12-242 

35- 

■71 

5  093 

* 

6-42 

12186 

36- 

-72 

4  840 

7-43 

12-112 

37- 

-73 

4  603 

8-44 

12-004 

38-74 

4  405 

9-45 

11-865 

39- 

-75 

4195 

10-46 

11-694 

.40- 

-76 

3976 

U-47 

U-493 

41- 

-77 

3762 

12-48 

11-259 

42- 

-78 

3539 

13-49 
14-50 
15-51 

16-52 
17-53 
18-54 
19-55 
20-56 

21-57 
22-58 
23-59 

24-60 
25-61 

26-62 

27-63 

28-64 

,  29-S5 

30-^6 


11011 
10-759 
10-514 

10-264 

10-018 

9-761 

9-600 

9-228 

8-953 
8-675 
8-385 
8-097 
7-823 

7-557 
7-297 
7-032 
6-761 
6-481 


43-79 
44-80 
46-81 

46^2 
47-83 
48^4 
49-85 
50^6 

4 

51-87 
52-88 
53-89 
54-90 
55-91 

56-92 
57-93 
58-94  . 

60^S 


3295 

3052 
2854 

2  684 
2  533 
2396 
2  277 
2171 

2050 
t901 
1681 
1366 
1078 


558 


TABLE    XXIV. 

Showing  the  value  of  an  annuity  on  Two  Joint  Live 
deduced  from  the  observations  (among  Males  an 
Females  collectively)  made  in  Swede?z. 
Difference  of  age  42  years. 


1-43 

10546 

31-73 

4  646 

2-44 

10946 

32-74 

4453 

3-45 

11168 

33-75 

4  251 

4-46 

11260 

34-76 

4040 

5-47 

11183 

35-77 

3  833 

6-48 

11064 

36-78 

3  605 

7-49 

10915 

37-79 

3  352 

8-50 

10  743 

*38-80 

3  098 

9-51 

10  560 

39-81 

2  889 

10-52 

10357 

40-82 

2  710 

11-53 

10140 

41-83 

2  553 

12-54 

9  898 

42-84 

2  418 

13-56 

9  644 

43-85 

2  305 

14  56 

9371 

44-86 

2  203 

15-57 

9087 

45-87 

2  083 

16-58 

8799 

46-88 

1933 

17-59 

8503 

47-89 

1708 

18-60 

8208 

48-90 

1385 

19-61 

7928 

49-91 

1090 

20-62 

7658 

50-92 

818 

21-63 

7396 

61-93 

662 

22-64 

7127 

62-94 

551 

23-65 

6  851 

53-95 

468 

24-66 

6  566 

54-96 

000 

25-67 

6  275 

• 

26-68 

5986 

% 

% 

27-69 

5  702 

f 

-    4 

28-70 

5415 

29-«71 

51^6 

30-72 

4  8ft1i 

1# 

659 

TABLE    XXV. 

ving  the  number  of  persons  living  and  dying  at 
ery  age,  according  to  the  observations  made  at 

irthampton. 


Lii-in*  1 

Dj'ics 

Ag.| 

Living 

Dying 

|A,.| 

Living  1 

Dying 

H650 

1340 

8650 

1367 

36 

3935 

,76 

71 

1152 

80 

7283 

503 

37 

8860 

75 

72 

1072 

80 

0781 

335 

38 

8786 

75 

73 

992 

80 

6446 

197 

39 

3710 

75 

74 

912 

80 

62-19 

184 

40 

3635 

76 

75 

832 

80 

6065 

140 

41 

3559 

77 

76 

752 

77 

5925 

110 

42 

3482 

78 

77 

675 

73 

5S15 

80 

43 

3404 

78 

78 

602 

68 

5735 

60 

44 

3326 

78 

79 

634 

66 

5675 

52 

45 

3248 

78 

80 

469 

63 

5653 

50 

46 

3170 

78 

81 

406 

60 

5573 

50 

47 

3092 

78 

82 

346 

57 

5523 

50 

48 

3014 

78 

83 

289 

55 

5473 

50 

49 

2936 

79 

84 

234 

48 

6423 

50 

50 

2857 

81 

85 

166 

41 

5373 

53 

51 

2776 

82 

86 

145 

34 

63-20 

58 

52 

2694 

82 

87 

111 

28 

6262, 

63 

53 

2612 

82  - 

88 

83 

21 

6199 

67 

64 

2530 

82 

89 

62 

16 

5132 

72 

55 

2448 

82 

90 

46 

12 

5060- 

75 

56 

2366 

83 

91 

34 

10 

'4935 

75 

.57 

2284 

82 

92 

24 

8 

4910 

75 

68 

2202 

82 

93 

16 

7 

4835 

75 

59 

2120 

82 

94 

9 

5 

4760 

75 

60 

2038 

82 

95 

4 

3 

4685 

75 

61 

1956 

82 

96 

1 

1 

4610 

75 

62 

1874 

81 

97 

0 

0 

4535 

75 

63 

1793 

SI 

4460 

■-  75 

64 

1712 

80 

4385 

75 

65 

1632 

80 

4310 

75 

66 

1552 

80 

4235 

75 

67 

1472 

80 

4160 
4085 

75 
75 

63 
69 

1392 
1312 

80 

\ 

\1 


560 

TABLE    XXVI. 

Showing  the  Expectations  of  Life  at  every  age,  de- 
duced from  the  observations  made  at  Northampton. 


Ages 

Exp^ctat. 

Ages 

Expeetat. 

Ages 

Expectat. 

Ages 

Expectat. 

1 

32-74 

26 

30-33 

51 

17-50 

76 

6-18 

2 

37-79 

27 

29-82 

52 

17-02 

77 

5-83 

3 

39-55 

28 

29-30 

53 

16-54 

78 

5-48 

4 

40-58 

29 

28-79 

54 

16-06 

79 

5-11 

5 

40-84 

30 

28-27 

65 

15-58 

80 

4-75 

6 

41-07 

31 

27-76 

56 

15-10 

81 

4-41 

7 

41-03 

32 

27-24 

57 

14-63 

82 

4-09 

8 

40-79 

33 

26-72 

58 

14-15 

83 

3-80 

9 

40-36 

34 

26-20 

59 

13-68 

84 

3-58 

10 

39-78 

35 

25-68 

60 

13-21 

85 

8-37 

11 

39-14 

36 

25-16 

61 

12-75 

8&. 

3-19 

12 

38-49 

37 

24-64 

62 

12-28 

87 

8^1 

13 

37-83 

38 

24-12 

63 

11-81 

88 

2-86 

14 

37-17 

39 

23-60  . 

64 

11-^5 

69 

2-66 

15 

36-51 

40 

23-08 

65 

10-88 

90 

2-41 

16 

35-85    ' 

41 

22-56 

66 

10-42 

91 

2-09 

17 

35-20 

42 

22-04 

67 

9-96 

92 

1-75 

18 

34-58 

43 

21-54 

68 

9-50 

93 

1*37 

19 

33-99 

44 

21-03 

69 

9-05 

94 

1-05 

20 

33-43 

45 

20-52 

70 

8-60 

95 

•75 

21 

32-90 

46 

20-02 

71 

8-17 

96 

•50 

22 

32-30 

47 

19-51 

72 

7-74* 

&7 

•00 

23 

31-88 

48 

19-00 

73 

7-33 

24 

31-36 

49 

•  18-49 

74 

6-92 

25 

30-85 

50 

17-99 

75 

6*54 

...L.. 

\, 


561 


TABLE    XXVII. 

Showing  the  value  of  an  annuity  on  a  Single  Life,  at 
every  age,  deduced  from  the  observations  made  at 

Northampton. 


> 

3 

4 

5 

6 

7 

8 

Ages 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

16  021 

13-465 

11-563 

10-107 

8  963 

8-046 

2 

18  599 

15-633 

13-420 

1 1  -724 

10-391 

9-321 

3 

19  575 

16-462 

14135 

12  348 

10941 

9-812 

4 

20-210 

17-010 

14-613 

12-769 

11-316 

10147 

5 

20-473 

17-248 

14-827 

12^962 

11-489 

10-304 

6 

20-727 

17-482 

15-041 

13156 

11-666 

10»466 

7 

2C*853 

17-611 

15-166 

13-275 

11-777 

10-570 

8 

20-885 

17-662 

152-26 

13-337 

11-840 

10-631 

9 

20-812 

1 7-625 

15-210 

13-335 

11-846 

10-641 

10 

20-663 

17-523 

15-139 

J  13-285 

11-809 

10-614 

11 

20-480 

17-39^ 

15043 

13-212 

11-752 

10-569 

12 

20-283 

17'251 

14  937 

13-130 

11-687 

10-517 

13 

20081 

17103 

14826 

13044 

11-618 

10*461 

14 

19-872 

16-950 

34  710 

12953 

11-545 

10-401 

15 

19-657 

16-791 

14-588 

12857 

11-467 

10-337 

16 

19-435 

16'625 

14-460 

12-755 

11-384 

10-268 

.  17 

19-218 

16-462 

14334 

12-655 

11-302 

10-200 

18 

19013 

16-309 

14-217 

12-562 

11-226 

10-137 

19 

18-820 

16.167 

14108 

12-477 

11157 

10-081 

20 

18-638 

16033 

14007 

12-398 

11-094 

10-030 

21 

18-470 

15-912 

13-917 

12-329 

11-042 

9-986 

22 

18-311 

15-797 

13833 

12-265 

10  993 

9-947 

23 

18-148 

15  680 

13-746 

12200 

10-942 

9-907 

24 

17-983 

15-560 

1^-658 

12132 

10-890 

9-865 

25 

17-814 

15-438 

13-567 

12063 

10836 

9-823 

26 

17-642 

15-312 

13-473 

11-992 

10^80 

9-778 

27 

17-467 

15184 

13  377 

11-917 

10-723 

9-732 

28 

17-289 

15053 

13-278 

11-841 

10663 

9685 

29 

17-107 

14-918 

13177 

11-763 

10602 

9-635 

30 

16922 

14-781 

13-072 

11-682 

10539 

9584 

562 


TABLE    XXVII    Continued 


Ages 

3 

4 

'5 

6 

7^ 

8 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31 

16  732 

14-639 

12-965 

11-598 

10  473 

9-531 

32 

16  540 

14  495 

1*^854 

11-512 

10  404 

9*476 

33 

16343 

14-347 

12-740 

11*423 

10  333 

9418 

34 

16142 

14-195 

12623 

11*331 

10  260 

9369 

35 

15-938 

14039 

12-502 

11-236 

10  183 

9-296 

36 

15-729 

13-880 

12377 

11-137 

10104 

9*231 

37 

15515 

13-716 

12*249 

11-035 

10  021 

9-164 

38 

15-298 

13-548 

12-116 

10-9-29 

9  935 

-9  093 

39 

16075 

13-375 

11  979 

10-819 

9  845 

90)9 

40 

14-848 

13-197 

11-837 

10-705 

9  752 

8-941 

41 

14-620 

13-018 

11-095 

10-589  . 

9  657 

8-863 

42 

14-391 

12*838 

11-551 

10473 

9  562 

8*783 

43 

14-162 

12-657 

11-407 

10-356 

9  466 

8703 

44 

13-929 

12-472 

11-258 

10-2;j5 

9  366 

8-620 

45 

13-692 

1*2-283 

11105 

10-110 

9  202 

6  533 

46 

13-450 

12-089 

10947 

9-980 

9154 

8*443 

47 

13-203 

11-890 

10-784 

9-840 

9  042 

8  348 

48 

12-951 

11685 

10-616 

9-707 

8  925 

8-249 

40 

12-693 

11475 

10-443 

9*503 

8  804 

8146 

50 

12-436 

11-264 

10*269 

9-417 

8081 

8  041 

51 

12183 

11-057 

10097 

9  273 

8  559 

7*937 

52 

11-930 

10849 

9  9*25 

9  1-29 

8  437 

7*833 

53 

11-674 

10637 

9748 

8  980 

8311 

77-25 

54 

11-414 

10-421 

9-507 

8  827 

8  J8l 

7*614 

55 

11150 

10-201 

9*382 

8  070 

8  047 

7*499 

56 

10  882 

9  977 

9*193 

8-509 

7  909 

7-379 

57 

10-611 

9749 

8-999 

8  343 

7  706 

7'256 

58 

10-337 

9  516 

8801 

8173 

7  619 

7^128 

59 

10058 

9280 

8-599 

7*999 

7  468 

6^96 

60 

9-777 

9  039 

8  392 

7820 

7312 

6860 

61 

9-493 

8-795 

8181 

7  637 

7  152 

6-719 

62 

9-205 

8-547 

7-966 

7  449 

6  988 

6-574 

63 

8  910 

8*291 

7742 

7  253 

6815 

6*421 

64 

8-611 

8-030 

7  514 

7  052 

6  637 

6262 

65 

8-304 

7'761 

•   7-270 

0  841 

0  449 

6*095 

563 


TABLE   XXVII    rn„. 


7-^94 
7-682 
7-367 

7-051 
6-734 

6-418 
6-103 

6794 

^491 

6199 


4-925 
4-G52 
4-372 

4*077 
3-781 

3-499 
3'2-29 

2-982 

2-793 

2-620 


6-075 

5-790 

5507 

5230 

4.962 

4-710 
4-457 
4-197 
3-921 
3  643 

3-377 

3-122 
2-887 
2-708 
2-5i3 


^462 

''312 

•185 

013 

794 


2  393 
2  251 
2  131 
i-967 
1-758 


5-764 
5504 

5  245 
4  990 
4-744 

4-5  f  I 

4-277 

4  035 

3-776 

3-515 

3 '263 

3-020 
2-797 
2-627 
2471 


0-625 
6.405 
6179 
5919 
,6  716 

5-479 

5-241 

5  004 

4  769 

4-542 


0256 
6.058 
5855 
5  646 
5434 

5-218 
5  000 
4-781 

4563 

4-354 


2328 
2193 
2080 
I '924 
1*723 


4-326 
4-109 

3-884 
3-641 

3-394 

3W56 
2-926 

2-713 

2  551 

2-402 


4-J54 

3-9.52 

3-742 

3-614: 

3-281 

3055 
2-836 

2632 

2-479 

2-337 


2-266 
2-138 
2  031 

1-882 
1*689 


3*994 

3-806 

3-609 

3-394 

3-174 

^960 

2751 
2557 
2-410 
2275 


2'207 

2085 

1-984 

1*842 

1-656 


2,161 

2*035 
1*939 

1-803 
1-626 


564 

TABLE    XXVIII. 

Showing  the  value  of  an  annuity  on  Two  Ji 
Lives,  deduced  from  the  observations  made 
Northampton. 

'     Difference  of  age  0  years. 


Com- 

3 

4 

5 

6 

mon 
Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

9-49  L 

8-252 

7-287 

6-515 

2 

12-789 

11-107 

9-793 

8-741 

3 

14-196 

12  325 

10-862 

9-689 

4 

15-181 

13  185 

11-621 

10-365 

5 

15638 

13591 

11-964 

10-691 

6 

16-099 

14005 

12  358 

11-031 

7 

16-375 

14224 

12-596 

11-251 

8 

16  510 

14-399 

12-731 

11382 

9 

16-483 

14-396 

12-744 

11-404 

10 

16-339 

14277 

12-665 

11-345 

11 

16-142 

14-133 

12-546 

11-249 

12 

15926 

13  966 

12-411 

11-139 

13 

15-702 

13789 

12-268 

11-023 

14 

15-470 

13  604 

12-118 

10899 

15 

15-220 

13  411 

11964 

10-767 

16 

14-979 

13-212 

11-793 

10-626 

17 

14  737 

13-019 

11630 

10489 

18 

14*516 

12-841 

11-483 

10-365 

19 

14-316 

12-679 

1 1  351 

10  255 

20 

14-133 

12,535 

11232 

10-156 

21 

13-974 

12  409 

11-131 

10-074 

22 

13-830 

12-293 

11-042 

10-002 

23 

13-683 

12179 

10951 

9928 

24 

13-534 

12.062 

10  858 

9.853 

25 

13-383 

12944 

10764 

9  776 

26 

13-230 

11.822 

10-667 

9-697 

27 

13  074 

11-699 

10-567 

9-616 

28 

12-915 

11-673 

10-466 

9  533 

29 

12-754 

11*445 

10-362 

9-448 

30 

12*589 

11-313 

10  255 

9-360 

565 
TABLE    XXVIII    Continued. 


Com- 

3 

4 

5 

6 

mon 

Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

3l 

12*422 

11-179 

10-146 

9270 

32 

12252 

11-042 

10034 

9178 

33 

12079 

10902 

9-919 

2082 

34 

11-902 

10-759 

9801 

8  984 

35 

11*722 

10-612 

9680 

8-883 

36 

11-539 

10-462 

9-555 

8-778 

37 

11-851 

10-307 

9*427 

8670 

38 

11-160 

10-149 

9294 

8-558 

39 

10-964 

9986 

9158 

8-442 

40 

10-764 

9-820 

9-016 

8-322 

41 

10-565 

9654 

8-876 

8-202 

42 

10369 

9491 

8-737 

8-083 

43 

10-175 

9-326 

8-599 

7965 

44 

9W8 

9-160 

8-457 

7843 

45 

9-776 

8-990 

8-312 

7-718 

46 

9.571 

8815 

8-162 

7-589 

47 

9*362 

8-637 

8-008 

7-455 

48 

9-149 

8-453 

7-849 

7316 

49 

8-931 

8-266 

7-686 

7173 

50 

8714 

8-081 

* 

7-522 

7030 

51 

8-507 

7-900 

7-366 

6*893 

52 

8-304 

7724 

7-213 

6-758 

53 

8  099 

7544 

7056 

6629 

54 

7,891 

7362 

6-897 

6-480 

55 

7-681 

7-179 

6-735 

6336 

56 

7-470 

6-993 

6-571 

6*190 

57 

7-256 

6-805 

6-404 

6-041 

58 

7041 

6614 

6-234 

5  890 

59 

6-824 

6-421 

9062 

5-735 

60 

6-606 

6-226 

5-888 

5579 

61 

6-387 

6-030 

5-712 

5-420 

62 

6166 

5-831 

5533 

5-269 

63 

5938 

5-626 

5-347 

5089 

64 

5709 

5-417 

5-158 

4-917 

65 

5-471 

5.201 

49d0 

4-736 

566 


TABLE    XXVIII    Contrnued. 


Com- 

mon 

3 

4 

5 

6 

Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

ee 

6231 

4-9S2 

4  759 

4561 

67 

4-990 

4-760 

4-655 

4-362 

68 

4747 

4537 

4-3i8 

4171 

69 

4-504 

4-312 

4  140 

3-977 

70 

4-261 

4-087 

3-930 

3  781 

71 

4-020 

3-862 

3  719 

3584 

72 

3781 

3636 

3-510 

3387 

73 

3-548 

3  421 

3304 

3^193 

74 

3-324 

3*211 

3-105 

3005 

75 

3  114 

3-015 

2-917 

2-827 

76 

2-926 

2833 

2-750 

2-668 

77 

2-741 

2  656 

2  583 

2-511 

78 

2-550 

24t0 

2410 

2  346 

79 

2  338 

2271 

2  217 

2161 

80 

2  122 

2-068 

2  018 

1-969 

81 

1-917 

1-869 

1-627 

1*786 

82 

1-719 

1-681 

1-642 

1-606 

83 

1-538 

1-510 

1-472 

1-441 

84 

1-416 

1-387 

1  *357 

1-330 

85 

1*309 

1339 

1256 

1-232 

86 

1-218 

1195 

M71' 

1-149 

87 

M41 

1124 

1098 

r078 

88 

1-103 

1030 

1063 

1-104 

89 

1-036 

1-015 

1001 

'984 

90 

•938 

•922 

'909 

•895 

91 

•769 

756 

•748 

-737 

92 

-591 

-583 

»576 

•569 

93 

•369 

•365 

•361 

-357 

94 

•203 

•201 

•199 

•197 

95 

'060 

^     -060 

•059 

-058 

96 

•000 

•000 

•000 

•000 

•    667 

TABLE    XXIX. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from,  the  observations  made  at 
JSortham'pton. 

Diflference  of  age  5  years. 


Ages 

3 

4 

5 

6 

per  Cent  . 

per  cent 

per  cent 

per  cent 

1-  6 

12-347 

10-741 

9-479 

8-467 

2-  7 

14-461 

12-581 

11-100 

9-911 

3-  8 

15-300 

13-319 

11-755 

10-498 

4-  9 

15-809 

13-775 

12-165 

10-869 

5-10 

15-974 

13-933 

12-315 

11-010 

6-11 

16-110 

14-068 

12-447 

11-136 

7-12 

16-137 

14-111 

12-498 

11-192 

8-13 

16-089 

14-089 

12-492 

11-197 

9-14 

15-957 

13-992 

12-421 

11-144 

10-15 

15-762 

13-841 

12-302 

11-048 

11-10 

15-538 

13-664 

12-158 

10-929 

12-17 

15-;]08 

13-480 

12-009 

10-805 

LV18 

15-OSG 

13-303 

11-864 

10-685 

14-19 

14-870 

13-130 

11-723 

10-568 

15-20 

14-660 

12-961 

11-585 

10-453 

16-21 

14-457 

12-799 

11-452 

10-342 

17-22 

14-265 

12-646 

11-327 

10-239 

18-23 

14-082 

12-500 

11-209 

10-140 

19-24 

13-908 

12-361 

11-096 

10-048 

20-25 

13-741 

12-229 

10-989 

9-960 

21-26 

13-584 

12-103 

10-890 

9-879 

22-27 

13-433 

11-987 

10-796 

9-803 

23-28 

13-280 

11-866 

10-699 

9-724 

24-29 

13-124 

11-743 

10-600 

9-643 

25-30 

12-960 

11-618 

10-499 

9-561 

26-31 

12-805 

11-489 

10-396 

9-476 

27-32 

12-641 

11-359 

10'289 

9-389 

28-33 

12-474 

11-225 

10-181 

9-299 

29-34 

12-304 

11-088 

10-069 

9-207 

30-35 

12-131 

10-948 

9-954 

9-112 

568 
TABLE  XXIX    Continued. 


Ages 

3 

4 

5     1 

6 

1 

per  Cent 

p«r  Cent 

per  Cent  | 

Der  Cent 

31-36 

11-955 

10-805 

9-837 

9-014 

. 

32-37 

11-775 

10-659 

9-716 

8-913 

33-38 

11-592 

10-508 

9-591 

8-808 

34-39 

11-404 

10-354 

9-463 

8-701 

35-40 

11-213 

10-196 

9-331 

8-589 

36-41 

11-021 

10037 

9-198 

8-476 

37-42 

10-828 

9-877 

9-062 

8-362 

38-43 

10-635 

9-716 

8-927 

8-246 

39-44 

10-437 

9-550 

8-787 

8-127 

40-45 

10-236 

9-381 

8-643 

8-003 

^ 

41-46 

10033 

9-210 

8-497 

7-878 

42-47 

9-829 

9-037 

8-350 

7-751 

43-48 

9-624 

8-862 

8-200 

7-621 

44-49 

9-414 

8-683 

8-046 

7-488 

45-50 

9-204 

8-503 

7-891 

7-853 

46-51 

8-997 

8-326 

7-737 

7-219 

47-52 

8-790 

8-147 

7-582 

7-084 

48-53 

8-579 

7-965 

7-424 

6-945    1 

49-54 

8-366 

7-780 

7-262 

6-802 

50-55 

8-152 

7-593 

7-098 

6-658 

51-56 

7-941 

7-409 

6-936 

6-515 

52-57 

7-730 

7-225 

6-774 

6-371 

53-58 

7-518 

7-039 

6-609 

6-225 

54-59 

7-304 

6-850 

6-442 

6-076 

55-60 

7-088 

6-659 

6-272 

5-924 

56-61 

6-870 

6-465 

6-100 

5-770 

57-62 

6-651 

6-270 

5-925 

5*613 

58-63 

6-427 

6-070 

5-744 

5-450 

59-64 

6-201 

5-867 

5-461 

5-284 

60-65 

5-970 

5-653 

5-372 

5-112 

61-66 

5-737 

5-447 

5-180 

4-938 

62-67 

5-503 

5-285 

4-986 

4-760 

63-68 

5-265 

5-017 

4-786 

4-576                       1 

64-69 

5-025 

4-798 

4-585 

4-390                       1 

65-70 

4-783 

4-573 

4-378 

• 

4*199 

fi69 
TABLE   XXIX    Continued. 


66-71  4'540 

67-72  4-298 

68-73  4-059 

69-74  3-825 

70-75  8-599 

71-76  3-386 

73-77  3-176 

73-78  2-963 

74-79  2-743 

75-80  2-526 

76-81  2-325 

77-82  2-131 

78-83  1-947 

79-84  1-793 

80-85  1-645 


81-86 

82-87 
83-88 
84^89 
86-90 


1-511 
1-385 
1-284 
1-188 
1-074 


4-349 
4-124 
3-901 
3-683 
3-471 

3-270 
3-070 
2-86ft 
2^659 
S^448 

2-258 
2-077 
1-899 
1'7«1 
1-608 

1-478 
1'356 
1-259 
1-164 
1-054 


86-91 

-921 

-902 

87-92 

•756 

'738 

88-93 

-562 

•554 

89-94 

•377 

•373 

90-95 

-179 

•177 

91-96 

•000 

-000 

4-169 
3-960 
3-752 
3-547 
3-347 

3-159 
2-971 
2-780 
2-580 
2-381 

2-195 
2^013 
1-838 
1*750 
1-573 

M47 
1-329 
1-285 
1-145 
1-038 

•892 
-734 
-547 
-369 
•175 

-000 


4  005 
3  811 
8  616 
3  4231 
'3  236 


3  059 
2  882 
2  701 
2  511 
2  323 

2  147 
1975 
1810 
1672 
1^39 

1417 
1  303 
12l2f 
1  1241 
1021 1 

879 
725 
541 
365 
174 

000 


i 


570 


TABLE    XXX. 

Showing  the  value  of  an  annuity  on  Two  Joi 
Lives,  deduced  from  the  observations  made 
Northampton. 

Difference  of  age  10  years. 


Ages 

3 

per  Cent 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

1-11 

12  346 

10  782 

9  544 

8  547 

2-12 

14  239 

12  438 

11010 

9  857 

3-13 

14  896 

13  019 

11528 

10  324 

4-14 

15  287 

13  374 

11850 

10  647 

5-15 

15  391 

13  479 

11954 

10  716 

6-16 

15  486 

13  578 

12  052 

10  812 

7-17 

15  490 

13  599 

12  083 

10  849 

8-18 

15  486 

13  569 

12  070 

10  847 

Q-'IO 

15  316 

13  482 

12  006 

10  799 

10-20 

15151 

13  355 

11906 

10  719 

11-21 

14  974 

18  217 

11  797 

10  631 

12-22 

14795 

13  078 

11686 

10  541 

13-23 

14612 

12984 

11570 

10  446 

14-^4 

14  424 

12  784 

11450 

10  348 

15-25 

14  230 

12  630 

11324 

10  244 

16-26 

14  030 

12  470 

11193 

10  135 

17-27 

13  882 

12311 

11063 

10  027 

18-28 

13  642 

12  158 

10S(39 

9  924 

19-29 

13  461 

12013 

10  820 

9  825 

20-30 

13  286 

11873 

10  707 

9  732 

21-31 

13121 

11742 

10  600 

9  644 

22-32 

12  961 

11615 

10  498 

9  561 

23-33 

12  798 

11485 

10  893 

9  474 

24-34 

12  632 

11352 

10  285 

9  386 

25-35 

12  463 

11217 

10  175 

9  295 

26-36 

12  291 

11078 

10  062 

9  201 

27-37 

12116 

10  986 

9  946 

9  105 

28-38 

11937 

10  791 

9  826 

9  005 

29-39 

11755 

10  642 

9  703 

9  902 

30-40 

11568 

10  490 

9  576 

6  795 

671 


TABLE  XXX     Continued. 


Age§ 

3 

4 

5 

6 

per  Cent 

per  cent 

per  cent 

per  cent 

31-41 

11-382 

10-336 

9-448 

8-688 

32-42 

11-195 

10-182 

9-320 

8-580 

33-43 

11-207 

10-027 

9-190 

8-471 

34-44 

10-817 

9-869 

9-058 

8-358 

35-45 

10-6-22 

9-706 

8-921 

8-242 

36-46 

10-424 

9-540 

8-781 

8-122 

37-47 

10-221 

9-370 

8-636 

7-998 

38-48 

10-014 

9-195 

8-487 

7-870 

39-49 

9-803 

9-015 

8-333 

7-737 

40-50 

9-590 

8-834 

8-177 

7-602 

41-51 

9-383 

8-658 

8-025 

7-470 

42-52 

9-179 

8-483 

7-875 

7-340 

43-53 

8-975 

8-308 

7-724 

7-208 

44-64 

8-767 

8-130 

7-569 

7-073 

45-55 

8-557 

7-948 

7-411 

6-935 

46-56 

8-344 

7-763 

7-249 

6-793 

47-57 

8*127 

7-574 

7-084 

6-648 

48-58 

7-907 

7-382 

6-915 

6-498 

49-59 

7-684 

7-186 

6-742 

6-344 

50-60 

7-461 

6-989 

6-568 

6-189 

51-61 

7-240 

6-795 

6-395 

6-035 

52-62 

7-021 

6-600 

6*-232 

5-880 

53-63 

6-795 

6-399 

6-042 

5-719 

54-64 

6-568 

6-196 

5-860 

5-555 

55-65 

6-334 

5-986 

5-671 

5-384 

56-66 

6-098 

5-774 

5-479 

5-209 

57-67 

5-860 

5-559 

5-283 

5-031 

58-68 

5-621 

5-341 

5-084 

4-849 

59-69 

5-380 

5-121 

4-883 

4-665 

60-70 

5-139 

4-900 

4-580 

4-478 

61-71 

4-898 

4-679 

4-476 

4-289 

62-72 

4-659 

4-458 

4-272 

4-099 

63-73 

4-420 

4-236 

4-066 

3-908 

64-74 

4-186 

4-019 

3-864 

3-719 

65-75 

4-958 

3-806 

3-665 

3-533 

i 


672 
TABLE    XXX    Continued. 


Ages 

3 

4 

6 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cen, 

66-7« 

3-749 

3-606 

3-477 

3-357 

67-77 

3*529 

3-405 

3-289 

3*180 

68-78 

8-310 

3-199 

3-095 

2-996 

69-79 

3-077 

2-979 

3-887 

2-799 

70-80 

2-843 

2?«7 

2-675 

2-598 

I 


81-91 
82-92 
83-93 
84-94 
a5-95 

86-96 


1-096 

•877 

•622 
•408 
•189 

•000 


1*078 
-864 
-614 
•403 
•187 

'000 


1-061 
•852 
•606 
•398 
•185 

•000 


71-81 

2*618 

2*542 

2-470 

2-402 

72-82 

2-401 

2-334 

2-271 

2-211 

73-83 

2-199 

2*141 

2-085 

2032 

74-84 

2-043 

1*991 

1*941 

1-894 

75-85 

1-903 

1*856 

1*811 

1*769 

76-86 

1-781 

1*739 

1*699 

1*661 

77-87 

1*670 

1*633 

1*597 

1-562 

78-88 

1-580 

1*646 

1-514 

1-483 

79-89 

1*456 

1*427 

1-400 

1-373 

80-90 

1*302 

1*278 

1-255 

1-234 

1-044 
•840 
-599 
•394 
•183 

•000 


k 


573 


TABLE    XXXI. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  1 5  years. 


Ages 

3 

4 

5 

6 

per  Cent 

'  per  Cent 

per  Cent 

per  Cent 

1-16 

11*864 

10-406 

9243 

8-301 

2-17 

13*659 

11981 

10-643 

9555 

3-18 

14*277 

12531 

11-134 

9998 

4-19 

14-657 

12-876 

11*447 

10  284 

5-20 

14-776 

12993 

11-561 

10391 

6-21 

14*904 

13-121 

11*685 

10-510 

7-22 

14*950 

13-178 

11-748 

10576 

8-23 

14*929 

13178 

11-761 

10-597 

9-24 

14*834 

13112 

11715 

10-566 

10-25 

14*683 

12'998 

11-627 

10-497 

11-26 

14-508 

12861 

11*519 

10-410 

12-27 

14-323 

12-715 

11*402 

10  314 

13-28 

14*132  . 

12-564 

11*280 

10-215 

14-29 

13-936 

12-408 

11*153 

10110 

15-30 

13-734 

12*246 

11021 

10001 

16-31 

13*527 

12*078 

10*883 

9886 

9  17-32 

13*320 

11-911 

10746 

9-771 

18-33 

13*121 

11*750 

10-613 

9*660 

19-34 

12*930 

11*595 

10-486 

9554 

20-35 

12*744 

11*445 

10-363 

9*451 

21-36 

12-567 

11*302 

10*246 

9354 

22-37 

12-394 

11-163 

10132 

9*260 

23-38 

12-218 

11-020 

10-015 

9163 

24-39 

12*038 

10  874 

9-895 

9*063 

25-40 

11*854 

10725 

9-771 

8-960 

26-41 

11*670 

10-574 

9-647 

8-855 

27-42 

11*486 

10-423 

9-522 

8751 

28-43 

11*302 

10-272 

9396 

8-645 

29-44 

1M14 

10*117 

9-867 

8-536 

30-45 

10-923 

9959 

9-135 

8*424 

574 
TABLE    XXXI. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-46 

10-728 

9-797 

8-998 

8-309 

32-47 

10-530 

9-631 

8  858 

8-189 

33-48 

10-327 

9-461 

8-714 

8-066 

34-49 

10120 

9-286 

8566 

7-938 

36-60 

9  912 

9110 

8-416 

7-809 

36-61 

9-707 

8-937 

8-267 

7-681 

37-62 

9-603 

8-763 

8-119 

7653 

38-63 

9-296 

8-586 

7-966 

7-421 

39-64 

9-085 

8-406 

7-810 

7-286 

4(K66 

9-870 

8-221 

7-651 

7-146 

41-66 

8-655 

8-035 

7*489 

7006 

42-67 

8-439 

7-848 

7-326 

6*862 

43-68 

8-222 

7-660 

7-162 

6-718 

44-69 

8003 

7*469 

6*994 

6-570 

46-60 

7-781 

7-274 

6-822 

6*418 

46-61 

7.656 

7-076 

6648 

6263 

47-62 

7-328 

6-876 

6-469 

6-104 

48-63 

7093 

6-667 

6-283 

5-937 

49-64 

6-854 

6-454 

6093 

5-767 

60-66 

6-611 

6-236 

6*897 

6-690 

61-66 

6*360 

6-019 

5-701 

5-412 

62-67 

6-127 

6  801 

6-504 

5-233 

63-68 

6-884 

6-680 

5*303 

5*060 

64-69 

6*638 

5-357 

6*100 

4^864 

66-70 

6-391 

6-132 

4-893 

4*674 

66-71 

6146 

4906 

4686 

4-482 

67-72 

4-890 

4-679 

4-477 

4-289 

68-73 

4-656 

4-455 

4-269 

4*096 

69-74 

4*418 

4234 

4-064 

3*906 

60-76 

4-189 

4021 

3-866 

3-721 

61-76 

3-974 

3-821 

3-679 

3-546 

62-77 

3-760 

3-621 

3-492 

a-371 

63-78 

3-538 

3*414 

3-297 

3-188 

04-79 

3-303 

3-192 

3-088 

2-990 

66-80 

3-063 

2986 

2-873 

2-786 

575 
TABLE    XXXI .  Continued. 


A 

3 

4 

5 

6 

Ages 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66-81 

2-833 

2-746 

2-664 

2-587 

67-82 

2-610 

2-533 

2-461 

2-393 

68-83 

2-403 

2336 

2272 

2  211 

69-84 

3-244 

2183 

2-126 

2071 

70-85 

2  097 

2-042 

1-991 

1-941 

71-86 

1-963 

1-914 

1-867 

1-823 

72-87 

1-838 

1-794 

1-753 

1-713 

73-88 

1-736 

1-697 

1-660 

1-625 

74-89 

1-603 

1-570 

1-538 

1^508 

76-90 

1-440 

1-413 

1-387 

1^361 

76-91 

1-221 

1*200 

1180 

1^160 

77-92 

•986 

•970 

•956 

•942 

78-93 

•706 

•697 

•688 

•679 

79-94 

•468 

•453 

•448 

•443 

80-96 

•210 

-   -203 

•206 

•294 

81-96 

•000 

•000 

•000 

•000 

( 


576 


TABLE    XXXIl. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives^ 
deduced  from  the  observations  made  at  North- 
ampton. 

Difference  of  age  20  years. 


% 


Afifws 

3 

4 

5 

6 

^9 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-21 

11413 

10-063 

8-961 

8*070 

2-22 

13172 

11-605 

10*344 

9-313 

3-23 

13794 

12-161 

10-843 

9-764 

4-24 

14178 

12-611 

11-163 

10*057 

6-26 

14-301 

12-633 

11*281 

10-170 

6-26 

14-420 

12-764 

11-400 

10-286 

7  27 

14*461 

12-798 

11-452 

10*341 

8-28 

14-417 

12-786 

11-466 

10-354 

929 

14310 

12710 

11*401 

10*315 

10-30 

14160 

12-686 

11-304 

10*239 

11-31 

13966 

12'^441 

11-188 

10-144 

12-32 

13770 

12-286 

11-062 

10-042 

13-33 

13670 

12*125 

10-932 

9*934 

14-34 

13*363 

11-969 

10-796 

9822 

16-36 

13161 

11-787 

10-666 

9-703 

16-36 

12932 

11*609 

10-607 

9-579 

17-37 

12-714 

11-430 

10-358 

9-464 

18-38 

12-602 

11-257 

10-214 

9-333 

19-39 

12-297 

11-089 

10-074 

9-215 

20-40 

12096 

10924 

9-937 

9100 

2141 

11-906 

10*768 

9809 

8*992 

22-42 

11-723 

10619 

9-685 

8-889 

23-43 

11-640 

10-470 

9-562 

8-786 

24-44 

11*364 

10-317 

9*436 

8-670 

26-46 

11-164 

10-160 

9304 

8-569 

26-46 

10-970 

10-000 

9-170 

8455 

27-47 

10-773 

9-836 

9-032 

8*338 

28-48 

10-572 

9667 

8-890 

8-217 

29-49 

10-366 

9*496 

8744 

8-092 

30-50 

10*160 

9^1 

8*696 

7*966 

31-61 

9-957 

9*161 

8*451 

7-84;i 

32-62 

_9;756 ... 

8980 

•8*306 

7-716 

33-63 

9-650 

8-806 

8*157 

7-588 

34  64 

9-342 

8-629 

8-006 

7-467 

36-65 

9131 

%*44% 

7*%4a 

7«322 

\ 

;  677 
TABLE    XXXII  'continued 


Ages 

3 

4, 

5 

0 

per  Cent 

per  Cen 

per  Cent 

per  Cent 

36-6S 

8-910 

8-264 

7-690 

7-183 

37-S7 

8699 

8-076 

7-527 

7041 

3S-58 

8-477 

7-884 

7-360 

6-894 

39-59 

8-253 

7-689 

7-189 

6-744 

40-60 

6-oa5 

7-490 

7-016 

6590 

4161 

7-796 

7-290 

6-838 

€■434 

42-63 

7567 

7-(J88 

6-660 

6-276 

43-G3 

7-333 

6-881 

6-477 

6112 

44  04 

7C95 

6-671 

6-289 

5-944 

4j-a3 

6-850 

6-453 

6094 

&769 

*8-66 

6-602 

6-230 

6-894 

5-5S8 

47-67 

6351 

6-004 

5690 

5-403 

48-68 

6-096 

5-774 

6-481 

6-213 

49-69 

6-839 

5-541 

S268 

5010 

60-70 

6'683 

5306 

6-064 

4-823 

61-71 

fi-328 

6-074 

4-841 

4-626 

62-72 

5-077 

4-845 

4-630 

4-430 

63-73 

4-829 

4-614 

4417 

4-234 

54-74 

4585 

4-389 

4-208 

4O40 

55-75 

4-360 

4-171 

4-006 

3'862 

60-76 

4-129 

3-966 

3816 

3674 

67-77 

3-908 

3-761 

3623 

3-494 

6a-78 

3-682 

3'549 

3-424 

3  308 

69-79 

3-440 

3-823 

3-210 

3-106 

60-80 

3-197 

3-092 

2-i.93 

3899 

61-61 

2-964 

2-870 

2-783 

2699 

63-83 

3-739 

2-656 

3-578 

3-604 

63  83 

2-530 

2-457 

2-387 

2  321 

64-84 

2-371 

2-305 

2-242 

2-182 

65-85 

2-223 

2-163 

2-107 

3-053 

66-86 

2-089 

2-035 

1-S84 

1-036 

67-87 

1-963 

1-915 

1-870 

1-826 

68-88 

1-860 

1-817 

1-777 

1-737 

69-80 

1-722 

1-685 

l'e50 

1-616 

70-90 

1-546 

1-616 

1*486 

1-460 

71-91 

1-303 

1-280 

1-260 

1-238 

72  92 

1-044 

1-028 

1-012 

■097 

73  93 

■743 

-733 

•723 

■714 

7494 

-480 

-474 

-469 

-464 

75-96 

-210 

■217 

-215 

-313 

^sn 


I  '.> 


fri:  TABLE/  XXXIII. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton. 

Difference  of  age  25  years. 


Ages 

3 

per  Cent 

4 

per  Ceni 

5     ' 

per  Cent 

6 
per  Cent 

126 

11037 

9-770 

8-742 

7-897 

.2-27 

12-722 

11-264 

10080 

9-104 

a.28 

■       • 

18^07 

11-790 

10*555 

9-537 

4-29 

13-661 

12116 

10-855 

9813 

6^ 

ld7^ 

12-220 

10*959 

9913 

6:31 

19*859 

12-322 

11062 

10-016 

7-32 

ii?'8?i 

12-350 

11-100 

10*060 

J^-33 

19820 

12-323 

11090 

10-061 

9-34 

13*698 

12-234 

11*024 

iO-012 

10-35 

13*525 

12098 

10-916 

9*926 

U-36 

13328 

11-941 

10*788 

.9-820 

12-37 

13-120 

11-773 

10-651 

9.707 

13t38 

12906 

11-600 

10-5Q9 

'9-588 

14-39 

12686 

11420 

10*360 

9-464 

16:40 

12-459 

11234 

10-205: 

9*333 

l;€r^l 

12-229 

ll-()44 

10- 046 

9*198 

J  7  42 

12-002 

iO'856 

9-889. 

9066 

18-43 

11*785 

10-677 

9-739 

8-936 

19-44 

11-574 

10-502 

9-592 

8*814 

29-15 

11^367 

10*330 

:    9*448 

8-692 

2\kQ 

1,1-167 

,10465 

9*310 

8-574 

^47 

ip-969 

10-001 

9*173 

8-456 

2M8 

-10*768 

;  9*.833 

9*031 

8*338 

24-49 

iO'562 

9-661 

8*886 

8-214 

95^60 

W366 

9-488 

8-739 

8*089 

26-61 

10-164 

9*318 

8*595 

7-966 

27-62 

>962 

9-148 

8-451 

7-842 

98-63 

9-748 

8*975 

8-304 

7-716 

29-54 

9-540 

8-799 

8-153 

7-586 

80-65 

^329 

8*619 

7-999 

7-453 

•  -                1 

n 


fij» 


TABLE    XXXIII    Continued. 

.ill*  f 


1  r   « 


Ages 


31-56 
3267 
33-58 
34-59 
35-60 


3 

ner  Cent 


4 

per  Ceitt 


5 

pet  Cent 


6 

per  C^ht 


8-897 
8-677 
8*454 
8-227 


8*436 
8*250 
8060 
7-866 
7-669 


7*841 
7-680 
7-515 
7-346 
7-174 


71-96 


«000 


•000 


*000 


7-316 
7175 
7-031 

6-884 
6-732 


36-61 

7*997 

7-469 

6*d98 

6577 

37  62 

7-765 

7-265 

6-819 

6-418 

38  63 

7-525 

7-053 

6-631 

6,252 

39-64 

7-5?8l 

6*838 

6-440 

6-081 

40-65 

7-030 

6*614 

6-2i0 

5-901 

41-06 

6-776 

6*386 

6-037 

5718 

4i-67 

6-522 

6*159 

5-831 

5-632 

43-68 
44-69 

6266 

5-929 

5-622 

5^343 

6008 

5*696 

6*411 

5:160 

45-70 

5.749 

5*460 

5-195 

4*953 

46  71 

5*488 

5-222 

497« 

4-753 

47-72 

5-228 

498) 

4-759 

4-651 

48  73 

4970 

4743 

4-539 

:    4*348 

49-74 

4716 

4*611 

4*322 

4-146 

50-75 

4-472 

4-285 

4*112 

3*951 

51-76 

.  4-245 

4074. 

3*916 

.    3.768 

52  77 

4  019 

3-864 

3-720 

3*586 

53  78 

3-78/ 

3*648 

3*518 

:  3*396 

54  79 

3-540 

3^416 

3:299 

.3:189 

55-80 

3  291 

3-180 

3:076 

2-978 

*        ■  * 

56-81 

3.051 

2  953 

2'861 

5-774 

57  82 

2-820 

2-733 

2-651 

2-574 

58-83 

2-308 

2.530 

2*457 

5-388 

59  84 

2-44d 

2-376 

2-310 

2-247 

60-85 

2297 

2-234 

2-174 

2118 

61-86 

2162 

2-106 

2^061 

2000 

62-87 

2036 

1-985 

1*937 

1-891 

63-88 

1-932 

1.886 

1-843 

1-602 

64  89 

1-7P0 

1751 

1-714 

1-6^8 

65-90 

1-606 

1*575 

1-544 

1-615 

66-91 

1*354 

l-SO 

i-ao7 

'1 
1-285 

67.i»^- 

._1Q83 

r067 

i*(j5a 

1-085 

68-93 

•770 

•760. 

•750 

•740 

69-94 

^97 

•491 

•485 

-480 

70-95 

•227 

•224 

•222 

•220 

'000 


i 


mm 


«M 


TABLE    XXXIV. 

Showing  the  value  of  an  annuity  on  Two  Joint  Livea 
deduced  from  the  observations  made  at  North 


otnpton. 


Difference  of  age  30  years. 


Ages 


per  Cent 


6    "i     6 

per  Cent  per  Cent 


1-31 
3-32 
3-33 
4-34 
6-35 

<t-36 
7-37 
8-38 
9>39 
10-40 

11-41 
\%-^ 
13-43 
14-44 
15-4S 

16-46 
17-47 
18-48 
19-19 


I0*6I>5 
13*203 
13-743 
13*061 
13*136 

13-307 
13-195 
13-123 
12-981 
13*791 


9*438  8*483 

10*865  9  767 

11-355  10ill3 

11-651  10-488 

11*732  10*573 


11*813 
11*819 
11-773 
11-665 
11*513 


10666 
10678 
10^48 
10565 
10-443 


13^580  11*3^  10*303 

13*363  11*165  10*156 

13*144  10985  10007 

11*918  10799  9852 

11*687  10-607  9690 


11>448     10^408 
11*310     1O308 


10975     lOOll 
10-746       9818 
M-50      10-583      9690 


9353 
9-186 
9031 
8-861 


31-51 


10-313 

10-111 

9-905 


9^484 


9454 
9384 
9*111 
8934 
8^54 


8-431 
8-J70 
8-116 


9<61       9«3 
M»       9*193 


7-691 
8*855 
9*363 
9518 
9602 

9*687 
9716 
9.701 
9-637 
9537 

94W 
9208 
9-173 
90I3 


8^17 


8333 
8-196 


8-713      9667 
7-944 

7^8 


7-419 

7 

7 


Ml 


TABLE    XXXIV    Continued. 


Ages 


3 

per  Cent 


4 

per  Cent 


5 

|)er  Cent 


6 

}6r  Cent 


31-61 
32-62 
33  63 
34-64 
35  65 


8-147 
7.914 
7673 
7-429 
7177 


7-601 
7-397 
7-186 
6-971 
6-747 


7-116 
6-937 
6-750 
6-559 
6-360 


6-682 
9*524 
6*359 
6-189 
6010 


36-66 

6*923 

6520 

6156 

1 
5'827 

37-67 

6663 

6*288 

5  948 

5*639 

38  68 

6-401 

6052 

5-735 

5*446 

39-69 

6-137 

2-813 

5*518 

5*249 

40-70 

5-871 

5-571 

5-298 

5*047 

41-71 

5-605 

5.329 

5076 

4-844 

42-72 

5-341 

5-087 

4854 

4^640 

43-73 

5-081 

4*848 

4634 

4436 

44  74 

4*826 

4'613 

4417 

4-235 

45-75 

4-580 

4  386 

4-206 

4-040 

4676 

4*348 

4-1'A 

4*006 

3*863 

47-77 

4-115 

3'954 

3-805 

3666 

4878 

3-875 

3-731 

3696 

3*469 

49-79 

3*619 

3*490 

3369 

3-256 

50-80 

3*362 

3-247 

3-140 

3-039 

51-81 

3*117 

8*015 

2-920 

2.829 

52  82 

2-882 

2*792 

2-707 

2627 

53  83 

2-665 

2-585 

2*510 

2*438 

54-84 

2-501 

2-4*28 

2-360 

2*295 

55-85 

2349 

2-284 

2-222 

2*164 

56  86 

2^11 

2*153 

2*097 

2*'>44 

57-87 

2*082 

2-030 

1*980 

1.932 

58-88 

1-975 

1*928 

1*883 

1-841 

69-89 

1-828 

1-788 

1*750 

1*713 

60-90 

1-641 

1*608 

1*577 

1-547 

61-91 

1-382 

1^358 

1-334 

1-311 

62  92 

1-105 

1*088 

1071 

1056 

63-93 

•785 

-774 

•764 

•754 

64-94 

•506 

•500 

'494 

•489 

65-95 

•230 

•228 

•226 

•224: 

66  96 

•000 

•ooo 

•000 

^-000 

I 


5M 


j.'i 


,TA^I,Je.J5.^.J^ 


'^  *  *  .  . 


Showing  the  value  of  an  annuity  on  Two  Joint 
hires,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  35  years. 


3 

4 

6 

6 

Ages 

per  Cen' 

per  Cent 

per "  Cent 

per  Cent 

1-36 

10-104 

9-047 

8-173 ' 

7-442 

2-37 

11-600 

10-392 

9-390 

8-531 

3-38 

12087 

10-838 

9-800 

8-928 

4-39 

12-362 

11-097  10-043 

9-157 

6-40 

12-405 

11-150  10-102 

9-219 

6-41 

12-446 

11-203  10-163 

9-283 

7-42 

12-412 

11-190  10-165 

9*296 

8-43 

12-325 

11-130  10-12'4' 

9-270 

9-44 

12474 

11-012  10-031^ 

9-197 

10-45 

11-976 

10*51 

9-900 

9-088 

11-46 

11-75Q 

10-697 

9-7745. 

8-962 

•         * 

12-47 

11-525 

10-481 

9?592 . 

8*827 

13^8 

11-288 

10-284 

9-425: 

8*686 

14-49 

11-045 

10-080 

9*252 

8*638 

15-50 

10-799 

9-872 

9-076 

ff-386 

16-61 

10-554 

9-665 

8-899^ 

8-234 

17-62 

10-313 

9-461 

8-724. 

8-d8i 

18-53 

10-076 

9-260 

8-552 

7-934 

19-54 

9-845 

9-063 

8-383 

7-788 

20-55 

9-617 

8-869 

8-216 

7>64S 

21-56 

9-394 

8-679 

8-053 

7-502 

22-57 

9474 

8-491 

7-891 

7-362 

23-68 

8-951 

8-299 

7-725 

7-218 

24-^9 

8-72S 

8-104 

7-556 

7-070 

25-60 

8'495 

7-906 

7-383 

6-919 

26-61 

8!263 

7-704 

7?807 

6^764 

27-62 

8-028 

7-499 

7-027 

6-605  ; 

28-63 

7-785 

7-286 

6-889 

6-439 

29-64 

7"539 

7-069 

6-648 

6*268 

30-65 

7-286 

6-844 

6-447 

6-089 

TABLE  . XXXV    Continued. 


Ages 

3 

per  Cent 

• 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

31-66 

7-028 

6-615 

6-243 

5-905 

32-67 

6-768 

6-382 

6-033 

5-717 

33-68 

6-504 

6-146 

5-820 

5-524 

34-69 

6-239 

5-906 

5-603 

5-326 

35-70 

5-971 

5-663 

5-382 

5-125 

86-71 

5-703 

5.419 

5-159 

4-920 

87-72 

5-435 

5-174 

4-934 

4-714 

38-73 

5-169 

4-930 

.4-710 

4-507 

39-74 

4-908 

4-690 

4-488 

4-301 

40-75 

4-656 

4-457 

4-272 

4-101 

41^76 

4-420 

4-238 

4-069 

3-912 

4L2.-77 

4-184 

4-0 1J9 

3-866 

3-722 

4^-78 

3*942 

3-794 

S'655 

3-626 

44-79 

.3-685 

3-552 

3-428 

3-312 

45^80 

3-426 

3-308 

8-197 

3-093 

46-81 

3-176 

3-072 

2-973 

2'8dl 

47-82 

2-936 

2-843 

2-756 

2-673 

48-83 

2-714 

2-632 

2-554 

2-481 

49-84 

2-544 

2-470 

2-400 

2;334 

50-85 

2-388 

2-322 

2-258 

2-198 

51-86 

2-248 

2-188 

2-131 

2-077 

2-87 

2-117 

2-063 

2-012 

1-963 

53-88 

2-008 

1-960 

1-914 

1-870 

54^89 

1-858 

1-817 

1-778 

1-740 

55-90 

1-666 

1-633 

1-601 

1-570 

56-91 

1-402 

1-377 

1-353 

1-330 

57-92 

1-120 

.  m;o2 

1-085 

1-069 

58-93 

•794 

•784 

•773 

.763 

59-94 

-511 

•505 

•499 

'494 

60-95 

-233 

-230 

•228 

-226 

61-96 

•000 

•ooo 

•000 

-000 

fi84 


TABLE    XXKNL. 

Showing  the  value  of  an  annuity  on  Two  Joi 
Lives^  deduced  from  the  observations  made 
Northampton. 

Difference  of  age  40  years. 


Ages 


1-41 
2  42 
3-43 
4-44 
5-45 

6-46 
7-47 
8-48 
9-49 
10-60 

11-61 
12-62 
1363 
1454 
1666 

16-66 
17-67 
18  68 
10-69 
20-60 

21-61 
22-62 
23-63 
24-64 
^66 

26  66 
P7-67 
28-68 
i9-69 
30-70 


3 

per  Cent 


4 

per  Cent 


5 

per  Cent 


6 

per  Cent 


9  623 
0-907 
1343 
1-678 
1-697 

1*610 
1*660 
1-436 
1-260 
1-044 

0-816 
0*682 
0-344 
O-IOO 
9*861 

9-696 
9-340 
9089 
8.841 
8'607 

8-367 
8119 
7'874 
7626 
7-370 

7'110 
6-847 
6'681 
6*313 
6043 


8.686 

9-839 

10242 

10*468 

10-600 

10-628 
10-491 
10^404 
10-263 
10,086 

9'894 
9*698 
9-497 
9*290 
9-077 

8-868 
8*639 
8*422 
8*207 
7*996 

7*787 
7-580 
7'366 
7*147 
6-920 

6-689 
6*464 
6-216 
6*973 
6*729 


7*^0 
&*J^2 
9V316 
9'631 
9*671 

9*609 
9-689 
9524 
9-400 
9-260 

8100 
8'934 
8*763 
8'686 
8*403 

8-214 
8*024 
7*835 
7-648 
7*463 

7*281 
7*100 
6-910 
6-717 
6-516 

6*309 
6*098 
5*883 
5*664 
5-442 


7*135 
8*182 
8*528 
8*733 

8»7*r8 

8*823 
8^16 

8yr67 

8*673 

8*548 

8*411 
8*270 
8*123 
7*970 
7*812 

7648 
7481 
7  316 
7  153 
6980 

6*830 
6^70 
6603 
6,831 
6*151 


5-966 
5-776 
5-681 
5-383 
5*180 


i 


1 


085 
TABLE    XXXVI    Continued. 


Ages 

3 

per  Cent 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

31*71 

5-772 

5-483 

5-218 

4-974 

32-72 

5-502 

5-236 

4-992 

4-767 

33-73 

5-235 

4-991 

4-766 

4.559 

3474 

4-973 

4-749 

4-543 

4-353 

36-75 

4-720 

4-516 

4-327 

4-153 

36-76 

4-481 

4-295 

4-123 

3-962 

37  77 

4-242 

4-073 

3-916 

3-770 

38-78 

3-996 

3-844 

3-702 

3-570 

39-79 

3-734 

3-598 

3-471 

3-352 

40-80 

3-469 

3-349 

3-236 

3-130 

41-81 

3-216 

3109 

3-009 

2-914 

42-82 

2-973 

2-878 

2-789 

2-705 

43-83 

2-750 

2-^66 

2-587 

2-511 

44.84 

2-581 

2-505 

2-433 

2-365 

45-85 

2-424 

2-356 

2-291 

2-230 

46-86 

2-282 

2-221 

2.J62 

2-107 

47  87 

2-148 

2-093 

2-041 

1-991 

48-88 

2036 

1-987 

1-941 

1-885 

49-89 

1-882 

1-840 

1-800 

1-761 

50-90 

1-685  . 

1-651 

1-619 

1-590 

51-91 

1-417 

-1-391 

1-367 

1-343 

52  92 

1130 

1-113 

1-095 

1-079 

53-93 

-801 

-790 

-780 

•770 

54-94 

-515 

-509 

•503 

•498 

55-95 

-234 

-232 

-230 

* 

-228 

56-96 

•000 

•000 

•000 

000 

i 


TABtB    XXXVH 

Showing  the  raluetjf  an  annuity  on  Two  Joint  Liv 
deduced  from  the  observations  made  at  Nor 
ampton. 

Difference  of  age  45  years. 


Agea 

3 

4 

5 

(> 

per  Ce[it 

er  Ccm 

per  Ce.u 

■er  Ce. 

1-46 

8'8B8 

b-07t 

7-379 

6  787 

3-47 

10- 147 

9-221 

8-436 

7-760 

3-4H 

10-515 

e-666 

8  769 

8063 

4-49 

10-697 

0-744 

8-932 

8  230 

6-50 

10-679 

9-743 

8-941 

8  248 

6-61 

10-604 

9-743 

8-956 

8-271 

7-62 

10  586 

0-690 

8-910 

8248 

8-63 

10-458 

9-591 

8-841 

8-188 

9-54 

10-276 

9  442 

8718 

6-085 

10-55 

10-056 

9-256 

8-560 

7  951 

1156 

9-814 

9-052 

8-386 

7-801 

12-57 

9-506 

8-839 

820;) 

7-643 

1358 

9-312 

8-622 

8-015 

7-479 

14-59 

9-053 

8-399 

7-821 

7-310 

15  60 

8-790 

8170 

7622 

7135 

IBfll 

S-521 

7-935 

7-4 16 

6-953 

17-62 

8-253 

7-700 

7-208 

6  770 

18  63 

7-981 

7-463 

6-998 

6-683 

19  64 

7714 

7-226 

6  789 

6396 

20-65 

7-444 

6-986 

6  676 

6  205 

21  66 

7'177 

6-749 

6-364 

6-016 

32-67 

6-911 

6-512 

6-151 

6-8-24 

23.69 
24-69 
26-70 

6-643 
6-373 

6-371 
6-027 

6-934 
6-713 

6-628 
5-427 

t,-„i,9 

6-7&0 

5-489 

62-23 

2671 

6-826 

6-532 

5S63 

5016 

27-72 

6-064 

6-283 

6-035 

4'807 

28  73 

5-2S4 

6-036 

4-808 

4- 597 

29  74 

6-UI9 

4-592 

4  683 

4390 

80-76 

4-764 

4-557 

4-365 

4-188 

»7 


TABLE    2CXXVII    Continued. 


Ages 

3 

per  Cent 

4             5 

per  Cent  per  Cent 

6 

per  Cent 

31-76 

4-523 

4-a^5 

4-160 

3^997 

32-77 

4-282 

4-111 

3-952 

3-804 

33  78 

4*035 

3-881 

3-737 

a-602 

34-79 

3-771 

3-633 

3-505 

3-384 

35-80 

3*506 

3*383 

3-268 

3-160 

36-81 

3-251 

3-142 

3^040 

2-944 

37  82 

3-005 

2-909 

2-818 

2.733i 

38-83 

2-779 

2*694 

2-613 

2-537' 

39  84 

2-607 

2-630 

2-457 

2-d88i 

40-85 

2-448 

2-379 

2-313 

2-251 

41-86 

2-304 

2-241 

2-182 

2*126 

42-87 

2-168 

2-113 

d-060 

2*009 

43-88 

2-055 

2*006 

1-959 

1-914 

44-89 

1-901 

1-859 

1-818 

1*779 

45  90 

1^702 

1-668 

1-635 

1-604 

46  91 

1M31 

1*405 

I-3$0 

1*356 

47-92 

1-140 

1-122 

1M05 

1.089 

48-93 

.808 

•797 

'786 

•776 

49  94 

•519 

•512 

•50?' 

♦501 

50-95 

•235 

•233 

•231 

*229 

51-96       '000       -000        •OOO 


•000 


i 


TABLE    XX^^VIII. 

Showing  the  value  of  an   annuity  on  Two  Join 
Lives,  deduced  from  _the  observations  made  a 
Northampton, 
,  Difference  of  age  50  years. 


3 

4 

5 

6 

AgCB 

pet  CeM 

p^Cem 

perTJeni 

per  Cent 

1-31 

8-171 

7-479 

6-685 

6-370 

252 

9'30O 

8-520 

7-848 

7264 

3-53 

9-Gll 

8-815 

8-128 

7-529 

4-54 

9-751 

8-937 

8-269 

7-668 

555 

9-7G7 

8-931 

8-266 

7-666 

6-38 

9-ao9 

8-902 

8-241 

7-662 

7-57 

9M9 

8-817 

8-176 

7-612 

8-58 

9-393 

8-691 

8'073 

7-527 

9-59 

fl-191 

8-3 19 

7-927 

-  7-403  ■ 

10-60 

8-952 

8-314 

7-730 

7-250 

ii-m 

8-696 

8-092 

75r57 

7-081 

,12.62 

8-433 

7-863 

7-367 

-6-906 

13-63 

e-16l 

7-625 

7-147 

-  6-719 

14-.64 

7-8S4 

7-381 

6-931 

6-327 

13-63 

7-597 

7-127 

6.706 

6-335 

16-66 

7-304 

6-866 

6-472 

6-113 

17-67 

7-012 

6-604 

6-236 

5-903 

18-se 

6.721 

6-343 

6001 

3-689 

19-68 

6-431 

6-084 

5-766 

5-476 

20-70 

6-149 

5-826 

5-532 

5-262 

21-71 

5-870 

5-572 

5-300 

5-050 

32-72 

5-595 

5.321 

5.078 

4-840 

23-73 

5-323 

3-072 

4-841 

4-628 

24-74 

5-056 

4-827 

4-615 

4-419 

26-75 

4-799 

4589 

4-396 

4-216 

26-76 

4-556 

4-305 

4-188 

4-024 

27-77 

4-313 

4140 

3979 

3-829 

28-78 

4-064 

3-908 

3-762 

3-026 

29-79 

3-798 

3-659 

3-528 

3-406 

30-80 

3-530 

3-406 

3.290 

3-181 

'589 
TABiLE    XXXVIII    Continued. 


Ages 

3 

per  Cent 

4 

per  Cen^ 

5 

per  Cent 

6  '■■ 

per  Cent 

31-81 

3-274 

3164 

3-060 

2-963 

3>$2 

3027 

2-929 

2-83^  ' 

2*751 

33-83 

2-800 

2-713 

2.632 

2-555 

34-84 

2-627 

2^549 

a-476- 

2-406  - 

36-85 

2-468 

2-398 

2-331; 

2-268 

* 

36-86 

2-323 

2-260 

2-200 

2-143 

37-87 

2-187 

2180 

2-077- 

2-026 

38-88 

2-072 

2-022^ 

1-974 

.1-929 

39-89 

1-915 

1-872 

1-832 

1-792 

40  90 

1-713 

1-679 

« 

1-646 

1-614 

41-91 

1-439 

1-413 

1-388 

1-364 

42-92 

1-146 

1-128 

1111 

1-094 

43-93 

•811 

•800 

•790 

•779 

44-44 

•521 

•515 

-509 

•503 

45-95 

-236 

•234 

•230 

.239 

46  95  = 

•000 

•          • 

•doo 

•000 

.    -000 

i<  ':■ 


<  ; 


«     ■  J     : 
•  J.  i' 


»  •  • 


* 


<.. 


-.  «l»^    •  -ai^f        *^" 


i 


s^ 


TABLfi    XXXV*I/ 

Showing  the  value  of  an  annuity  on  two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton. 

Difference  of  age  55  years. 


1-56 

7*4*2 

257 

8*392 

3-58 

8*630 

4-59 

8*712 

6-60 

8*639 

6-61 

8*54a 

7-62 

8-«0 

8-63 

8*214 

9  64 

7*984 

10-65 

7*718 

11-66 

7*437 

12-67 

7*149 

13*68 

6*857 

1469 

6*562 

15-70 

6*264 

1671 
17-72 
18-73 
19-74 
20-75 

21-76 
22-77 
23-78 
24-79 
25-80 


5*964 
5-667 
5*378 
6*098 
4.831 

4*583 
4*339 
4-087 
3*820 
3*550 


26-81 

3*292 

27-82 

3-043 

28-83 

2-815 

29-84 

2.641 

30-85 

2-481 

6-843 
7-756 
7*986 
8*075 

soil 

7*9i4 
7-828 
7*669 
7*470 
7-286 

6907 

6*7:^0 

6*468 
6*202 
5*933 

5*660 
5*389 
5*123 
4-866 
4*619 

4*391 
4-164 
3-930 
3*679 
3*425 

3-181 
2*945 
2*728 
2*563 
2-411 


6*346 
7*199 
7*421 
7*514 
7466 

7*415 
7*319 
7-184 
7*010 
6*^03 


5-911 
6-709 
6*922 
7*017 
6-982 

6*945 
6-865 
6*750 
6*598 
6*414 


5-876 

5*578 

5-631 

5-355 

5-382 
5-133 
4*889 
4-651 
4-424 

5-127 
4*899 
4*673 
4*453 
4*242 

4-212 
4-001 
3-783 
3-548 
3*308 

4*046 
3*850 
3*646 
3*424 
3*198 

3-077 
2*853 
2*646 
2*489 
2*344 

2*979 
2*766 
2*568 
2*418 
2*280 

TABLE   XXXIX    Continued. 


Ages 


3 

per  Com 


4 

jicr  Cept 


5 

per  Cen  t 


.6 

per  Cer.f 


31-86 

2-336 

2-272 

2-212 

2154 

32-^ 

2.  J  98 

£•142 

2K)88 

3*036 

33  88 

2083 

2-033 

1-985 

1-939 

34-89 

1-925 

1-882 

1-841 

1-802 

36-90 

1-723 

1-688 

1-654 

1-622 

3691 

1-446 

1420 

1-395 

1-371 

37-92 

M25 

1134 

1116 

1^)99 

38-23 

•815 

•80^ 

•793 

•783 

39  94 

•523 

^17- 

•611 

•505 

40  95 

•237 

•235 

•233 

•281 

41-96 

•000 

•000 

•000 

•000 

-.  -Oi. 


592 


TABLE    XL. 

Showing  the  .  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northatnpton. 

Difference  of  age  60  years. 


i 


I 


A 

3 

4 

5 

6 

Ages 

per  Ccn 

per  Cent 

per  Cent 

per  Ceni 

1-61 

6-571 

6123 

5-725 

5-372 

2^62 

7-391 

6-894 

6-452 

6059 

363 

7-545 

7-048 

6-606 

6-209 

4-64 

7-562 

7-076 

6-641 

6-251 

5-66 

7-429 

6-963 

6-546 

6-171 

666 

7-290 

6-846 

6-447 

0-087 

7-67 

7-104 

6-684 

6-306 

5-963 

8-68 

6-884 

6-490 

6-134 

5-811 

9-69 

6-628 

6-262 

5-929 

6-626 

10-70 

6-347 

6008 

5-700 

5-418 

11-71 

6056 

5-744 

5-460 

5199 

12-72 

5-763 

5-478 

5-216 

4-976 

13-73 

5-473 

5-212 

4-972 

4-751 

14-74 

6-188 

4-950 

4-731 

4-528 

16-76 

4-911 

4-695 

4-495 

4-310 

1676 

4-649 

4-452 

4-270 

4-101 

17-77 

4-388 

4-210 

4-045 

3-892 

18-78 

4-123 

3-964 

3-815 

3-677 

19-79 

3-846 

3-704 

3-571 

3-447 

20-80 

3-569 

3-443 

3-325 

3-214 

21-81 

3-307 

3-195 

3-091 

2-992 

22-82 

3-057 

2-968 

2-865 

2-777 

23-83 

2-828 

2-740 

2-657 

2-579 

24-84 

2-653 

2-574 

2-499 

2-429 

26-85 

2-492 

2-421 

2-354 

2-290 

26-86 

2-346 

2-282 

2-221 

2-163 

27-87 

2-208 

2-151 

2-096 

2-044 

28-88 

2-091 

2-041 

1-992 

1-946 

29-89 

1-933 

1-889 

1-848 

1-808 

30-90 

1-729 

1-694 

1-660 

1-628 

31-91 

1-451 

1-425 

1-400 

1-376 

32.92  , 

_  1-155 

1-137 

1-119 

1-102 

33-93 

-817 

-806 

•796 

-785 

34  94 

524 

•518 

-512 

-506 

35-95 

•238 

•235* 

-233 

•231 

593 


TABLE    XLL 

bowing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  fjo»i  tlie  observations  made  at  Norths 
amp  ton. 

Difference  of  age  65  years. 


Alios 

3 

4 

5 

6 ' 

or  Ce  t 

•T  Coir 

•or  C  ir 

>er  Cent 

1  6(j 

5  633 

6-295 

4'J96 

4-728 

2  67 

i.^4,m 

6-696 

6-6Si> 

6-276 

3  68 

9  330 

6-9j5 

5-J41 

6^352 

4  69 

6  277 

5.924 

6-Jll 

6^332 

6  70 

f.02 

5-76tJ 

5-^72 

5*209 

6-71 

5-925 

5610 

6-331 

5*084 

7  72 

5714 

5-418 

6-157 

4*929 

8  7.-^ 

5  480 

6-204 

4-963 

4-/52 

9  74 

5  225 

4*969 

4-747 

4'556 

10  75 

4-952 

4-725 

4-622 

4-350 

11  76 

4-707 

4-487 

4-301 

4-148 

1277 

4'449 

4-358 

1195 

'3-943 

1378 

4M85 

4  022 

3»7l 

3-729 

14  79 

3-934 

3-759 

3624 

3-497 

16-80 

3-621 

3-492 

3-372 

3*259 

ie-31 

3348 

3235 

3128 

3028 

17-iJi 

3  087 

2-987 

2  893 

2-80  i 

18  83 

2-8.9 

2  760 

2-677 

2*598 

19-84 

2668 

2  689 

2  513 

2442 

20  85 

2503 

2  431 

2-364 

2299 

21-86 

2-354 

2-390 

2-229 

ai7i 

2287 

2-216 

2  158 

2104 

a  051 

23  88 

2*U99 

2-048 

1*999 

Vd53 

24  89 

1-939 

1-895 

1-854 

l*iil4 

25  90 

l-7ii4 

l'C99 

1-665 

V^aa 

2691 

1-455 

1429 

1404 

J -379 

27-92 

1158 

1-140 

1-122 

1105 

28-93 

'819 

•808 

•297  > 

'78^ 

29  94 

'525 

•519 

•513 

•507 

30-95 

'238 

c236 

•234 

•231 

31-96 

•000 

'000 

'000 

•000 

K 


\ 


■' '   •■•''  *  ■'■"■        ■    >■■■••■.■••''    •  '.'■'.. 

Sbpwingthe  valueof  an  annuity  on  Two  Joint  Lives/ 

deduced  from  the  observations  made  at  North- 
ampton.    -'—•—■■        - 

'Difference  of  age  70  years. 


i 


Ag^8 


r 


3 

^er  Ceil  I 


•■4-: 

oer  Cent 


5 

per  Ceh' 


6 

»er  Cerii 


1-^1 
2-72 
3-73 
4-W 
6-75 

6  79 
7-77 

8-78 

979 

10-80 


16^6' 

1787 

18-88 

19*89 

2090 

2\m 

22-92 
23-93 
24-94 
^96 


4'611 
6061 
6  051 
4-963 
4-76$ 

4-599 
4-402 
4*186 
3'92l 
3647 


2-380 

2-236 
2-112 
1-948 
1-739 

V^ 

1-160 
•820 
•626 
•238 


26-96       '000 


4360 
4  814 
4-811 
4-726 
4'667 

4*403 
4-222 
4'i66 
8-776 
3617 


-^169 
.4-668 
-C-691 
4-616 
4'362 

* 

-«i^22l 
4066 
$-864 
3  638 
3396 


3  976 
4380. 
4^89 
«23' 

4-l8r 

4^63 
3899 
3722 
3  610 
3281' 


11^1 

3*380 

3*264 

12-82 

312? 

3  020 

13-83 

2-884 

2-794 

1484 

2-703 

2^22 

16-86 

2635 

2*462 

2^116 
2177 
2*061 
1-904 
1-704 


8-1  fid"^  3*64 

2924  2-833, 

^709"  im^ 

2  646-  2^72 

2-393  2-32/ 


2-253^ 

2-121 

^012 

i-862 

1-676 


599! 

TABLE    XtUI. 

Jhowing  the  value  of  an  annuity  on  7%ree  eqtfol  Joint , 
Lives,  deduced  from  ihe   observations'  made  at 
Northampton.  . ..     -  ■ 


(J.M.I 

4 

(J.i..- 

„\,. 

|'m<'n 

4 

A  . 

■ere... 

a"" 

1  A?- 

■.wt  Ceni 

I 

t>a^a 

^0 

b-44« 

71 

2810 

2 

8-251 

37 

8-309 

72 

3627 

3 

9-632 

38 

8-165 

73 

2-44S       1 

4 

10-601 

S9 

6-017 

74 

2-277       , 

5 

11-170 

40 

7-8tJ5 

76 

2119 

6 

11-707 

41 

7-714 

76 

1-985 

7 

12-068 

42 

7-667 

77 

1865       , 

8 

laaes 

43 

7-423 

78 

1720      , 

1  9 

12-298 

44 

7-276 

79 

1-563      1 

iio 

12-2U0 

45 

7-126 

80 

1-400      1 

]1 

12-043 

46 

6-972 

81 

1-245 

:i2 

n-8fi5 

47 

6-813 

82 

1-09-2 

13 

11-678 

48 

6-650 

83 

-949 

14 

11-481 

49 

6-482 

84 

.860 

16 

a -274 

60 

e'317 

86 

•783 

16 

n-066 

61 

^161 

86 

■716 

17 

10-845 

52 

6-011 

87 

-662 

18 

10-65fl 

63 

6-859 

89 

■646 

19 

10-490 

5* 

5-706 

89 

■614 

20 

10-342 

66 

6-650 

90 

•663 

21 

10-222 

66 

S-393 

91 

-453 

22 

10-U8 

67 

5-235 

93 

-337 

23 

10-012 

68 

6-076 

S3 

185 

■24 

9-905 

69 

4-916 

94 

•086 

j26 

fl-796 

60 

4-765 

e* 

■oia 

25. 

'9-885 

61 

4-593 

27 

9-572 

62 

4-433 

2d 

0-457 

63 

4-263 

,2» 

9-340 

64 

4-093 

30 

9-221 

65 

S-B14 

31 

9-099 

66 

3-733 

32 

8-976 

67 

3-550 

33 

8-848 

3-366 

S4 

8-718 

3-lBl 

36 

8-685 

70 

2-995 

TABLE    XLIV. 

Showing  the  value  of  an  annuity  on  Three  Joint  Lives, 
whose  differences  of  age  are  10  and  20  years,  de- 
duced from  the  observations  made-at  Northampton. 


1-11-21 
2-12-22 
3-13-23 
4-14-24 
5-15-25 

6-16-26 
7-17-27 
8-18-28 
9-19-29 
10-20-30 

11-21-^1 
12-22-32 
13-23-33 
14^24^34 
15-25-85 

16-26-36 

17-27-37 
18-28-38 
19-29-39 
20-30-40 

21-31-41 
22-^2-42 

23-a3-43 
24-34-44 
25-35-45 

26-36-46 

27-37-47 
28-38-48 
29-39-49 
30-40-50 

31-41-51 
32-42-52 
33^43-53 
34-44-54 
35-45-55 

86-46-56 

37-47-57 
38-48-5S 

1 39-49^59 
I  40-50-60 


8-627 

9-914 

10-344 

10-598 

10-655 

10.708 
10.700 
10.(;54 
10-502 
10-438 

10-305. 

10-170 

10-031 

9-887 

9-738 

9-584 
9.429 
9-278 
9-131 
89S(> 

8-850 
8-718 
8-586 
8-451 
8-313 

8-171 
8-027 
7-878 
7.725 
7-571 

* 

7-420 
7-272 
7  123 
6971 
6-816 


41-51-61 
42-5-2-62 
43-53-63 
44-54-64 
45-55-65 

46-56-60 
47-57-67 
48-58-68 
49-59-69 
50-60-70 

51-61-71 
52-()2-72 
53-63-73 
54-<)4-74 
65-65-75 

5(5w66-7« 
57-67-77 
68-68-78 
59-69-79 
60-70-80 

61-Y1-81 
62-72-82 
63-73-83 
64-74-84 
65-75-85 

66-76-S6 
67-77-87 
68-78-88 

69-7^,-89 
7a-'80-90 

71-81-91 
72-82-^2 
73-83-93 
74-84-94 
75-85-95 


58-27 

5-()62 
5-494 
5-322 
5.145 

4-065 

4-782 

4-697 
4-408 
4-219 

4032 
3-847 
3-660 

3-477 
3-298 

3-128 
2-959 

2-785 
2-598 
3-408 

2  2-24 
2-044" 
1-875 
1-743 
1-623 

1-519 
1-4'2J 
1  35' 
1-248 
1.122 

•951 
•767 
-543 
•362 
•119 


6-164 
6-994 


S&7 

TABLE    XLV, 

Showing  the  number  of  persons  living  and  dying  at 
every  age,  according  to  the  observations  made  in 
London. 


Asre 

Living 

Dyino: 

Age 

Livin<( 

Dyin«r 

A<7e 

Living 

Dying 

0 

1000 

320 

1 

680 

133 

31 

294 

7 

61 

97 

6 

2 

647 

61 

32 

287 

7 

62 

92 

6 

3 

4fc6 

27 

33 

280 

7 

63 

87 

6 

4 

469 

17 

34 

273 

7 

64 

82 

6 

5 

462 

12 

36 

266 

7 

66 

77 

6 

6 

440 

10 

36 

269 

7 

66 

72 

6 

7 

430 

8 

37 

262 

7 

67 

67 

6 

8 

422 

7 

38 

246 

8 

68 

62 

4 

9 

416 

6 

39 

237 

8 

.69 

58 

4 

10 

410 

6 

40 

229 

7 

70 

64 

4 

11 

406 

5 

41 

222 

8 

71 

60 

4 

12 

400 

6 

42 

214 

8 

72 

46 

4 

13 

396 

5 

43 

206 

7 

73 

42 

3 

14 

390 

6 

44 

199 

7 

74 

39 

3 

16 

386 

5 

46 

192 

7 

76 

36 

3 

16 

380 

6 
6 
6 
6 
5 

46 

186 

7 

76 

33 

3 

17 

376 

47 

178 

7 

77 

30 

3 

18 

370 

48 

171 

6 

78 

27 

2  , 

19 

366 

49 

ie6 

6 

79 

26 

20 

360 

60 

169 

6 

21 

?66 

6 

61 

163 

a 

22 

350 

6 

62 

147 

6 

: 

1 

23 

346 

6 

63 

141 

6 

• 

24 

339 

6 

64 

136  ' 

>   6 

1 

26 

333 

6 

66 

129 

6 

1 

26 

327 

6 

56 

123 

6 

1 

27 

321 

6 

57 

117 

6 

' 

28 

316 

7 

68 

112 

6 

1 

29 

d(!8 

7 

59 

107 

6 

t 

30 

304 

■7 

60 

102 

6 

- 

a 


TABLE    XLyi. 

Showing  the  E:tpectati(m of  Life,  deduced  fromthi^' 

observations  made  m  London. 


Age  I  Expectation  |  Ag:e|  Kxpectation  |  A^e  I  Expecta^onL  . 


0 
1 
2 

a 

4 
6 

6 
7 

8 
9 

Id 
11 

\  l2 

13 
14 
15 


19  2 
270 
320 
34*0 
816 
860 

86  0 
86-8 
35-6 
352 

34-8 

34*3 
337 
33r 
32  5 
^3l•9^ 


31 
32 
33 
34 
35 

36 
87 

3S 
39 
40 

41 
42 
43 
44 
4d 


16 
17 

-31-3^ 

48 

30  7  - 

47 

18 

80-1 

-48 

19 

29'5 

49 

:  20 

v28-9 

,50 

21 

28-3 

51 

2ii 

27-7 

52 

2^ 

27-2 

53 

24 

1^6-6 

54 

25 

26-1 

55 

26 

25-6 

56 

27 

251 

57 

28 

24-6 

58 

29 

241 

'6^ 

30 

23-6 

-  60 

c 


231 
22-7 
22-3 
219 
215 

2M 

20  7 
20  3 
19  9 
196 

19  2 

1^8 
18  5 
181 

17  8 

»  • 

1^4 
170 

18  7 
16  3 
160 

156 
15-2 
14*9 
145 
14-2 

1^-8 

iH 

lft7 


61 
62 
-63- 
-64 

65 

-   e^ 

67 
68 
69 

-    70  - 

\      ■'- 

>-  .  7t  f 

.v*.7t  .. 
73 
74, 

75; 

<     l' 

76 
77  V 

78 
79 
80  ^ 


\? 


■3  a 


12-0 
11*6 

n*2_ 

108 
10  5 

10  1 
9  8 
94 

,  :»i    - 
■:  8-8*-  -■ 

<84    - 

7*8 

~,y'5:   ^", ; 

•»  f'7  2  .  V 

• 

■v'^*8    . 

60 
65 
50    "^ 


"J 


I- 


A 
•^ 


I 


.^.v  : 


Ox 


Sbowing  the  value  of  an  annuity  on  a  Sidglfe  Life;  at ^ 
every  ag^,  deduced  from  the  observations  made 
in  London. 


Age 


1 1 


per 
Cont 


per 
Cent 


per 
Cent 


Age 


3 

per 
Cent 


per 
Cent  I 


per 
Oefnt 


Age 


per 
Cfen' 


pel" 
Cem 


6 
7 
8 
9 
10 


188 
18-9 
9  0 
19  0 
190 


11 

190 

12 

189 

13 

187 

14 

18  5 

15 

18  3 

16 
17 
18 
19 
20 


26 
27 
28 
29 
30 


k81 
^7*9 
17  6 
17-4 
17  2 


16^2 
163 
16-4 
16-4 
16-4 

1J6*4 
16-3 
16-2 
160 
15'8 

15'6 
i5  4 
152 
15-0 
M-8 


14- 1 
14  2 
14-3 
14-3 
14  3 

14-3 
14*2 
14- 1 
14  0 
ISd 

137 
13'5 
134 
13  2. 

130 


21 

17  0 

i4-7 

22 

ll6  8 

14-5 

23 

lb  6 

14-3 

24 

16-3 

14-1 

25 

16- 1 

140 

159 
15-6 
154 
152 
150 


13  8 
13*6 
13*4 
13-3 
13-1 


31 
32 
33 

34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 


129^  46 
12-7  47 
12,6  48 
12-4  49 
12-3     50 


121 
120 
11-8 
11-7 
116 


61 
52 
53 
64 
65 


14-8 

146; 

14  4 
14^2 
14-1 

13.9 
13'7 
135 
13-3 
13.2 

13-0 

126 
liJ-6 
12*3 

12-i 
11.9 
1 1-8 
116 
11*4 

11-2 

IVO 
10-7 

105 
10-3 


12  9 
12-7 
12'6 
12-4 
12-3 

12-1 
119 
11-8 
11-6 
11-5 

11-4 
1V2 
111 
11-0 
10-8 

10-7 
105 
10-4 
10-2 
101 

9*9 
9-8 
96 

9-4 
93 


XV  A 
11-3 
11-2 
ll-O 
1Q.9 

tO-8 
lt)6 
105 
m.4 

iq-3 

ld'2 
10- 1 
100 
9-9 
9^8 
f..  ■•• 

>7 

9*5 

9^4 

>3 

9^2 

9-0 

89 
8.-8 

«r5 


56 
57 
58 
69 
60 

61 
62 
63 
«4 
65 

67 
68 
69 
70 

71^ 

72 

73 

74 

75 


101 
9  9 
96 
9-4 
9-2 

89 
87 
85 
8-3 
80 

7*8 
76 
7-4 
71 
6*9 

* 

6  7 
65 
62 
69 
66 


91 
8*9 
8'7 
86 
8-4 

8-2 
81 
7-9 
77 
7  6 

7-3 
7-1 
6-9 
6-7 
66 

6-4 
6-1 
6-9 
b'fi 
6-4 


( 


per 
Gei)t 


8l 
8-2 

Si 
7 

'I 

7.4 

7-3 
7-1 

69 
67 
6-6 
6-4 
6*2 

60 
5-8 
56 
6-4 
5*2 


\^^ 


J 


t0O 


i-i.  TABtE    XLVm.t-  ^   i 


ShoWing  the  value  of  an  annuity  ori  Tw6  Joint  Uives, 
deduced  from,  the  observations  made  in  London. 


i 

1 

6 

4 

0 

;j 

4 

O   , 

\  "A^^es 

per 

]>cr 

rtr 

Ages 

|K*r 

le. 

i»i'i  ^ 

1 

\ 

'J  M,  . 

C<n^ 

Cn' 

Ct'n- 

ir- 1 

Qm.'i 

j             10 
'             15 

14  7 

130 

116 

35 

i0  9 

9-tt 

b8 

14  3 

12-7 

113 

40 

10  2 

92 

84 

;       20 

UVH 

l22 

10-8 

45 

95 

«!6 

79 

25 

1 

131 

\\ii 

10*^ 

60 

8« 

80 

74' 

1 

123 

10-9 

9/ 

20      C>5 

8  I 

75 

6  9 

35 

115 

1 0-2 

9  1 

CO 

7:4 

69 

64 

10      ^ 
^"      45 

n)7 

96 

8  6 

65 

67 

6-3 

59 

100 

9-0 

81 

70 

6*^0 

57 

5^ 

60 

93 

8*4 

7  6 

75 

52 

50 

■lb 

1           55 

8-6 

7;8 

7  1 

60  ' 

78 

72 

66 

25 

118 

10-5 

9-4 

'  ^   fi5 

69 

6  5 

61 

30 

113 

loi 

9t 

70 

61 

5-8 

55 

35 

107 

96 

b-6 

■  '■  75  • 

5^ 

6i 

49 

40 

100 

91 

"8-2 

K 

- 

45  , 

9-4 

85 

7b 

15 

13^ 

12  3 

110 

25      50 

8-7 

79 

7  3 

20 

13  3 

118 

105 

55 

»0 

7  4 

bb 

24^ 

126 

lh2 

101 

60 

7^ 

68 

1»3 

^      3(n 

1 

lis 

10-6 

95 

-    65 

66 

62 

60 

35 

11  2 

100 

9-0 

70 

5^ 

&6 

5*3  . 

40 

104 

9-4 

8:5 

._.-75j 

^fci: 

.  ilL 

-4  7   . 

15      45 

96 

8^8 
8*2 

80 
75 

^- .--  - 

50 

89 

30 

10  8 

96 

86 

55 

8-2 

76 

70 

35 

10  3 

92 

83 

60 

75 

70 

6-5 

40 

97 

88 

HO 

65 

68 

64 

60 

45 

91 

83 

76 

70 

60 

57 

54 

30     S 

85 

7-8 

72 

75 

5-2 

50 

48 

79 

73 

67 

6^ 

72 

67 

62 

20 

128 

113 

lOM 

65 

65 

61 

67 

20      25 

12  2 

10-8 

97 

70 

5-8 

5  5 

52 

30 

11-6 

10-3 

92 

75 

51 

• 

49 

4-7 

m 

TABJ,.qS    X]LVJU   Continued. 


i 


■    TABLE    XUX..-  'iT,    -jJ** 
S|iowing  the  value  of  an  annuity  on  a  SSgleJ  lA, 
according  to  the  hypothesis  of  M.  Dc  Moivre. 


Ages 

i      ^     ■ 

H 

4 

H 

5 

G 

|l,er  Con. 

«T  t_L-ni 

,.cr  Ceu, 

ipf  C--iir 

per  Ceni 

i-r  Ccn 

8 

•  Miim 

IBlliO 

i6;9i 

15-595 

14.544 

12-780 

8 

li»H68 

ia-260 

16  882 

l5-ij72 

14-607 

12-839 

10 

labcu 

18  2§9 

16-882 

13-fl73 

14-607 

I2-8:W 

11 

19-736 

18-160 

i6-;9i 

15-595 

14-544 

12-790 

12 

19e04 

18-049 

I('-6U8 

15-517 

14-480 

12-74! 

13 

19  469 

17  937 

16604 

15-437 

14-412 

12-691 

14 

la- 33 1 

17-823 

16  5lJ8 

l5-;!5fl 

14342 

12-639 

15 

19'I93 

17-707 

16-410 

15-273 

14271 

\2A»G 

16 

19'050 

17-588 

16-311 

15-180 

14-187 

li'532 

17 

J8-8U5 

17-467 

16-209 

15-103 

14-123 

12.476 

18 

18-75a 

17-344 

16m  05 

15-015 

14-047 

12-419 

10 

18610 

17-220 

|5-99tf 

14-823 

13-970 

12-361 

20 

18-458 

17-093 

15-891 

14-831 

13-801 

12-301 

21 

18-305 

16-963 

15-781 

14-737 

13-810 

12-239 

22 

18- U8 

16-M30 

15663 

14  641 

13-727 

12.177 

23 

17.0i«l 

15554 

14-543 

1.1-642 

12-112 

24 

17.»27 

-J65j9 

15-437 

14-442 

13-555 

12-015 

35 

176B4 

16418 

15-318 

14-340 

13-466 

n-978 

26 

17-487 

lfi-277 

15-197 

14*235 

13-375 

11-808 

27 

17327 

16-133 

160?3 

14-128 

13-282 

11-837 

28 

17.154 

15-985 

14-916 

14018 

13186 

ll-7f;3 

28 

16079 

15836 

14-816 

13-805 

13-fl88 

1 1  -688 

30 

16-800 

15-682 

14  684 

13-781 

laoj^ 

1 1-6I0 

31 

16620 

15-626 

14549 

13fi73 

12-885 

11-530 

32 

le-4.-J6 

15-367 

14-411 

13.55! 

12-780 

11-449 

»3 

l6■^4a 

16-2U4 

14- 270 

13-130 

12-673 

11-3' 5 

34 

16-U57 

15039 

14-126 

13304 

12562 

11-278 

ao 

16b6i 

14-871 

13.978 

13.175 

12440 

11-188 

30 

15  660 

14699 

13  829 

1-1-044 

12-333 

1I-09S 

a? 

15  4<i6 

I4-J-24 

13  t70 

12  9I.B 

12-214 

11-001 

ya 

l&-i(iO 

14-315 

13  5i9 

12-771 

12-1  »l 

10-907 

■•iH 

15  063 

14-163 

1 3:. ^9 

l2-fc30 

ll-8.>6 

10-8(.7 

40 

14  042 

i3-o;8 

13  190 

12-485 

11-837 

10'704 

41 

14  626 

13-780 

13  028 

12  337 

11-705 

10  »M 

42 

14-407 

13-596 

12-858 

12-185 

11-570 

10-4't" 

43 

14-185 

13-399 

12-683 

12-029 

11^1 

18-378 

44 

i3-y&8 

13'IU9 

12  504 

11-870 

11-298 

10-263 

45 

13-T2B 

12-993 

12-322 

11-707 

11-142 

10-144 

60^ 
TABLE    XLIX     Continued. 


Aee 

/  3 

1  '3^5 

4 

^■ 

5 

/     6 

-\            . 

,7? 

/pefiCen 

1  v^r  Cent 

per  Cen 

>er  Cent 

>er  Cent 

:>er  Cen  I 

• 

46 

13-493 

12-784 

12-135 

11-540 

10-992 

10021 

47 

13-254 

12-571 

11  914 

1 1  -388 

10-837 

9r%m 

48 

13-012 

12-351 

1 1  -748 

11-192 

10-879 

9-785 

49 

12-764 

12-131 

11  548 

11  012 

10  515 

9-630 

51) 

12-511 

11 -904 

11-314 

10-827 

10-348 

9-492 

51 

12-255 

11-673 

11-135 

10-638 

10-176 

9-349 

52 

11 -9^4 

11-437. 

10  921 

10  443 

9-999 

9-201 

53 

11-729 

11-195 

10  7i»2 

'10243 

9817 

9-049 

54 

11-457 

10  950 

10  478 

10^39 

9-630 

8-891 

55 

11-183 

10-698 

10-248 

-98*29 

9437 

8-729 

56 

10-902 

10-443 

10-014 

9^614 

9-239 

8-561 

57 

10-616 

10-181 

9-773 

9*393 

9-036 

8-387 

58 

10-325 

9-913 

9-527 

9166  . 

8-826 

8-208 

59 

10-029 

9  640 

9-275 

8-933 

8^61 1 

8-023 

60 

9-727 

9-361 

9017 

;  8  694 

8-389 

7-831 

61 

9-419 

■9W6: 

8-753  ' 

8  449 . 

8-161 

7-633 

62 

9-107 

i8  7H6 

8-482 

8197 

7-926 

7-428 

63 

8  787 

8-488 

8-205   : 

7-938 

7  68^ 

7-216 

61 

8-462 

8185' 

7-921. 

7-672 

7-435 

6997 

G5 

8-132 

7-875 

7'631 

7-399 

7179 

6770 

7-794 

7-558 

7-333 

7-119. 

6-916 

6-535 

67 

7-450 

7-234 

7-027 

6-831 

6-643 

6-292 

68 

7-099 

6-902 

6-714 

6-534 

6-362 

6-040 

09 

6-743 

•5G5 

6*394 

er^2;w 

6-073 

-779 

70 

Q:d7H 

6-219  . 

6-065  -  . 

5  918. 

5  776 

5*508 

71 

6-008 

5-865 

6-728  . 

^•596 

5-468 

5-228 

72 

5-631 

5-505 

5-383 

5-285 

5-152 

4-937 

73 

5-246 

5136      . 

5-029 

4926 

4r826 

4636 

74 

4-854 

4-759 

4-666 

4-576 

4-489 

4-324 

75 

4-453 

4-373      - 

4-293  ■ 

4'217 

4-143 

4-000 

76 

4-046 

3-978      J 

5-912 

3-847 

8:784 

3-664 

• 

77 

3-632 

3-575      8-520 

3-467 

3-415 

3-315 

78 

3-207 

3-163>  .  3-111: 

3-076 

3^034 
2-641 

2-953 

79 

2-776 

2741      2-707      . 

2  673 

2-578 

80 

2-334 

2309      2-284. 

2-259 

2-235 

2-188 

81 

1-886 

1-867      1 

•850 

1-832 

1-816 

1-783 

82 

1-429 

1-411      1 

-406 

1-394 

1-384 

1-362 

1 

83 

-961 

-955 

-950 

-943 

-937 

-925 

1 

1 

84 

•484 

•483 

•481 

•479 

-470 

-472 

1 
1 

85 

•000 

•000 

•000 

•000 

-000 

•000 

1 

I 


zck ofdjkDg  to.the Kypothesjs fltJmnf  M>me. 


r 


■H- 


Afies 


per  Cent 


per  Cent  per  Gent 


la 


1*    i*20«    1.^342    118^ ' 
\&^  14*«7B    13-093     11661 
ay  14-603    12  808'  11*430 
2S    14-b74    i2iW0     1M82 
3*    13'585'  1*102'-  10  884 
3^    13025    11*665     10'537 
4!^    12»38l'  li*i56^   101K84 
46    If -644'  ib'-toi.     9^646 
^    18-796^    9lJ7l^     9^744- 
5^     9-822'    9D59C     8^391^ 
e^     8-704'^    8i 05--  7^572 
66     7-417      6*^80      6*585 
71*     6936'    5:t652<'    5->391 


\A 


r  ■ 


J  It    J        i 
1 


r 


■^  I 


'> 


15'  14574^  12*B60<  11^478 
2»^  14225    l!4W3i;  1M66^ 
2S^  1*822^  li^ir,  ll>022 
30    13-359    11-921,:  10-736 
38'  15824^  it ^y:  ia-40^ 
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Showing  the  valife  of  bh  Assupance  of  £100  on  a 
Single  Life,  (either  in  Single  pjr  Annual  Payments) 
deduced  from  the  observations  maJe  at  North- 
ampton^  and  at  3  per  cent  interest. 

This  Table  is  adopted  by  «//  the  Assurance .  Offices 

in  London. 
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41.113 
41-710 
42.272 
42602 


l-»?9 
1-929 

1-983 
2-033 
2-083 
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'Sfc«wTi^g  the  vdue.of  an  assucance  of  £166  p^.T|^  o 
Jokit  Lives,  (eitfaer  in  Siagleor  annual  Pity.Qi@itts) 
^deduced  from  tbe  observatiocfs  -ff^dc  9.t  JVoith- 
ampton,  and  -at3  per  cent  interest. 

This  TaWe  is  adopted  by  aZ/jthe  Assurance  Officis 
in  London. 
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TABLE    LIII. 

Showing  the  value  of  an  Assurance  of  £100  to  be 


receive^  on  the  decease  of  A,  provided  he  dies 
be/ore  B;  deduced  (according  to  Mr.  Simpson's 
rule)  from  the  observations  made  at  Northampton, 
and  at  3  per  cent  interest. 

This  Table  is  adopted  by  all  tljia  Assurance  OflBces 
in  London :  altiiQugh  it  is  one  bjf  3ie  liio^st  hiaccurate 
that  ever  was  published.     See  page  fill. 


Age    Age 

of         of 

A       B 

Single 
Premium 

Annual 
Premum 

Age 
of 
A 

Age 
of 
B 

Single 
Premium 

Annual 
Piemi  un 

10     24-749 
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lB,owihg"!Be  value  bf'an"Assurance"of~£tt)6  on  a 
iSingle  Life,  according  to  the  probabilities  of  living 
ias.observcd  by  ii/.  De  FarcieuT. 
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20  452 

47 

44-791 

37  886 

77 

79-346 

75-262 

IB    26281 

20-814 

4S 

45862 

38-97e 

78 

80-365 

76-438 

19    26-715 

2I-18S 

49 

46896 

40-02J 

79 

81-408 

77-648 

30    27-162 

21-5;6 

SO 

47  977 

41-129 

80 

82-323 

78  710 

21     27-534 

21-890 

51 

49-019 

42-190     81 

83-192 

79  724 

22    27-923 

22-210 

62 

60019 

43-2r5     82 

83-985 

80-643 

23    2g-3l9 

22-648 

53 

51-068 

44-27 

94  850 

PI -6.^2 

24"   28731 

22-890 

64 

62142 

46  390     84 

85  846 

82-638 

25    29-154 

23-263 

55 

53-181 

46-467     85 

86-833 

83  995 

28    29-39 

23-629 

56 

64  265 

47-590     sa 

87-750 

85-086 

27    30-04fl 

24-01 

67 

66-396 

48-776     87 

88-660 

86-r3' 

28    30  5U 

24-41 

68 

66-464 

49-919     8S 

89-673 

87-262 

28    SlOOt 

24-83 

59 

57-615 

51  121     89 

90  592 

88  486 

30    31-50e 

35-27 

60 

68-796 

62367     90 

91-588 

89-686 

31     32  01 

25-72 

1     61 

60  027 

53-686     91 

92  535 

91S3S 

as    32-55 

26-19 

S     62 

61-308 

65-071     92 

93-415 

91-890 

33    33-11 

i     26-69 

a     63 

62  563 

66429     93 

94304 

S2-97I 

M    33-69 

i     27-20 

5     64 

63-869 

57-857 

-•>6    312& 

2     27-73 

8     65 

06236 

50-357 

Showing  llie  value  of  sn  4s»mf  ■!<!'  pf  r^lp"  ?P,1;f? 
Joint  Lives,  WJQprding  to  the  probabilities,  of  living 
as  observed  by  M.  flc  Parcieui. 


Ages 

JL 

JL 

Agoa 

per  Cent 

1  per.  Cent 

ID 

37784 

30-937 

30 

64 

65446 

5S-8-28 

15 

2^-969 

3-.-03£ 

70 

75-767 

70-324 

■4 

40-365 

33544 



— 

4l-7il 

in       30 

43243 

3V9I6 

35 

49'249 

*°     40 

47-fl;7 

40-1 « 

40 

61-183 

43-633 

60 

■55-87U 

48  .Vi3 

35 

,45 

54-108 

46-f.67 

eo 

64-6«- 

57  941 

55 

61-388 

64-401 

70 

75-378 

70067 

66 

70  65* 

64-C53 

15 

40-0'10 

33  051 

40 

52-799 

46-268 

20 

41-325 

34-270 

45 

65-383 

47-972 

25 

42-409 

;5  32l 

40 

60 

5S-fl43 

6i-4(i2 

16      35 

■45-880 

58417  . 

60 

efi-oas 

59-448 

4^ 

52- 1^-) 

44  622 

70 

75-a99 

70-670 

65 

(ioasi 

63-308 

66 

7*201 

fi4-l38 

45 

57-547 

;  50-267 

45 

50 
55 

60-374 
63-39  J 

,63-316 
66-680 

SO 

42-478 

3£-3^ 

to 

43-62) 

3e-337 

65 

7i-551 

.63-e7l 

30 

44-883 

3-. -577 

-BO      40 

4g-18| 

41-672 

60 

62-714 

,65-878   ! 

60 

68-712 

4»'440 

50 

65 

65-257 

68-M2 

60 

e;-2i3 

6t-.-570 

60 

68-409 

6£'1?6 

70 

75-a63 

-/C-403 

70 

76-931 

,71-J36 

25 

44  4^3 

37-168 

65 

67  303 

60-912 

«l 

46627 

38  279 

53 

60 

69-941 

.63-864, 

^^3J 

47-243 

39-790 

66 

73-693 

68-PJ3 

f2-988 

45-518 

'A5 

60-9 '8 

a:;-9i5 . 

60 

71-980 

,66-Jfl8 

^66 

70622 

64-512 

60 

65 

75-033 

69;663 

70 

78-571 

72-341 

-3D 

46-661 

39-240 

™   -  35 

48-065 

40-578 

65 

66 

77-246 

,73lTP4 

1*»     *. 

50-206 

42-738 

70 

.§o-M» 

,76r683 

60 

67-239 

60-000 

SIS' 

Showing  flie  valiie  of  an  Assurance  of  £100  oh  ft 
Single  Life,  according  to  the  probabilities  of  living 
fe§  observed  in  Sieeden. 


Age 

All 

<'S 

Kg-i 

al.s 

Age 

.Mi.1.8    . 

VtWmUk, 

4 

5 

4 

5 

4 

Lrin, 

1.1     ^ 

per  U?nl 

P>-rC^iii 

'er  Ccni 

perCeiii 

I^Cr  ecn 

6 

2?:jw 

19  619 

22-9:4 

18-081 

36 

39-996 

33-305  37-392  30-75a 

7, 

34-133 

19-157 

22-ii73 

17-6G2 

37 

40  838 

34-I-29  38-192  31614 

8 

18-U4S 

22-454 

17-433 

38 

41-716 

34-991)  39  023  3-2-bl.. 

» 

24- 177 

18-905 

2-2-496 

I.--414 

39 

42631 

35-895  30  888  33-162 

10 

24-321 

18-981 

22-668 

17-600 

40 

43  586 

36-862  40  765  34-OJl, 

11 

24-615 

19-I!!0 

21-919 

l7-6f6 

41 

44-515 

37-786  41-696  34-8S4 

12 

26-u;i4 

ISI-543 

23-261 

17  957 

42 

45-400  38-667  43-331  25-i  33| 

1» 

254fi!) 

19010 

23-692 

18-310 

43 

46-21.1 

39-476  43  077  36-25-z 

40-324  43-861  37-006 

14 

25977 

20-362 

24  204 

18  767 

44 

47-063 

16 

26'519 

20-838 

24-738 

19-238 

46 

47-043 

4I-2U5  44-681  3780; 

16 

27-084 

21 -SIR 

25-292 

19-733 

46 

48  858 

42-129  45-673  58-6Sfl 

17 

27  681 

21-886 

25-808 

20-186 

47 

49-804 

43-lj90  46-6iii  3j67(i 

ly 

28-296 

22-452 

26-342 

20667 

48 

60-788  44106  47-615  40  741^1 

18 

28-877 

22-a76 

26-873 

21129 

49 

61-815 

45-161  48-719  41801 

20 

29-481 

23-629 

27-416 

2l'glB 

50 

62-819 

46-200  49-812  43-OOlJ 

21 

30-031 

24-02* 

27  981 

22114 

51 

63-731 

47-143  60-888  44-110 

22 

3U-608 

24-650 

28-665 

22-643 

62 

54  673 

48-119  51-954  45-205 

23 

31-204 

25-086 

29-177 

23-195 

53 

65-650 

49-133  63-000  46-286 

24 

31-782 

26-686 

ao-eoo 

23767 

54 

66-6£8 

50-190  64-088  47-419 

25 

32-338 

26-110 

30-434 

24  332 

55 

57-700 

51-390  55-223  48-eiO 

26 

32938 

26-657 

31-096 

24967 

56 

68-781 

t3-438  56-408  49-862 

27 

33  662 

27-2-29 

31-727 

26-543 

57 

69  904 

,'3-638  57-646  61-176 

28 

34-2 11 

27-829 

32-354 

26-119 

68 

61  000 

64-814  68-877  52*495 

2» 

34-885 

28-457 

32-073 

2'j-686 

69 

62134 

56038  60-162  63-886 

•JO 

35-673 

39-100 

33-611 

27-276 

60 

63-308 

57-319  61-388  55-216 

31 

30-250 

29-733 

34-215 

27-829 

61 

64-458 

f  8-571  62-642  66'45J 

32 

36-942 

30-386 

34-842 

28-405 

61 

65-577 

59-800  63-642  67-643 

33 

37-062 

31-062 

35-435 

28-938 

63 

66-658  60-986  64-746  58-843) 

34 

38-408 

31-776 

36042 

29-495 

64 

67-762 

62-200  65-886  60-086 

35 

30-1S6 

32-524 

36-673 

30076 

06 

68-8S5 

e3-«8  67-054  01-376 

€16 


TABLE    LVI    Continued. 


iVilliiK 


Aec 


1 

i»er  Ci 


5 

ix?r  Ct 


J^'eiimit'S 


4 

i»er  Ct. 


5 

perCt. 


Age 


jVJuiCB 


Feiiiuies 


4    I    5    [   4    j   5 

per  Ct.lper  Ct.||)er'Ct.}p»r.Ct 


L 


(MS  7U  031  64«7'24  66*20"^  6*2  710  86  87  380  84*657  86^469  8a*68( 

67  71196  66029  6*9-50  >  64*090  87  87*869  85*224  86*804  83*97c 

68  7*2  304  67*276  70*785  65*524  88  88  635  86  133  87*331  84*59l 

69  73*3;  5  68*438  72-11  4  67-019  89  89-623  87  314  88  046  d5-43g 

70  74  538  69*576  7a"473  68*576  90  90  704  88*610  88*950  86-6l(> 

71  75*316  70*676  74-754  70  033  91  91*716  89*829  89*892  87*638 

72  76*231  71*714  75*919  71367  92  92  942  91-314  90-965  88*929 

73  77*154  72-767  76-931  72*524  93  9I3]9  92  99(;  9*2-034  90*2 iH 

74  77-985  73-710  77-723  73*424  94  95*231  94  105  93H)8l  91*486 

75  78*896  74*762  78*631  74*343  96            94*062  92*68] 


76  79-796  76-790  79  368  75*290  96 

77  80*677  76*806  80  212  76  271 

78  81*662  77*948  81*  1C4  77*300 

79  82*646  79H)96  82  046  78*400 

80  83:616  80*229  83069  79*596 

81  84*660  81*329  84*068  80*767 

82  86-416  82-352  84*981  81*848 

83  66-164  83-224  86-773  82*780 

84  86-642  83*796  86*311  83*429 
86  87*034  84-267  86*338  g3*448 


94-923  03*729 


k 


TABLE    LVII. 

ing  the  value  of  an  Assurance  of  £100  on  Two 
it  Lives,  according  to  the  probabilities  of  living 
ibserved  in  Sweden. 


1       ^ 

'" 

4 

4 

AgM 

l,„c.., 

Ages 

percent 

Age. 

peT  Cerii 

10 

44(»3 

54 

69.950 

56 

67-327 

16 

35-e5H 

30 

60 

65-512 

61 

70-042 

22 

37R88 

66 

71-227 

67 

76-100 

28 

40-446 

72 

77-381 

56 

73 

70-081 

'      34 

43-304 

70 

84-438 

40 

47-142 

35 

40-681 

85 

87-669 

46 

5ri77 

41 

52-458 

91 

92-008 

^ 

66-3ia 

47 

55-660 

53 

50-(40a 

60 

72-677 

Ifl 

36-40* 

35 

59 

64  946 

66 

76-965 

21 

38-468 

65 

70465 

60 

72 

80-196 

27 

411-800 

71 

76-665 

78 

83  808 

33 

43-462  • 

77 

81412 

84 

87-500 

'      39 

46-EI33 

90 

91-027 

45 

50-819 

40 

63-986 

51 

55-715 

46 

66-693 

66 

77*381 

57 

61-204 

52 

60354 

71' 

80-838 

58 

64-908 

66 

77 

83  933 

20 

3!)'e84 

40 

64 

70-142 

83 

87-492 

96 

41-764 

70 

75«46 

89 

OOHMS- 

32 

44-185 
47-231 

76 

80-865 

06 

94-400 

38 

82 

8W31 

44 

50-958 

70 

82-334 

50 

55'512 

45 

£7*69 

76 

84-823 

56 

fiO-flffZ 

51 

61-042 

70 

82 

97-865 

62 

66-700 

57 

64-990 

88 

80-765 

63 

60-862 

94 

94-177 

35 

42^ 

46 

69 

76-286 

31 

45-063 

75 

80-277 

75 

85-960 

37 

47-696 

81 

85-177 

75 

81 

88306 

43 

61219 

87 

88-142 

87 

89-981 

49 

55^338 

93 

93-943 

55 

60-204 

50 

62-665 

ei 

60-065 

66 

66-869 

SO 

89-392 

67 

72619 

62 

70-196 

80 

86 

90708 

68 

75  050 

92 

93-700 

£0 

46-288 

SO 

74 

79-981 

91-492 

30 

48-500 

80 

84  664 

85 

86 

93  365 

'      42 

51-758 

86 

87-804 

91 

48 

65-363 

92 

93008 

00 
96 

00 
Pb 

93-392 
96-062 

618 


TABLE    LVIII. 


Showing  the  present  value  of  £1  to  be  receiTedat 
the  end  of  any  number  of  years 


1 

4 

U 

5 

4 

4i 

per  Cent 

5 

^Cfilt 

[)er  Cent 

per  Cent 

per  Cent 

Years 

per  Cent 

por  Cent 

1 

•96154 

'95694 

•95238 

31 

•29646 

•25550 

•22036 

2 

•92466 

•91573 

•90703 

32 

•28506 

•24450 

•20987 

3 

•88900 

•87630 

•86384 

33 

•27409 

•23397 

•19987 

4 

•86480 

.83866 

•82270 

34 

•26355 

•22390 

•19035 

' 

•82193 

.80246 

•78363 

35 

•25342 

•21425 

•18129 

•79031 

'76790 

•74622 

36 

.24367 

•20503 

•17266 

7 

•76992 

'73483 

•71068 

37 

.23430 

•19620 

•16444 

8 

•73069 

•70319 

•67684 

38 

,22529 

•18775 

•15661 

9 

-70269 

•67290 

•6446  L 

39 

.21662 

•17967 

•14915 

10 

•67666 

*64393 

•61391 

40 

.20829 

•17193 

'14205 

11 

'64958 

•61620 

•58468 

41 

*20028 

•16453 

•13528 

12 

•62460 

•68966 

•55684 

42 

19257 

•16744 

•12984 

13 
14 

•60057 

•66427 

•53032 

43 

•18517 

M5066 

•12270 

•67748 

•53997 

•50507 

44 

•178C6 

•14417 

•11686 

16 

•65526 

.51672 

•48102 

45 

•17120 

•13796 

•11130 

IG 

•53391 

•49447 

•45811 

46 

•:6461 

•13202 

•10600 

17 

•61337 

•47318 

•43630 

47 

•16828 

•12634 

•10095 

IB 

•49363 

•45280 

•41552 

48 

: 15219 

•12090 

•09614 

19 

•47464 

•43330 

•39573 

49 

•14634 

•11569 

•09156 

SO 

'45639 

.41464 

•37689 

50 

•14071 

•11071 

•O8720 

21 

*43883 

•39679 

•35894 

51 

•13530 

•IC594 

•08805 

22 

•42196 

•37970 

•34185 

52 

•13010 

*10138 

•07910 

V  23 

•40573 

•30335 

•32657 

53 

•12509 

•09701 

•07533 

24 

•39012 

•34770 

•31007 

54 

•12028 

•09284 

-07174 

26 

•37612 

•33273 

•29530 

56 

•11566 

•08884 

•06833 

26 

•36069 

•31840 

•28124 

56 

•11121 

•08501 

•06507 

27 

*34682 

•30469 

•26785 

57 

-10693 

•08136 

•06197 

28 

•33348 

•29157 

•25509 

58 

•10282 

•07785 

•05902 

29 

•32065 

-27902 

•24295 

59 

•09886 

•07450 

•05621 

30 

•30832 

•26700 

•23138 

60 

•09506 

•07129 

•05354 

619 
TABLE    LVm.  Continued. 


Yearf 

4 

l-er  Cent 

per  Cent 

5 

per  Cem 

YeftTs 

4 

pet  Cem 

H         5 

per  Cent  pel  Cent 

61 

■09140 

■06S2-3 

■05099 

81 

■04172 
■04836 
'03857 
■03709 
■03566 

•02829 

■01922 

63 

■08789 

■06528 

■04856 

82 

■02707 

■01830 

B3 

•08451 

*0ri247 

■04025 

83 

02^59J 

.01743 

64 

■08128 

"05978 

•04404 

84 

■03479 

.01660 

65 

■07813 

-05721 

■04195 

85 

•02373 

.01581 

66 

•07513 
■07224 
■Ofi94e 
■06679 
■06422 

■05474 

■03993 

86 

■03429 

■02370 

■01.506 

67 

■03239 

■ai8fl5 

t^ 

•03297 

■02173 

■01434 

SB 

■050>3 

■03623 

l^ 

■03170 

■02079 

■01366 

69 

■04797 

■03431 

89 

■03048 

•01989 

■01301 

70 

■04590 

■03-28T 

90 

■02931 

•01903 

■01339 

71 

■06175 
■05937 
■05709 
■03490 
■05378' 

■04303 

■03130 

9l 

■03818 

•01831 

•01180 

73 

•04-204 

■02981 

«^ 

•02710 

■01743 

•01124 

73 

■04023 

■02839 

93 

■02606 

•01663 

•01070 

74 

■03819 

■02704 

94 

■02505 

■01696 

■01019 

73 

■03684 

■02375 

95 

.02409 

•01527 

■00071 

76 

.03075 
.04880 
.04692 
.04512 
.04338 

■na525 

■02453 

96 

'02318 

■01402 

■00934 

77 

■03373 

■03336 

97 

■03227 

■01399 

•O0H80 

78 

■03228 

•02225 

08 

•02143 

■01338 

■0(1838 

79 

■03089 

■02119 

90 

■02059 

•01281 

•00798 

SO 

■02036 

■03018 

100 

•01S60 

■01826 

•00760 

ERRATA. 

Page  for  lin$  fead 

6    lAsty   §^t»«     •••     •>•     ..•     •••     •••     •••     •••    $  37 

41     17,  last twelfth 

131     ll,(l-0-x)x(i)d-(lx)xUJ3)d        ...   (I-0)XU)M^5M 

144    last,  §  197       200. 

153     19,    that  sum he  nO  of  years  purchase 

163    10,   [(-4+J5(l~^^)]    M+^B(l— M)] 

f  f 

X  I  O  ^  1)  I  at*  •••  •••  •••  at*  (t*  (t*  **  m        mmmt 

dir^Xj        laSl,         /  I  -i-A  \     *"*       •*•         •••  **•         *••         •'•         ***      /  I     I    Q\ 

278     13,     (1+^)""^+^      (l+^)--^(»+l) 

<iH*J         O)       -"  -^  ••#       •#•       •••       «••       ••■       •••       •»«  «x^x 

040         X  «/•  v/O  •••         (t*         •••         tt*         •••         •••         t*«^      '•••.^ 

352     18,    formula m*     ...formula 

355     17,       23        ...  §  23  and  24 

380    14,     first second 

431       7,    22-234 \ 24137 

449      7    from  bottom ...  rfe/e  by.Table  LVIII 

514  in  the  first  Table,  22*78 ought  to  be  22*28 


In  my  Doctrine  of  Interest  and  AnnuUteSy  ps^  134,  line  5^1  have  stated 

that  the  formula  there  deduced  "  is  the  yety  formula  given  by  Dr.  Halley.'' 

^  ,  6(2+v».fl')+6 

But  this  is  not  exactly  the  case,  since  Dr.  Halley  makes  y=: — : 

and  I  am  not  aware  how  the  difference  arise.    Both  the  formula,  however, 
{^ve  the  value  sufficiently  near  fer  general  use. 
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PREFACE. 


Ihe  following  paper  was  read  before  the  Roi/al  So- 
ciety during  the  course  of  the  last  year :  but  the  Com- 
mittee* (to  whom  it  is  customary  to  refer  the  papers 
which  are  presented  to  the  Society  within  the  year,  in 
order  that  they  may  select  for  publication  such  as  they 
conceive  to  be  not  only  the  most  curious,  but  likewise 
the  most  useful,)  have  not  thought  proper  to  publish 
it  in  their  annual  volume  of  the  Philosophical  Transac- 
tions. The  motives  which  induced  them  to  come  to 
this  decision,  I  shall  not  stop  to  inquire  into ;  since 
such  a  discussion  would  be  foreign  to  my  purpose ; 
but  perhaps  they  may  be  evident  to  the  reader  before 
he  closes  the  present  work. 

The  importance  and  utility  of  the  method  which 
has  been  investigated  and  explained  in  the  paper  here 
alluded  to  will  be  apparent  to  every  person  who  has 

*  This  Committee  consists  of  the  Council  for  the  current  year ;  a  list  of 
whom,  for  the  year  1812>  will  be  found  in  page  20. 
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studied  with  attention  the  subject  of  Life  Annuities 
and  Assurances,  and  will  be  a  sufl5cient  apology  (if 
any  apology  indeed  were  necessary)  for  my  submit- 
ting it,  in  its  present  shape,  to  the  public  opinion.  The 
want  of  a  more  numerous  collection  of  Tables  than 
those  which  we  at  present  possess,  for  determining  the 
value  of  Annuities  on  Liv6s,  according  to  the  bbserva- 
tions  of  humart  mortality  at  various  places,  has  long 
been  experienced  &nd  lamented.  It  Was  hopedandex- 
pected  that  when  any  person  should  conie  forward, 
skilful  a;nd  bbld  enough  to  undertake  the  arduous  task, 
he  would  meet  with  sufficient  encouragementfrom  the 
public  to  accomplish  his  design,  and  with  sufficient  pa- 
tronage to  remunerate  him  for  the  time,  the  labour, 
and  the  expense  which  must  necessiarily  be  incurtsed 
in  so  laudable  and  useful  a  pursuit.  With  Still  greater 
confidence  might  he  hope  for  assistance  and  feiTpjiort 
from  the  various  Life  Assurance  Cdiripahies  that  hive 
been  lately  established ;  and  who  (it  was  natural  to 
expect)  wou  d  be  desirous  of  obtaining  all  the  infor- 
matipn  ana  help  which  they  possibly  could,  on  a  sub- 
ject in  which  they  are  so  immediately  interested.  No- 
thing perh^ips  tended  so  much  to  destroy  the  numer- 
ous Bubble  Societies  which  sprung  up  about  forty 
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years  ago; — nothing,  probably*  opened  so  effecttially 
the  eyes  of  the  public  with  respect  to  their  delusive 
schemes,  as  the  ptiblication  of  more  correct  and  com*, 
pwkeasive  tables  of  the  value  of  Life  Annuities: 
icibefeby  the  true  valiie,  which  ought  to  be  given  in 
sutli  cases,  was  more  accurately  determined.  And^  as 
one  improvement  itk  science  generally  leads  on  toano* 
ther^  this  naturally  opened  the  way  to  ia  more  com- 
plete  and  comprehensive  investigation  of  the  subject: 
SO.  that,  at  the  present  day,  a  new,  a  distinct,  and  aa 
interesting  branch  of  analysis  has  arisen,  which  was 
unknown  to  mathematicians  of  a  former  period,* 
.  To  this  important  circumstance,  the  present  Socio* 
ties  (who  have  established  their  plans  on  a  more  cor- 
rect, and  consequently  a  more  firm  and  extensive 
basis)  are  indebted  not  only  for  their  origin,  but  also 
£Dff  their  very  existence  and  success  at  this  moment. 
For,  by  the  variety  of  tables  of  the  value  of  Life  An- 
nuities which  have  been  formed  from  the  observations 
of  human  mortality  at  different  places,  they  have  had 
an  opportunity  of  judging  of  the  proper  values  on 

*  It  is  a  singalar  iket,  that  the  subject  of  Life  Annuities  has  nerer  yet 
formed  a  part  of  any  elementary  treatise  on  mixed  mathematics.  Its  in- 
creasing utility  and  importance  surely  may  lay  claim  to  some  notice  from 
f tttare  compilers. 
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which  the  business  of  such  societies  ought  to  be  con- 
ducted ;  and  by  a  more  enlarged  ianalysis  of  the  sub- 
ject they  have  been  able  to  facilitate  their  compute* 
tions  and  extend  their  concerns  to  the  more  compli^ 
cated  cases  that  arise,  and  which  formerly  w^re  dot 
considered  capable  of  an  accurate  solution.  Thi* 
knowledge  is  now  more  generally  diffused  and  under- 
stood ;  and  the  public  are  not  again  likely  to  become 
the  dupes  of  any  artful  impostor. 

These  advantages  have  kept  pace  with,  and  indeed 
are  principally  owing  to,  the  gradual  extension  and 
publication  of  the  Tables  of  Life  Annuities;  or,  in 
other  words,  with  our  opportunities  of  detecting  erh>r, 
and  of  enlarging  the  boundaries  of  the  science.  For, 
the  labours  of  the  analyst  in  this  department  would 
have  been  of  very  little  practical  utility  if  they  had  not 
been  supported  by  such-  tables.  Those  tables,  trtoW- 
ever,  which  we  at  present  possess,  are  by  no  meaAi^ 
sufficiently  comprehensive  for  all  the  useful  purpbseil 
of  life.  The  observations  made  in  Sweden  seem  tan  be 
the  most  correet  for  mankind  in  general ;  and  those 
given  by  M.  De  Parcieua^  appear  to  be  peculiarly 
adapted  for  a  set  of  life-annuitants.  But  th6  Tablesof 
Life- Annuities,  which  are  formed  from  these  observa- 
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tions;  are  so  limited  as  to  be  inapplicable  to  many  cases 
which  now  arise  in  the  ordinary  course  of  business^ 
On  the  other  hand,  the  Observations^  made  at  Norths 
ampton  are  on  too  contracted  a  scale  to  give  the  true 
late  of  human  mortality  amongst  mankind  in  general: 
and  although  their  use  has  been  continued,  it  is  prin^ 
cipally  on  account  of  the  more  numerous  tables  of 
the  value  of  Life  Annuities  which  have  been  com- 
puted therefrom.  In  the  present  advanced  state  of 
the.  science  however,  even  these  tables  are  too  cto- 
fined ;  and  it  would  be  highly  desirable  to  possess 
tables  of  the  value  of  annuities  on  two  joint  lives  for 
every  possible  combination  of  age,  not  only  according 
to  the  obs6rvations>made  at  Narthflmpton,  but  also  ac« 
cord jng' to  those  made  in  Siueden,  ^nd  by  Mi  X)eJPar^ 
cietLV  in  France.  I  now,  however,  despair  of  ever  see- 
ing this  accomplished :  and  my  reason  for  entertain* 
ing  so  discouraging  an  opinion  arises  from  the  want  of 
patronage  and  supportwhich  an  industriousand  intel* 
ligent  author  has  lately  experienced  from  the  public. 
.  .The  name  of  this  gentleman  is  Mr.  Georgb  Bar- 
RETTof  Eetworth  in  Sussex,  who,  (at  an  immense  ex- 
pense of  time  and  labour)  has  calculated  and  formed 
the  most  numerous  and  comprehensive  set  of  Life  An- 
nuity Tables  that  ever  were,  or  pTo\>^Vj  eset  ml\\i^> 


8  APPENDIX. 

produced.   The  nature,  the  extent,  and  the  design  of 
those  Tables  will  appear  in  the  course  of  the  follow- 
ing paper.   It  will  be  suflScient  here  to  observe,  that 
the  author,  flattered  with  the  prospect  of  successi  is- 
sued his  Proposals,  about  eighteen  months  ago,  for 
publishing  them  by  subscription*    The  work  was  to 
have  been  comprised  in  two  large  quarto  volumes ; 
containing,  in  the  whole,  about  thirteen  or  fourteen 
hundred  pages  closely  printed.    The  price  not  to  be 
less  than  four  guineas  each  volume.  In  order  to  pro- 
mote his  views  as  far  as  lay  in  my  power,  I  addressed 
a  letter  to  each  of  the  Life  Assurance  CompanieSt 
urging  his  claims  to  thtir  patronage  and  support.  But 
his  hopes  and  expectations  have  been  defeated  in 
every  quarter ;  and  after  an  ineffectual  attempt  to 
derive  assistance  from  the  public  in  snpport  of  his 
plan,  and  not  wishing  to  involve  himself  in  asiy  seri^ 
ous  expenses  therein,  he  has  been  reluctantly  obliged 
to  abandon  his  design  altogether:  and  thus  thewoiU 
has  been  deprived  of  one  of  the  most'iextraordinary 
and  successful. efforts  of  patience,  perseverance  and 
talent  that  ever  was  produced  by  one  man.    Out  of 
all  the  Life  Assurance  Companies,  now  established, 
(fifteen  in  nijrmber)  only  two^  consented,  to  patronise 

*  The  A\\yraii  «sii  TVu^  ?t<ix^at  lublitutwa.  •> 
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the  work;  eleven*  declined  sending  any  answer  to 
the  application  that  was  made;  and  two  of  them,  the 
Atlas  and  the  Westminster  Societies,  (their  names 
shallhQ  made  conspicuous)  absolutely  refused  to 
subscribe  for  a  single  copy. 

It  is  in  vain  for  these  several  Life  Assurance  Com- 
panics  to  maintain  that  they  are  already  possessed  of 
every  information  which  they  require,  and  of  every 
table  which  may  be  useful  to  them,  in  their  business. 
They  must  know  (or  rather  they  ought  to  know)  that 
they  are  very  materially  interested  in  every  improve- 
ment in  the  science ;  ^nd  that  even  a  re-calculation 

* 
(by  another  hand)  of  those  tables,  which  they  now 

enjoy,  might  serve  to  correct  many  errors  which  are 

known  to  exist  in  them.— Besides,  it  canno't  be  ne- 

cessary  to  tell  them  that  they  are  not  possessed  of 

every  table  requisite  for  carrying  on  their  business  to 

its  fullest  extent.  For  all  these  Companies  are  in  the 

practice  of|granting  assurances,  on  various  contingen- 

cieS)  for  terms  of  years :  and  I  am  informed  that  some 

of  them,  in  order  to  abridge  the  necessary  labour  of 

computation,  adopt  a  singular  (but  at  the  same  time 

a  very  inaccurate  and  unjust)  mode  of  determining 

*  The  Amicable,  the  Eagle,  the  Eqaitable,  the  Globe,  the  Hope,  the 
London  Assurance,  the  London  Life  Asaoiance,  t\ie  ^«\\c!MV)  ^^"^^a^^"^^ 
RoyaJ  ExehaDge,  and  the  Sun. 
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the  values  in  such  cases.  Moreover,  m  the  grantiDg 
and  purchasing  of  annuities  on  lives,  they  w^nt  other 
tables  than  those  which  are  deduced  from  the  Norths 
ampton  observations*  In  determining  also  the  valae 
of  Reversionary  Sums  and  Annuities  for  Widows^M 
would  be  desirable  to  know  how  far  the  result  is  af- 
fected by  the  superior  longevity  of  ybTm^^:  a  cu> 
cumstance  which  might  be  ascertained  with,  the 
greatest  accuracy  by  means  of  the  new  tables  here 
alluded  to.  Indeed,  upon  a  variety  of  points  con- 
nectod  with  this  subject  (both  of  curiosity  and  real 
utility)  these  tables  were  capable  of*  throwing  a  veiy 
considerable  degree  of  light  and  interest.  -*  But  I  nm 
ashamed  to  insist  further  on  so  obvious  a  circum- 
stance; and  I  now  regret  that  I  should  have  so  much 
mistaken  the  nature  and  object  of  thesetr^'^ig  com- 
panies, as  ever  to  have  addressed  them  as  the  patrons 
and  promoters  of  literature  and  science.* 

*  Dr.  Price,  i^n  bU  account  of  the  £quitftble  Society  observes ,  (hat 

**  it  is  iodeed  furnished  with  Tables  by  whiph  a  great  paj*t  of  its  business  ti 

^  conducted  :  but  thcre.ye  some  Important  taUes  whi^  it  wants;  ttfld  with 

*^  which  it  should  b^  supplied.      These,  when  composed,  together  with  tl 

**  its  other  tables,  should  be  subject  to  the  revisal  and  examination  of  the 

^  best  judges,- and  afterwards  published,  whh  a  mioule  aoeount  of  rthEjprin- 

^  pies  assumed,  and  the  method  taken  in  composing  them.    Such  a  publL 

*  cation|would  be  a  valuable  addition  to  this  part  [of  science  ;  and  it  would 

^  ^  also  be  the  meaos  of  intrtesing  and    establi^in|'  ibe  el^t'of  the 

fck     Bociety  .*    Obg.  on  Rev.  Pay.    Vol.  i.  p.  !«©•       -  '  -  ^ ' 
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Besides  the  Life  Assurance  Companies,  most  of 
the  Nobility  and  Gentlemen  possessed  of  landed 
estates,  together  with  several  of  tha  Colleges  and 
othet  Corporate  Bodies,  were  addressed  also  by  Mr. 
Barrett  on  this  occasion.  But  the  list  of  his  sub- 
sicribers  was  sd  smJEill  that  he  has  not  thought  himself 
justified  in  sending  the  work  to  the  press :  and  the 
public  are  thus  for  ever  deprived  of  tUs  singular 
monument  of  industry  and  abilities. 

In  order  to  preserve  some  record  of  Mr.  Barrett's 
^pfrodigious  labour,  as  well  as  to  explain  the  princi- 
'  pies  upon  which  his  Tables  are  constructed  --princi- 
ples which  open  a  newand  awide  field  to  the  analyst, 
and  which  greatly  abridge  the  labour  of  computation 
in  some  of  the  most  intricate  problems  that  occur  in 
the  science — I  drew  up  the  following  memoir,  and 
presented  it  to  the  Royal  Society,  under  the  impres- 
sion that  they  might  think  it  worthy  of  publication  in 
the  Philosophical  Transactions.  They  had,  in  the 
preceding  year,  given  a  favourable  reception  to  a  pa- 
per which  I  sent  to  them,  on  a  subject  less  deserving 
their  attention;*  but  I  had  then  to  learn,  that  whilst 


*  On  the  Solar  Eclipie  which  is  said  to  have  been  predicted  by  Thalet 
See  the  JPhUj  Trans,  for  1811,  pact  2i,  page  220. 
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the  volumes  which  are  aumially  published  by  the 
Royal  Society  are  open  tosuch  curious  ye;t  fruitkfeis 
speculations^  thqy  are  shut  to  inyestiigations  of  amoie 
serious  and  important  nature:  tbat  whilst  the  dark 
and  doubtful  researches  of  the  theorist  are  received 
with  indulgence,  the  labours  of  those  who  are  desir* 
ous  of  rendering  themselves  j^^c^co;^  useful  to  so- 
ciety, and  of  enlarging  the  boundaries  of  £n<e  tfcteaice, 
are  rejected  with  coldness  and  indi^erence.  Never- 
tjieless,  as  far  as  my  humble  eiOTorts  can  avail,  the  as*- 
tonishing  labours  of  Mr.  Barrett  shall  not  sink  intoob- 
liviqn  f  and  I  am  happy  in  having  his  permission  to  print 
the  following  paper^  together  with  the  aceompanyii^ 
tables,  by  way  ot  Appendix;  to  my  Doctrine  of  Id fe 
Annuities  and  Assurances;  whereby  some  record  of 
his  wonderful  exertions  in  this  particular  brancb  of 
science  msiy  stilllie  preserved  amongst  those^ who  are 
interested  in  the  subject.     ' 


(  .     .  .       :  .4 


;i        -  ,  .■. , .  .  X       ' 


I  cannot  omit  the  present  opportunity  which  is  at- 
forded  me  of  noticing  one  of  the  most  singular  in- 
stances  oipersevei  ance  in  error  that  perhaps  ever  was 
witnessed  in  the  republic  oflfetterff;  and,  as  the  case 
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is,  in  some  measure  eonuected  with  the  present  sub- 
ject, I  hope  I  may  be  excused  for  introducing  it  in 
this  [dace.  In  the  preface  to  my  Doctrine  of  Life 
Annuities  and  assurancs  (page  xxiii)  I  have  exposed 
the  macct/; £7cy  and  absurdity  of  the  formulae  which 
have  been  given  by  Mr.  Morgan  in  the  Philosophical 
Transactions,  for  the  solution  of  those  cases  in  Contin- 
gent Assurances  were  three  lives  are  concerned. 
That  work  not  being  within  the  reach  of  every  per- 
son, Mr.  Morgan  has  inserted  the  formulae  at  the  end 
of  the  first  volume  of  Dr.  Price's  Observations  on  Re- 
versionary Payments^  Note  P.  But  I  have  asserted 
that  ^*  the  errors  of  the  original  are  multiplied  in  the 
*'  copy :  and  Mr.  Morgan,  if  he  studies  his  own  re- 
'Vputation  as  a  mathematician,  had  better  expunge 
'^  them  altogether  in  future,  than  suffer  them  to  re- 
**  main  in  their  present  worse  than  useless  stated*  Yet, 

*  r 

notwithstanding  all  that  I  have  there  said,  and  al- 
though I  have  given  ample  references  to  the  body  of 
the  work  for  a  demonstration  of  the  absurdity  and 
errors  of  his  fprmulsdj^  he  has  (within  these  last  three 
months)  given  a  new  edition  of  Dr.  Price's  work 
aboye  mentioned^  wherein  all  the  erroneous  parts  of 
the  former  editions  are  faithfully  retained  J  /  / 


^ 
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Mr,  Morgan  may  perhaps  flatter  himself,  that  no 
one  will  follow  him  through  his  investigations,  and 
that  he  shall  thereby  escape  the  censure  which  he  so 
justly  deserves  for  his  extraordinary  conduct:  bat  I 
shall  briefly  point  out  a  case  or  two  where  the  ab- 
surdity of  his  formulae  may  be  readily  detected, 
even  by  those  who  are  unacquainted  with  the  prin- 
ciples from  which  they  are  deduced. 

A  singular  instance  of  this  kind  occurs  in  the  for- 
mula for  the  solution  of  his  fourteenth  problem,  when 
the  ages  are  ecjual.*  For  if  we  take  any  case  where 
the  lives  are  under  52  years  of  age  (the  rate  of  in- 
terest 4  per  cent,  and  according  to  the  Northampton 
tables)  we  shall  find  that  the  value  will  always  come 
out  negative  quantity ! ! !  It  is  surely  unnecessary  to 
make  any  comment  upon  so  singular  a  result  ais  this: 
and  yet,  if  the  reader  is  desirous  of  amusing  hiinself 
with  any  further  proofs  of  the  futility  of  this  formula, 
he  may  take  any  case  where  the  lives  are  from  52  to 
67  years  of  age  (both  inclusive);  and  having  catca- 
lated  the  values  according  to  the  two  rates  of  4  and 

*  See  Price's  Obi.  on  Bev,  Pag,  toI-  i,  png*  38&    The  foniraliB  that 
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5  per  cent  interest,  he  will  find  that  all  the  results, 
according  to  t\iQ  former  rate,  will  be  positive ;  but  that, 
according  to  the  latter  rate,  they  will  be  still  all  ne- 
gative !  1 !  The  same  circumstance  will  occur  in 
other  instances  which  might  be  adduced. 

Now,  this  is  one  of  his  formulae  which  I  had  par- 
ticularly noticed  as  erroneous;*  and  the  remarks 
which  I  have  just  made  are  sufficient  to  show  its 
absurdity.  Indeed  this  case,  from  its  simplicity,  readily 
points  out  the  inaccuracy  of  the  method  of  solution 
which  has  been  adopted ;  but  there  are  many  others, 
wherein  the  quantities  involved  are  so  numerous,  so 
intricate,  and  so  complex,  that  the  absurdity  of  the 
formula  cannot  be  shown  by  a  practical  example 
without  employing  much  time  and  labour. 

One  case,  however,  will  suffice  for  my  present  pur- 
pose. Let  the  reader  attempt  to  solve  the  eleventh 
problem  given  by  Mr.  Morganf  by  assuming  the  ages 
of  A,  B,  C,  to  be  respectively  60,  40,  and  30  years, 
(the  rate  of  interest  4  per  cent,  and  according  to  the 
Northampton  observations)  and  he  will  find  that  the 
value  of  an  fcssurance  of  £100,  payable  on  the  con- 

*  In  my  Doctrine  of  Life  Annuittef,  &c.  page  308,  note, 
t  See  Dr.  Price^s  Obt.  on  Rev.  Pay.  yol.  i,  page  392,  case  2nd. 
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tingency  therein  mentioned,  will  come  out  equal  to 
the  sum  of  siJ?  hundred  and  twelve  pounds  !  1 1  andtherej 
is  this  further  remarkable  absurdity  attending  the: 
formula  that  the  smaller  the  sum  to  be  received,  the- 
greater  is  the  value  of  the  assurance ;  and  vice  verm. 
Thus,  the  assurance  of  £i  payable  on  that  contio^ 
gency  is  ^  hundred  and  ninety -^ve  pounds ;  v^^h^'eai 
the  assurance]  of  £800  is  only  twenty-nine  pounds: 
and  the  assurance  of  £900  and  all  higher  sum^  comes 
out  a  negative  quantity.*  Ill 

This  is  another  of  his  formula  which»  amongst  many 
others  I  had  also  particularly  noticed  as  iacorrect; 
and  I  had  even  given  the  true  quantities  .which  (ac« 
cording  to  his  own  notation)  ouojit  to  have  been  used 
instead  of  the  erroneous  ones  which  he  has  retained.f 
Mr.  Morgan  must  be  aware  that  there  is  a  duty 
which  he  owes  not  onty  to  the  jdti^&'c,  but  also  to  bit 
employers;  and  I  leave  it  to  his  own  sense  of  propriety 
to  justify  the  re-publication  of  such  manifest  errors^ 

These  are  ^few  only  of  the  numerous  case  x  whidb 
I  might  adduce :  but  it  is  needless  for  me  to  insirt 


*  I  here  allude  to  the  formala  in  the  sevenih  edition  of  Dr.  Priee'i 
treatise ;  bat  if  the  question  be  solyed  by  the  formalno .  giren  in  the  fu 
edition,  the  value  will  in  aU  cases  be. negative  I !  2 
^  t  See  Doctrine  of  Life  AnnuUioSy  &c.  page  374,  note. 
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further  upon  this  point ;  since  I  have  already  said 
enough ,  both  here  and  in  another  place,  to  enable 
the  public  to  draw  a  just  and  proper  inference  on  the 
subject.  Mr.  Morgan  is  known  to  the  world,  as  a 
mathematician,  by  those  papers  only  (in  the  philo- 
SOPHICAL  transactions;  which  he  has  written  on  con- 
TiKQENT  ASSURANCES.  Thosc  papers  have  been  the  sub- 
ject of  much  comment  in  the  preceding  pages,  and 
therefore  I  shall  not  add  another  remark  npon  them  in 
this  place.  I  wish  it,  however,  to  be  understood  that  this 
branch  of  the  science  is  not  a  subject  of  cuRiosrrY 
only,  but  one  of  real  utilily.  Property  to  a  very  large 
amount  (particularly  in  this  country)  is  constanty  de- 
pending on  the  contingencies  mentioned  in  those  prob- 
lems  to  which  I  have  referred  ;  and  it  is  therefore  of 
material  consequence  that  a  proper,  a  correct,  and  a 
simple  mode  of  determining  the  value  of  such  pro- 
perty should  be  laid  down.  But  every  mathematician, 
who  hasattended  to  the  subject  must  know  that  alt  the 
formulae,  which  Mr.  Morgan  has  given  for  this  purpose, 
only  tend  to  perplex  and  mislead  the  public;  and  will 
not,  except  in  very  few  cases,  give  a  true  and  ac- 
curate, (nor  in^wyjcase,  the  most  simple  and  concise) 
method  of  solving  the  different  questions  that  arise. 
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The  natural  consequence  of  which  is,  that  in  the  dis- 
tribution of  such  property,  and  according  to  such 
rules,  one  party  must  be  defrauded ;  whilst  another 
is  unjustly  enriched  at  the  expense  of  such  inoQceDt 
sufferer. 
As  the  formulae  above  alluded  to  are  inserted  in 

Dr.  Price's  Observations  on  Reversionary  Paymenti 
without  the  investigations,  Mr.  Morgan  ought  to.have 

been  more  particular  in  seeing  that  they  were  cor- 
rectly deduced,  and  properly  stated;  since  the  reader 
has  no  opportunity  of  immediately  detecting  any 
error.  More  especially  ought  he  to  have  given  greater 
attention  to  this  point,  in  any  subsequent  edition  of  that 
work,  after  he  had  been  publicly  attacked  upon  their 
want  of  accuracy.  The  world,  however,  will  learn, 
perhaps  with  some  surprise  and  indignation,  that  he 
has  not  coi^rected  a  single  error  ! ! !  and  that  in  the 
seventh  edition  of  Dr.  Price's  treatise,,  which  has  just 
been  published  a// these  absurd  and  inaccurate  fornuilfe 
are  still  retained, — a  disgrace  to  the  editor,  and  an 
insult  as  well  as  an  injury  to  the  public  at  large. 


As  the  present  Appendix  may  be  considered  as  a 
continuation  of  my  Doctrine  of  Life  Annuiti^,  and 
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Assurances  the  latter  work^  will  not  in  future  be  sold 
separately  from  the  former ;  although  the  Appendix 
may  still  be  had  by  the  purchasers  of  the  original 
treatise.  The  whole  work  is  now  become  too  bulky 
for  one  volume :  and  I  have,  therefore,  for  greater  con- 
venience, divided  it  into  twp,  at  the  end  of  Chapter  XI. 
By  this  arrangement  all  the  Apcalytical  part  of  the 

original  treatise,  will  be  in  the  first  volume ;  and 
the  Practical  part  together  with  the  Tablbs  and 

the  present  Appendix  will  be  in  the  second  vo^nme 

New  title-pages  are  printed  corresponding  to  such 

division « 

The  latter  part  of  the  first  note  in  page  458  having 
misled  some  persons  I  have  cancelled  that  page^ 
together  with  the  subsequent  one,  for  the  purpose 
of  introducing  others.  The  note,  here  alluded  to, 
originally  belonged  to  another  method  of  solution  ; 
and  was  then  correct.  But  whilst  the  work,  was 
printing,  I  changed  the  mode  of  solution,  and  inad* 
vertently  retained  the  note  in  question,  which  does 
not  apply  thereto.  The  original  method  of  solution, 
is  now  restored ;  as,  upon  the  whole,  I  think  it  pre* 
ferable  to  the  one  which  was  afterwards  substituted 

ilfjrcA  1, 1813.  F.  B. 
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ON  A  NEW    METHOD   OF  CALCULATING 
THE  VALUE  OF  LIFE  ANNUITIES. 

Read  June  A^  1812. 


1  HE  trouble  attending  the  calculation  of  Tables  for 
determining  the  value  of  Life  Annuities,  particularly 
where  two  or  more  lives  are  concerned,  is  so  great  that 
(notwithstanding  the  importance  of  the  subject,  and 
its  extensive  application  and  utility  at  the  present 
day)  few  persons  have  been  disposed  to  undertake 
the  laborious  task  of  forming  them.  If  we  except 
those  tables  \ihich  have  been  published  by  Dr.  Price 
and  Mb.  Baron  Maseres,  there  are  no  others  that, 
in  the  present  state  of  the  science,  can  properly  be 
applied  to  any  practical  use.  The  former  has  given, 
in  his  Observations  on  Reversionary  Payments,  several 
valuable  tables  deduced  from  the  bills  of  mortality  as 
observed  at  Northampton  and  in  Sweden :  and  the  latter 
has  given,  in  his  Principles  of  the  Doctrine  of  Life 
Annuities,  similar  tables  deduced  from  the  observa- 
tions of  M.  D.  Parceiux  in  France. 

At  the  same  time  that  Dr,  Price  published  the 
Tables  above  alluded  to,  he  gave  *'  A  Specimen  of  an 
easy  and  expeditious  method  of  calculating  tbe  values 
pf  Annuities  on  Single  or  Joint  Lives;"  which  greatly 
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abridged  the  labour  attending  such  calculations :  and 
in  my  Doctrine  of  Lift  Annuities  and  Assurance, 
page  36, 1  have  given  an  improvement  of  that  method. 
The  practical  application,  however,  of  this  method  is 
capable  of  being  rendered  much  more  simple  and 
easy,  as  I  shall  attempt  to  show  in  the  course  of  this 
paper.  But  the  more  immediate  object  that  1  ha?e 
n  view  is  to  lay  before  the  Society  a  new  method  of 
arranging  the  Tables  for  determining  the  value  of 
Life  Annuities :  whereby  a  considerable  portion  of 
of  the  time  and  labour  employed  in  such  calculations 
may  be  avoided,  and  their  application  to  the  solution 
of  various  problems,  connected  with  the  subject^ 
rendered  more  extensive  and  easy. 

Let  A  be  the  life  upon  which  the  annuity  is  granted; 
and  let  the  number  of  persons  living  at  the  age  of  A, 
according  to  any  given  table  of  observation,  and  at  1, 
2,  3,  &q.  years  older,  be  denoted  respectively  by  a,  i, 

c,  d, w,  x^  y,  z  :—z  denoting  the  num* 

ber  of  persons  living  at  the  age  of  the  oldest  life  in  the 
given  table,  and  in  general  equal  to  unity.  Moreover 
let  the  amount  of  £1  in  a  year,  according  to  the 
given  rate  of  interest,  be  denoted  by  r.  This  being 
premised,  it  is  well  known  (by  those  who  are  conver- 
sant with  the  subject)  that  the  value  of  an  annuity  on 
the  single  life  A  is  expressed  by  the  following  series; 

I  /  b    .     c     ,     d     ,  a?  ti,*f\. 

t(  r-i;^+r.  + ;5^8+JLi !-;;;> 

ft  denoting  the  number  of  yearis  from  the  age  of  A  to 
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the  age  of  the  oldest  life  in  the  table  of  observations  : 
and  the  sum  of  this  series,  numerically  expressed 
according  to  the  age  of  A,  forms  the  common  tables 
of  the  value  of  Life  Annuities.  But  the  above  series 
may  be  expressed,  more  conveniently  for  our  present 
purpose,  by  the  following  one, 

which  is  evidently  the  same  as  the  former. 

In  the  plan  proposed,  therefore,  A  is  supposed  to 
be  a  child  just  born ;  or  one  whose  age  is  equal  to  O  : 
and  each  term  of  ther  series  (beginning  at  the  end)  is 
to  be  numerically  expressed  and  arranged  in  regular 
order  in  the  same  column;  at  the  bottom  of  which 
must  be  placed  the  numerical  value  of  the  common 
divisor  ar^.  In  a  collateral  column  are  to  be  placed 
the  sums  of  the  first  one,  first  twoy  first  three,  first /owr, 
&c.  values  in  the  former  colunm,  which  I  shall  denote 
by  z,  Y,  x,  &c. ;  and  by  the  help  of  these  two  columns 
we  shall  be  enabled  to  solve  every  question  relative 
to  Life  Annuities  and  Assurances :  not  only  with 
less  liability  to  error,  but  frequently  in  a  more  expe- 
ditious and  easy  manner  than  by  the  usual  metliod 
of  proceeding. 

In  order  to  render  these  remarks  the  more  intelligi- 
ble, I  shall  insert  the  folio wingSpecimen,  which  shows 
the  manner  in  which  the  values,  above  alluded  to,  are 
to  be  arranged;  and  where  I  have  supposed  the  age  of 
the  oldest  life  in  the  table  of  observations  to  be  96  years. 
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Whence  it  follows  that  the  value  of  an  annuity  on  the 
life  of  a  child  jw^/  born  is  denoted  by  -^  ;  that  the 
value  of  an  annuity  on  a  life  ont  year  old  is  denoted 

by  -J—  ;  on  a  life  two  years  old,  by  -^\  on  a  life 

three  years  old,  by-gji-;  and  so  on  to  the  extremity 
of  human  life. 

It  may  be  objected  to  this  mode  of  an^angement 
that  n  numerical operatwn  is  necessary  for  determining 
the  value  of  the  annuity  :  whereas,  in  the  usual 
method  of  arranging  the  tables,  such  value  is  found 
by  inspection.*  This  objection,  however,  is  of  weight 
only  as  far  as  regards  single  lives,  and  a  few  cases  of 
two  Joint  lives :  because,  in  the  cases  of  those  joint 
lives  whose  ages  are  not  given  in  the  existing  tables. 


,The  mode  of  arranging  Annuity  Tables,  as  hiiherto  adopted  by  most 
English  writers  on  this  subjeet,  fthat  is,  by  showing  the  number  of  years 
purcJutse  that  the  annuities  aro  worth)  is  certainly  accompanied  with  many 
advantages,  (ince  it  facilitates.- the   solution  of  several    problems  that  fre- 
queotly  arise.     The  French  wrifers,  however,  give  the  rtciprocals  of  those 
values  ;  that  is,  they  form  their  tables  so  as  to  show  the  annuity  which  £\ 
will  purchase*    But  this  is  not  So  convenient  for  general  use,  as  the  former 
"method  2  nevertheless  it  is  frequently  adopted,  even  in  this  country,   aftd 
particularly  by  most  of  the  public  offices.    The  new  method,  here  suggested 
is  in  many  cases  superior  to  both  ;  and  may,  in  all  cuses,^  be  readily  coD' 
verted   into  either,   by  charging  the  numerator  for  the  denominator  ;   and 
vice  vers€U    Thns,    b    is  the  value  of  an  annuity  on  (he  life  of  A  just  born: 


ft 
ar 


and    aif .  ]» thy  mmuity  which  ^1  will  purehtfej  «b  the  tame  life« 
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the  values  are  not  so  readily  foand,  by  the  method 
now  in  use,  as  by  the  process  which  is  here  I«d 
down.  Moreover,  the  present  arrangement  will  en* 
able  us  to  solve,  with  great  facility  and  expedition,  a 
variety  of  intricate  problems  that  frequently  occur  ia 
practice,  (particularly  in  c^es  o(  deferred  or  t€ii^rer§ 
annuities  and  assurances)  which,  according  to  tho 
present  method  of  solution,  require  much  time  and 
labour,  and  are  consequently  liable  to  considerable 
error  in  the  numerical  enunciation. 

For  instance,  the  value  of  an  annuity  on  the  life  of 
a  child  just  born,  deferred  for  1,  2,  3,  &c.  years,  is 

respectively  denoted  by  ~r,-^  —■*  &c.  The  value 
of  a  similar  annuity  on  a  life  owcyear  old  is  respectively 
denoted  by  ^pcrr^S^^r"'^;^^^  *^^-    ^^  »  ^^^  *^ 

years  old, by  ^Ly^^L^'^i^*  *^'  ^^^  ^^  ^^• 

In  like  manner,  the  value  of  ^temporary  annuity, 
for  1,  2,  3,  &c.  years  on  the  life  of  a  child  just  bom 

is  respectively  denoted  by  ~^, -~~- ^  ^j3r-»  ^' 
The  value  of  a  similar  annuity  on  a  life  one  year  old 
is  respectively  denoted  by     ch-d    ,,c-;^  c— ^     &c. 

On  a  life  two  years  old,  by  ^^^^.^^^^^ ,  &c- 
and  so  on. 

Moreover,  i^ an  annuity  be  rfe/errerf  for  any  number 
of  years  and  to  be  paid  for  in  equal  annual  pajftmnW^t 

*  The  first  payment  to  be  xn&de  immediately,  and  the  remaining  ones 
at  tli9  beginning  ot  eac\i  a>iQQe^\tv^'^«&x« 
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the  vsjiie  of  those  annual  payments  may  be  deter- 
mined in  the  same  easy  and  expeditious  manner. 
Thus,  let  the  annuity  be  deferred  for  5  years,  on  the 
life  of  a  child  just  born,  to  be  paid  for  in  5  equal 
annyal  payments,  the  value  of  those  eqjaal  annual 

payments  will  be  denoted  by  —^  :  if  the  life  had 

been  one  year  old,  the  \ralue  would  be  denoted  by 

-^  :  and  so  on.     Had  the  period  been  for  6  years, 

to  be  paid  for  in  6  equal  annual  payments,  the  values 

would  be  respectively  t^*  and  -—^ ;  and  so  on,  for 

any  other  interval. 

The  value  of  Assurances  on  any  life  may  also  be  de- 
termiaed  with  nearly  equal  facility.  Thus,  the  value 
of  an  assurance  of  £1  on  the  life  of  a  child  just  born 

will  be  denoted  by  ^~^'^ ;  on  a  life  one  year  old,  by 

.°~^*^  '  on  a  life  two  years  old,  by  ^^~^'^  :  and  so  on. 

If  the  assurance  be  paid  for  in  equal  annual  pay- 
ments^^the  value  of  those  payments  may  bedetermined 
by  substituting  A,  b,  c,  &c  instead  of  ar»,  ir»— i,  crT^—^, 
&c,  in  the  several  denominators  above  stated.  Thus, 
the  value  of  an  assurance  of  £1  on  the  life  of  a  child 
just  born,   to  b,e   paid  for  in  one  present  payment^ 

is  equal  to  i-I^:  and  the  annual  payment  which 
ought  to  be  made  as  an  equivalent  thereto  during  that 
lifQ  is  -j~zz  r  "^  J" ;  which  is  a  much  more  simple 

*  Bm  At  prtcediag  note. 
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formula  for  such  cases  than  any  that  has  ever  yetbeea 
given.  '* 

In  a  similar  manner  we  may  find  the  value  of  d6' 

ferred  assurances.    Thus,  the  value  of  an  assupance<rf 

£1  on  the  life  of  a  child  just  born,  rfe/fcrrcaP for  Ij  2, 

3,  &c.  years  is  respectively  denoted  by  "T^^pr*   "TTJ^ 

"r,ar"f  *^*     ^^^  ^^  ^  ^^^^  ^^^  Y^^**  ^^*  deferred.  fpT 

the  same  periods,  it  is  respectively  rij^—i'  r.b^'^i 

■      ■*>■'■■.      ... 

^^^^I'&c.  andsoon.  ^  ^  _ 

A  similar  method  of  proceeding  will  lead  us^to  tbe 
value  of  temporary  assurances.  Thus,  the  value  of 
an  assurance  of  £1  for  4  years,  on  the  life  erf  a  child 

just  born,  is  equal  to — ^r^ • 

•  If  this  temporary  assurance  be  paid  for  in  awmml 
payments^  the  value  of  those  annual  payments  will  be 

1  T>  TW 

—  — x^'  which  is  a  much  more  simple  and  eipecK. 
tious  mode  of  obtaining  the  value  than  any  bitheirto 
known. 

If  what  has  been  stated  respecting  single  lives  be 
well  understood,  no  difficulty  is  likely  to  occur  in  the 
case  of  any  number  of  joint  lives.  For,  if  we  tabe  tw 
joint  lives  A,  B,  and  make  the  number  of  persons 
living  at  the  age  of  A,  and  at  the  age  of  I,  2,  3,  ice* 
years  older,  equal  to  a,  i,  a",  ci'\  &c.; .  and  likewise 
make  the  number  of  persons  living  at  the  age  of  B, 
and  at  the  age  of  1 ,  2,  3,  (§*c.  years  older,  equal  to  A, 
b',  b"i^b'\  &c. :  then,  by  substituting  ah  for  a,  dll  for  A, 
a"  b"  for  c,  a"  6"'  fov  d,  Sic^  ^^  ^^  -^w^  ^^ecimen, 
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we  shsUJ  find  that  the  same  rale  will  enable  ustode  « 
termine  with  equal  facility  the  value  of  an  annuity  on 
*ttw  joint -lives  K>f  any  ages*  And  the  like  method 
loaay  be  extended  also  to  the  case  of  three  joint  lives; 
,::  In  order -to  find  the  Ea^ctathn  of  Life  v^ehaye 
only  to  make  rzzl  in  the  specimen  above  given,  and 
the  same  rule  will  still  hold  gjod ;  with  this  exception, 
h44we%'er,  that  we  must  add  i-  to  the  values  thUs  found, 
iu  order  to  obtain  the  true  expectation  of  life  for  every 
moment  of  human  existence,  agreeably  to  the  method 
laid  down  by  all  the  writers  on  this  subject.  Thus, 
tf  we  rnak^  • 

then  will  the  expectation  of  a  single  life  A  be  equal  to 
-|-  Jrr~ —  i  :  the  expectation  of  a  single  life  B 


a  a 


.will  be  equal  to-l-+  J  =-^ — | :  and  so  on,  for  any 

other  life.  And  in  like  manner  we  might  proceed  to 
find  the  expectation  of  any  two  Joint  lives,  after 
makin^c  the  substitutions  above  alluded  to.  But  it 
is  presumed  that  enough  has  been  said  to  show  the 
application  of  the  method. 

Having  thus  given  vi  general  view  of  the  principles 
uf^on  which  this  new  method  is  founded,  I  shall  pro- 
ceed to  give  some  practical  examples  of  its  utility  and 
superioradvantage.  For  this  purpose  I  have  annexed 
t9  this  paper  four  Tables  which  have  been  calculated 


i^s* 
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agreeably  to  the  principles  above  alluded  to,  and 
which  will  more  fully  illustrate  the  rules  above  giveo. 
All  these  tables  have  been  deduced  from  the  Swden 
observations  of  life  in  general. 

The^rst  table  is  for  determining  the  ea^pectation  of 
a  .single  life  at  every  age.  The  ages  are  inserted  in 
the  first  column  in  an  inverted  order,  beginning  with 
the  oldest  life  in  the  table  of  observations.  In  the 
column  9i,  and  opposite  to  the  respective  ages,  are 
inserted  the  number  of  persons  living  at  those  ages; 
and  in  the  column  IS  are  set  down  the  sums .  of  the 
values  in  the  preceding  columns,  according  to  the 
method  above  explained. 

The  seco?idt3b]e  is  for  determining  the  expectatim 
of  two  joint  lives,  whose  difference  of  age  is  9^  10,  and 
11  years  ;  these  three  differences  being  requisite  for 
the  solution  of  some  of  the  following  questions.  The 
age  of  the  youngest  of  the  two  lives  is  inserted  in  the 
first  column  ;  and  the  values  in  the  column  91  are 
found  by  multiplying  together  the  number  of  persons 
living  at  the  respective  ages  of  the  two  given  lives* 
Thus,  the  number  of  persons  living  at  the  ages  of 
71  and  80  are  1622  and  558,  the  product  of  which  is 
905076 ;  and  which  forms  the  seventeeYith  value  in 
this  column.  The  column  IS  is  formed  as  in  the.  pre- 
ceding table,  by  taking  the  sums  of  the  values  in 
column  91.  The  column  marked  a:Jm  this  and  the 
subsequent  tables  will  be  explained  hereafter. 
The  M/r(f  table  is  for  determining  the  value  of  an  Oh 
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nuity  on  a  sifigle  life,  at  every  age  ; — its  construction 
will  be  sufficiently  evident  if  compared  with  the 
specimen  given  in  page  24. 

The  fourth  table  is  for  determining  the  value  of  an 
annuity  on  two  joint  lives^  whose  difference  of  age  is 
9,  10^  and  11  years:  it  is  formed  upon  similar  prin- 
ciples to  the  preceding  one.  The  age  oi  t\\e youngest 
of  the  two  lives  is  inserted  in  the  first  column  as 
already  explained  in  the  second  table. 

The  rate  of  interest  made  use  of  in  the  computation 
of  the  last  two  tables  is  4  per  cent. 

These  are  all  the  tables  which  are  necessary  to  be 
inserted  for  the  purpose  of  solving  the  following 
cases  ;  but  I  ought  previously  to  explain  the  meaning 
of  the  column  jc  in  the  last  three  tables.  The  figures 
in  that  column  are  of  use  in  enabling  us  to  point  off 
the  proper  number  of  integers  that  arise  from  the 
process  :  they  are  the  logarithmic  indices  of  the 
numbers  before  which  they  stand,  and  consequently 
indicate  the  pieces  o^ figures  of  which  such  numbers 
would  consist  if  fully  expressed.  Thus,  in  the  second 
table,  the  number  against  the  age  of  O,  in  the  column 
{3[»  ought  to  be  61770000 :  but,  as  the  first  six  figures 
are  all  that  are  necessary  for  our  purpose,  the  last 
two  figures  are  rejected,  in  order  to  abridge  the  size 
of  the  table.  The  logarithmic  index  7,  which  is 
prefixed,  shows  therefore  that  the  number  ought  to 
consist  of  eight  places  of  figures,  and  that  we  must 
affix  ciphers  in  order  to  mftke  up  that    uumbex: 
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Where  the  index  is  less  than  the  number  of  figures, 
we  have  only  to  point  oflF  the  proper  number  of  in*- 
tegers,  and  to  consider  the  rest  as  decimals. 

This  being  premised,  it  is  presumed  that  the  prin- 
ciples upon  which  the  following  cases  are  solved,  will 
be  sufficiently  clear  and  intelligible  without  any 
further  explanation. 


The  expectation  of  a  single  life  aged  40  is    .^.  4-i 


4591 


69086 


ZZ24-664  ;  the  expectatmi  of  a  life  of  60  is  ^^   +  j 


zz  18*463:  the  expectation  of  two  joint   lives   aged 
<''-50-2J^-H=  14-466. 

The  value  of  an  annuity  on  a  single  life  age  40  is 

^4^8^-3  ^  ^^  ^^^  '   ^"^  ^^^  ^^'"^  ^^  ^"  annuity  on  a 

single  life  aged  5o'  is  -^Sh^  ^ '  -661 .      On  the  two 

joint  lives  aged  40-50,  the  value  is  \'SS=9'640. 

The  annuity  which  £l  would  purchase  on  each  d 

^hese  lives  would  be   respectively   57^^^=: '07 13, 

23363-8   -..OQ^Q    nnrl     107263000  -..in^7 

-27220^4-  0858,  and  f^^-g^^g^^  ~  1037. 

The  value  of  an  annuity  on  a  life  of  40  deferred 
for  20  years  is  ^J^gl  zi  2-556  ;  and  op  the  life  of 

50  deferred  for  30  years  it  is  ^gggg^  -146,      On  the 
two  joint  lives  40—50  deferred  for  1 5  years  the  value  is 

1(^8766800  _  ,  .  ^ 
107263000  "^  ^  ^°^* 

The  value  of  an  annuity   on  a  liie   of   40,  de- 
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tUQ  two  liyesii  t^Q  qpper  rod  must  be  mored  one 
dijvisipn  toNyards  tb,e  Jeft,  as  in  the  following  planner  : 

'0000000  i  •602(KHK)  i'g64a426  i  l-204l20i>  i  la^Oil  t2  1  1'53U789  1  ^Q 

1  ;0v;0()000  1 '6(2(^600 1    *a5424261   1-2041200  I  1 '38021 12  1  Jtc 

■     ^I -0000000  1 '0t70333  i    '0340667  T     '0511000  1    -0681334  1  &c 

arid  the  natural  numbers,  corresponding  to  the  isums 
of  the  logarithms  in  each  perpendicular  division,  will 
be  the  values  that  are,  in  this  case,  to  be  inserted  in 
the  column  3  in  the  Table. 

If  there  h^two  years  difference  between  the  ages  of 
the  two  lives,  the  upper  rod  must  be  moved /u;o  divi- 
sions towards  the  left ;  if  three  years,  three  divisions ; 
arid  so  on  :  and  the  natural  numbers  corresponding  to 
the  sums  in  these  cases,  will  be  the  values  that  ought 
to  be  inserted  in  the  column  3.  So  that  these  three 
sets  of  rods  will  serve  for  every  possible  eombination 
of  ages  betwe^  two  lives  :  and  tjiereby  not  only  save 
an  immense  deal  of  trouole,  but  moreover  prevent 
those  .errors  which  are  so  likely  to  occur  when  we 
have  to  transcribe  the  same  numbers  over  and  over 
ag^in  with  the  pen.  It  may  be  further  remarked  that 
the  rod  which  contains  the  logarithms  of  the  amount 
<]if  £l,>ixray  be  used  with  any  other  table  of  obser- 
vations, where  the  same  rate  is  required.  In  the  same 
way  that  the  rods,  containing  the  logarithms  of  the 
number  of  persons  living,  may  be  used  with  any 
other  rjfe  that  is  required. 

•     In  order  to  detect,  by  a  different  process,  any  error 
ic^  taking  oqt  ai^d  dperating  by  the  logarithms,  we  nxay 
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adopt  the  following  method*.  Let  Zy  Y,  X,  &c.  re- 
spectively denote  the  logarithm  of  the  number  of 
people  living,  in  the  table  of  observations,  at  the  age 
of  the  oldest  life,  and  at  1,  2^  3,  &c.  years  younger 
than  the  oldest :  and  let  R  denote  the  logarilhm  of  the 
amount  of  £1  in  a  year,  according^  to  the  given  rate 
of  interest.  Then  the  logarithms,  fer  fin(iing  the  value 

of  an  annuity  on  any  two  equal ']0\vX  lives  will  be 
Z+Z,    r+r+R,  -r+Xf2R,    TH-T^+3R,    F+F-f4R,   &c; 

Having  thus  found  the  logarithms  for  such  cases 
where  the  ages  are  equal,  or  where  the  difference  of 
age  is  iz  O,  we  may  find  the  logarithnis  for  those 
cases  where  the  difference  is  1,  2,  3,  4,  &c.  years,  by 
the  following  method.  Take  out  the  difftrmcti 
between  the  logarithms  Z,  K,  JT,  &c,  thus, 

r— Z,   X—Y,   W—X,    V—W,   T—V,&c. 

and  add  them  respectively  to  the  vaihtes  above  found, 
in  the  manner  stated  below;  and  the  results  will 
give  the  proi}er  logarithms  for  finding  the  valne  cf  an 
ian unity  on  any  two  joint  lives'  whose  difl^erenceof 
age  is  respectively  1,  2,  3,  &c.  years.  Thns,  the 
logarithms,  when  the  difference  of  age  is   • 

0  year  are  a  2:+Z,    F+F+R,    JT+Z^-SR,    TF+TT+ah,  fte 
€tdd  r—z     X—T  W—X.         .  V—W 

'  1 

iyeararea^F,    X+X+E,    ^4-TF+2R,    TF-^-.F+SE,  *« 
add    X— r    W—X  V—W  T—V 


t-ummw 


2  years  are  a  Z4-Z,     Y4-W+R,    X4-F+2B,  W+JVHK.  *« 
add    W—X    V—W      ■     f—V  8—T    ' 


,.  '  ■ 


2  years  are  a  Z+W,    F+F+R,    Jr+r+2B,    TF+S+SR,  4e 
*  *  'tioB  melliod  ot  ^toim.'i^  ^<%  aficucacy  of  tbft  calcnlctlini  b* 


It  will  be  readily  seen  that  the  results,  obtained  b  j 
this  process,  will'  be  the  same  as  by  the'  rods,  above 
alluded  to,  provided  they  are  both  accurate.  But  if 
the  results  should  differ,  there  must  be  some  error, 
which  ought  to  be  corrected.  i 

-  The  public  are  indebted  to  Mr.  George  Barret  of 
Petworth,  in  Sussex,  for  this  easy,  expeditious,  and 
ingeniouGf  mode  of  determining  and  arranging  the 
value  of  Life  Annuities :  and  it  is  with  his  concurrence 
that  I  have  drawn  up  this  paper  to  explain  the  pria- 
cipIes:.upon  which  it  is  founded,  and  to  point  out  the 
advantages  which  attend  it.  I  have  been  the  more 
induced. to  enter  upon  this  subject,  since  it  gives  me 
an  opportunity  of  perpetuating  the  name  of  one  who, 
by  his  labours  on  this  subject,  has  deserved  so  much 
from  every  person  that  is  interested  in  the  science: 
and  at  the  same  time  of  making  known  to  the  world 
the  astdhishing  and  beneficial  effects  that  may  be 
'produced  by  perseverance  and  attention  in  so  laudable 
o  pursuit.  Amidst  a  variety  of ^  avodations  Mr* 
Barrett  has  never  lost  sight  of  his  favourite  object. 
At  ah  early  period  of  his  life  he  became  attached  to 
this  branch  of  analysis;  and  without  the  aid  of  a 
master,  he  made  considerable  progress  in  the  mathe- 
matics, with  a  view  to  his  further  and  more 
complete  study  of  the  subject.  He  very  sooh  saw, 
and  lamented  how  much  the  application  of  the 
science  was  abridged^  through  the  want  of  a  moJ*e 

-been  comtminieaUnl  to  the  author  Hnee  the  paper  wasrettd  before  the  Royal 
Society.    See  the  note  in  page  48. 
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mimerous  and  extensive  set^of.i^ife/ilJR&ttitjri  Tabled 
than  those  we  at  present  .possess,  i  Itti  orcl^.  to  re;^dy 
this  defect,  he  at  first  devoted  his  leisure,  hoaiis'tjo  the 
formation  of  a  few  tables  whicii'wete.  intended  for !& 
new  society  that  was  aboutJto.  be  established  in  his 
neighboorhood.; .  Pleased  with  the  snbject,  and''|)ro- 
bably  intending  to  render  hisi  labonris  mor^  service- 
able to  the  publio  at  large,  he.  extended- his  plan  ;  and 
after  twenty-five  years  clo^e  applicatioii .  he  has  calcu- 
lated the  most  complete  set  of  :|lab)o8r.rdative  tolth&B 
subject  that  probably  will  ever  be  again^prodacedvliy 
any  one  person.  Th^se  Tables  are  iBigfateen  in  num- 
ber, and  maybe  arranged  in  the  following^ manner 3 

t 

For  the  Espectdtiorf  of  Lives.' '  '    '  . 

Tables  I,  II,  III,  IV,  V.  Showing  the  number  of 
persons  living  at  the  several  ages  therein„men^ioned; 
according  to  the  observations  made  in  Sweden  amongst 
males  amongst /e/wa/e^y,  and  amongst  //v^^y  in  general; 
according  to  the  observations  made,  at  Northampton, 
and  according  to  the  observations  made  by Jkf.  Dt 
ParcieuXf  in  France,  From  which  may  be  easily 
deduced  the  expectation  of  lifq  at  the'i^veral  ages, 
in  each  place  respectively. 

Table  VI.  For  ascertaining  .the  expectation  of 
any  two  joint  lives,  and  also  the  pro]3ability  of  one  life 
dying  before  ov  after  another:  deduced  from  the 
Sweden  table  of  lives  'm  general. 

Table  VIL     For  ascertaining  the  expecjtatjiQn  of  a 
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single  life,  or'tof.wy  T0O,  Thr^t,  or  four  joint  lives, 
dedikced  from/^M.  De  MoiVre's  Hypothesis  of  ao 
equal  decrement  of  life.  "  > 

'      For  Annuities  on  Aft^ofe  lives. 

Table .VIII.  .  For  ^spertaining  the  value  of  an 
annijiity  on  the  life  of  a  Male  at  every  age  ;  interest 
at  3,  4,.  5,  and  8  per  cent,  deduced  from  the.  Stueden 
table  of  observations.  .  . 

,  !T4BLE  JX.  For  ascertaining  the  value  of  an  an- 
nuity pa  the  life  of  a  Female  at  every  .age;  interest  at 
3^  4,;5  and  6  per  fcent,  deduced  from  the  Sweden  table 
of  obser^vations.  ^  ■ 

Table  X.  For  aJBceftaining  the  valine  of  an  annuity 
on  a  Single  life,  at  every  age;  interest  at  3,  3^,  4; 
4^,  6,  5|,  6,  G|,  7,  7h  and  8  per  cent,  deduced  from 
the  Sweden  table  of  lives  in  general. 

Table  XI.  For  ascertaining  the  value  of  an  an- 
nuity on  a  Single  life,  at  every  age;  interest  at  3, 
3i»  4,  4J,  5,  51  and  6  per  cent,  deduced  from  the 
Northampton  table  of  observations. 

Table  XIL  For  ascertaining  the  valueof  an  annuity 
00  a  Single  life,  at  every  age  ;  interest  3,  3|,  4,  4|-, 
•6, 3i|-,  and  0  per  cent.,  deduced  from  the  observations 
of  M.  D^  Pa^cieux,  in  France. 

:    For  Annuities  on  Two  joint  lives.' 

Table  XIII.  For  ascertaining  the  value  of  ah 
annuity  on  Two  joint  lives,  cotiafiaiting  of  a  iwwffc  and  a 
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female  for  every  possibl<»  (^onnbinatioa  of  age  ;  interest 
at  4  per  cent,  deduced  from  the  Sweden  table  of 
observations. 

Table  XIV.  For  ascertaining  the  value  of  an 
Anpuity  on  Two  joint  lives,  for  every  pQ9sible  com- 
bination af  age  ;  interest  at  3,  4,  5,  iand  6  per  cent, 
deduced  from  the  Sweden  table  of  lives  in  general. 

Table  XV.  For  ascertainin^r  the  value  of  an 
annuity  on  Two  joint  lives,  for  every  possible  com- 
bination of  age ;  interest  at  3,  4,  aiid  5  per  cent,  de- 
duced from  the  Northampton  table  of  observations. 

Table  XVI.  For  ascertaining  the  ^alue  of  m 
annuity  on  Two  joint  lives,  for  every  possible  com- 
bination of  age;  interest  at  3,  4,  aiid  &  per  cent, 
deduced  from  the  observations  o(  M.  De  Parcimx. 

For  Annuities  on  Three  Joint  lives. 

Table  XVII.  For  ascertaining  the  value  of  an 
annuity  on  Three  Joint  lives  for  every  possible  com- 
bination of  age;  interest  at  4  per  ceut.  deduced 
from  the  Sweden  table  of  lives  in  general. 

;  For  Annuities  on  M.  De  Moivre'ia  Hypothesis. 

,  Tabus  XVIU.  For  ascertaining  the  value  o(  an 
annuity  on  ?l' Single  life,  and  on  Two^  Thra,  &  Hmr 
Joint  lives,  for  every  possible  combinatioD  bf  age ; 
interest  3,  3^,  4,  4^,  5,  6^,  6,  6i,  7,  7i&.8  pet  cent. 
4eduped  froni  M.  De  Moivre's  Hypptbeaia  of  an 
equ^  decrement  of  life*  /^ 


APPIHBIX.  47 

All  the  above  Tttbles  are  arranged  agreeably  to  the 
principles  laid  down  in  this  paper  ;  and  will  therefore 
show  with  e^w(3r/ facility  the  value  of  annuities,  whether 
they  be  temporaryy  dtferred,  or  for  the  whole  duration 
of  life.     Tables  VIII,   IX,  and  XIII  have  the  ad- 
ditional column  C.  alluded  to  in  page  38,  whereby 
they  show  the  value  oi increasing  annuities ;  and  are 
Consequently  of  essential  use  to  those  Societies  which 
are  formed  for  the  benefit  of  Old  ^§e  and  of  Widens. 
Tables  XI  and  XV  will  be  extremely  useful  to  the 
various  Public  Companies  lately  established  for  the 
purpose  of  granting*  Assurances  on  lives:  and  will 
save  much  tiiue  and  labour  in  estimating,  at  the  stated 
intervals  the  tfue  assets  of -such  companies,  agreeably 
to  the  method  which  1  have  laid  down  upon  this  sub- 
ject in  my  Doctrine  of  Life  Antiuities  and  Assurances^ 
page  456.     Tables  XII  and  XVI  will  be  equally  de- 
sirable to  those  societies  which  grant  Annuities  on 
lives  :  since  they  are  formed  from  those  observations 
of  human  mortality  which  show  more  correctly  than 
any  other  the  probability  of  living  amongst  a  set  of 
Life  Annuitants.     Tables  X,  XIV  and  XVII  will  be 
of  very  considerable  use  and  advantage  to  the  various 
Colleges  and  Corporate  Bodies  in  this  kingdom,  as 
well  as  to  noblemen  and  other  persons  of  landed  pro- 
perty, whose  estates  are  leased  on  lives:  since  there 
are  no  tables  at  present  existing  whereby  the  true 
value  for  the  renewal  of  a  life  itt  such  leases,  can  be 
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faifly  estimated;  and  we  are  consequently  .often- 
times obliged  to  rest  contented  with  an  approxima- 
tion which  (the^e  is  mach  reason  to  fear)  is  frequently 
far  from  the  truth.  By  the  help  of  these  tables, 
however,  this  dpubt  will  be  removed ;  and  the  values 
may  in  all  cases,  be  determined  with  the  greatest 
accuracy. .  The  remaining  tablesy  which  far  exceed 
in  extent,  any  thing  of  the  kind  as  yet  published,  will 
tend  to  the  splution  of  many  problems  which  have 
hitherto  remained  inexplicable  for  want  of  such 
assistance.  The  whole  of  them  have  been  carefully 
examined  and  corrected  separately  by  two  other  per- 
sons, so  that  there  is  the  greatest  reason  to  believe 
that  they  are  accurately  and  truly  computed.* 

It  is  needless  for  me  to  enlarge,  in  this  place,  upon 
the  astonishing  perseverance  and  industry  displayed 
by  Mr.  Barret^,  in  the  formation  of  these  tables. 
Every  one  conversant  with  the  subject  must  be  aware 
of  the  immense  time  an4  trouble  which  must  have 
\)een  employed  in  the  computation.  It  is  indeed, 
tbe  most  succej^sful  effort,  of  this  kind,  that  has  ever 
yet  been  made,  by  any  one  individual:  and  every 
person  interested  in  the  science,  must  regret  not  only 
that  they  have  not  yet  been  made  public,  but  that 
there  is  a  chance  of  their  being  lost  for.^ever  to  the 
world.     Whether  Mr.  Barrett,  however,  may  meet 

*  One  of  these  persons  operated  by  means  of  th^  rods  alluded  to  in 
page  89 ;  and  the  other  by  the  method  explained  in  page  42 :  the  similarity 
of  the  two  results  confirmed  the  correctness  of  each  other. 
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with  sufficient  patronage  to  induce  him  to  publish 
the  whole  of  these  tables,  or  whether  he  may  publish 
them  m  paf't,  or  whether  indeed  he  may  be  pravailed 
upon  to  arrange  them  according  to  the  usual  method 
(for  they  are  at  all  times  capable  of  being  thus  con- 
verted)— the  object  and  design  of  the  present  paper 
will  be  the   same:   which  is,   to    point   out   some 
curious  properties  and  advantages  which  such  a  mode 
would  obtain  over  the  present  arrangement ;  and  thus 
by  encouraging  their  adoption,  to  open  a  new  field 
to   the  analyst.     On  the  other   hand,   should    Mr. 
Barrett  fail  in  his  object,  it  may  not  be  considered 
altogether  useless  to  hold  out  a  beacon  to  posterity, 
lest  they  should  pursue  a  similar  hopeless  course, 
and  waste  the  best  part  of  their  lives  in  the  same 
fruitless  and  delusive  career. 
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TABLE     I. 

For    the    Espectatmi    of   a    Single    Life. 


Age 


Column. 


Column' 


Age 


Coll  mn 


Column. 

IS 


96 

1 

1 

95 

2 

3 

65 

2354 

24961 

94 

5 

8 

64 

2472 

27433 

93 

11 

19 

63 

2590 

30023 

92 

21 

40 

62 

2708 

32731 

91 

33 

73 

61 

2822 

35553 

90 

47 

120 

CO 

2930 

38483 

89 

62 

182 

69 

3030 

41513 

88 

82 

264 

58 

3125 

44638 

87 

109 

373 

67 

3220 

47858 

86 

144 

517 

66 

3312 

51170 

85 

189 

7G6 

55 

3403 

54573 

84 

244 

950 

54 

3494 

58067 

83 

309 

1259 

53 

3584 

61651 

82 

384 

X,1S^3  ; 

52 

/  1694 
|761 

65325 

81 

468 

'  t2Ul 

^\ 

69086 

80 

568 

2669 

50 

3846 

72932 

79 

648 

3317 

49 

3924 

76856 

78 

743 

4C60 

48 

3997 

80853 

77 

848 

4908 

47 

4069 

84922 

76 

C63 

5871 

46 

4143 

89065 

75 

1084 

6965 

45 

4219 

93284 

74 

1214 

8169 

44 

4297 

97581 

73 

1354 

9523 

43 

4375 

101956 

72 

1489 

11012 

42 

4453 

106409 

71 

1622 

12634 

41 

4526 

110935 

70 

1740 

14383 

40 

4691 

115526 

69 

18-;  3 

162f>6 

59 

4651. 

120177 

68 

1997 

18253 

38 

4709 

124886 

67 

2118 

20371 

37 

4767 

129653 

66 

2236 

22607 

36 

4825 

134478 
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Column, 

Column. 

Age 

Columu* 

Column. 

Afire 

» 

» 

^ 

s 

35 

4884 

139362 

16 

6899 

248697 

34 

4947 

144309 

14 

5936 

254633 

f^ 

0010 

149919 

13 

6974 

260507 

32- 

6072 

154391 

12 

6016 

266588 

.31 

» 
1 

513^ 

159623 

U 

6061 

272564 

fO 

5191 

164714 

10 

6116 

278699 

29 

5246 

169960 

9 

6177 

284876 

28 

5301 

175261 

8 

6250 

291126 

27 

5355 

180616 

7 

6337 

297463 

26 

5407 

186023 

6 

0442 

303905 

25 

5457 

191480 

5 

6564 

310469 

24 

5507 

196987 

4 

6707 

317176 

23 

5556 

202542 

3 

6952 

324128 

22 

5603 

208145 

2 

7296 

331424 

21 

5650 

213796 

1 

7805 

339229 

20 

5697 

219492 

0 

lOOOO 

349229 

19 

•>740 

225232 

18 

5782 

231014 

17 

5822 

236436 

16 

5862 

242698 

M 
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TAJ5LE    II. 

f*      ■*"'■•''■.-     ■    .  •  ■ 

For   the  Expectation    <yt  Tv^:^!^^ 
Part  1 . — Difference  of  Age  &  Tears. 


Column. 

91 


cr. 


OoIumD. 


B 


at 


Yo 

Age. 


X. 


9 


Coloiu. 

2 


■r — - 


87   2   109000 
86      288000 


2  1090000 
3970000 


85 

945000 

3  1342000 

55 

6   841222 

7   96175» 

84 

3   268400 

4026000 

54 

904946 

8196641 

83 

648900 

4  1051500 

53 

970547 

9167189 

82 

4   126720 

2318700 

52 

7   103680 

8   1020890 

81 

219960 

4^18300 

51 

110197 

1130696 

80 

345960 

7977900 

50 

116534 

1247130 

79 

531360 

5  1329150 

49 

122625 

1369756 

78 

809870 

2139020 

48 

128703 

1498450 

77 

5   122112 

3360140 

47 

134765 

1633224 

76 

182007 

5180210 

46 

140896 

1774210 

76 

264496 

7825170 

45 

147412 

1921622 

74 

375126 

6  1157643 

44 

154004 

2075627 

73 

519936 

1677579 

43 

160737 

2236364 

72 

696852 

2374431 

42 

167477 

2403841 

71 

905076 

3279507 

41 

174070 

2577911 

70 

C   113335 

4412860 

40 

180151 

2758062 

69 

139164 

5804499 

39 

185900 

2943963 

68 

169346 

74979^  5 

38 

191609 

3135572 

67 

203963 

9037589 

37 

197497 

3333069 

m 

242392 

7  1196141 

36 

203567 

3536635 

65 

285776 

1481917 

35 

209865 

3746501 

64 

334709 

1816626 

34 

216431 

3962932 

63 

385651 

2202277 

33 

223095 

4186027 

62 

439238 

2641514  ' 

32 

229559 

4415586 

61 

493568 

3135082 

31 

235610 

4651196 

60 

548789 

3683871 

30 

241433 

4892630 

50 

605091 

4288962 

29 

247034 

5139664 

58 

661875' 

4950837 

28 

2526()9 

5392362 

57 

719992 

5670829 

27 

258379 

5660741 

56 

779645 

6450474 

26 

264078 

5914810 

k 
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Table  II.  continued. 


Yo" 

.r. 

buluinn. 

d\ 

ColumD. 

Age. 

Col  u  tun. 

.r. 

Column  . 

Age. 

u 

n 

n 

3S 

25   7   269958 

8 

6184777 

10    7 

3510(1    9 

1089624 

24      275901 

6460677 

9 

357154       1125340 

23      281750 

6742427 

8 

363875       1161727 

22      287546 

7029973 

7 

371475       119887^ 

21       293291 

7323264 

6 

380014      1236876 

20      298865 

7622129 

5 

389639  \         1275840 

19      304277 

7926406 

4 

400676    3   1315908 

18      306626 

8236033 

3 

418232      1357731 

17      314796 

8550828 

2 

442210       1401952 

16      319889 

8870717 

1 

477276      1449679 

15      324858 

9195575 

0 

618700      1511449 

14      329745 

9525320 

13      334123 

9860043 

12      373954 

10192^5 

11       345290 

9 

1054524 

"* 

Q 
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TABLE     I L    continued. 
Part.  2 — Difftnnce  of  Age  10  Years. 


To"  i 


.r. 


Colamn. ! 


CoJumo.:Yo  Co'umo. 


Cuiua 


86      2 

144C00 

2 

1440000 

85 

378010 

522GO0O 

55      € 

;      801066       7 

6720£ 

81      3 

122C(J0 

3 

1742000 

54 

863717 

75842 

fc3 

3391HX) 

5141C00 

53 

92b-256 

8.312£ 

h2 

81&1(0 

4 

1 32^500 

52 

994919 

9507^ 

bi       4 

154410 

2864900 

51       7      106135       8 

10561 

80 

26^60 

6487500 

50 

112688 

11G9I 

79 

401760 

95U5100 

49 

118897 

U^ 

78 

60r260 

5 

loc9970 

48 

124906 

1413! 

.7 

irJi;**^o 

2484090 

47 

13:022 

1544; 

7G       6 

13fc672 

3870810 

46 

137216 

I68I4 

75 

1L04876 

5919570 

45 

143573 

18-25 

74 

296216 

8881730 

44 

100137 

•    1975; 

73 

418386 

6 

i;><i6559 

43 

156b00 

2132 

72 

*       571776 

1878335 

42 

163603 

2296' 

71 

759C96 

2637431 

41 

170223 

246a( 

70       6 

;        975942 

3613373 

4f) 

176570 

26421 

69 

121370 

4827077 

39 

182505 

2825 

6» 

148377 

6310848 

38 

188219 

3013 

67 

179616 

8106912 

37 

193969 

3207 

66 

215327 

7 

1026018 

36 

199900 

3407 

55 

255174 

*■ 

1281192 

35 

206056 

3613 

64 

300101 

1581292 

34 

212573 

3825 

63 

351-6^6 

1931978 

a3 

219187 

4044 

62 

4(;3221 

23352U0 

32 

225856 

4270 

61 

457728 

2792028 

31 

232274 

4c03 

60 

512457 

33053a5 

30 

238319 

4741 

69 

567519 

3872y04 
44ti6T)66 

29 

243991 

498£ 

68 

624062 

28 

249624 

5234 

67 

681996 

5178t?62 

27 

255273 

5491 

66 

740563 

5919526 

26 

260888 

5751 
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Tablb  II.  continued. 


Yo" 

JP. 

Column.] 

X, 

Column. 

Yo^' 

a:. 

Column. 

JL\ 

Column. 

Age. 

n       1 

IS 

A^e. 

^ 

3S 

26   7   266520 

8 

6017673 

10   7   348372   9   1068S19 

24       272431 

6290104 

9      354560      1103775 

23       278305 

6558409 

8      361375      1139912 

22       284184 

6852594 

7      368940      1176806 

21       283958 

7142552 

6      377630      1214569 

20       295731 

7438283 

5      387210      1263290 

19    ,   301120 

7739403 

4      398127      12931(3 

18   1   306504 

8045907 

3      415312      1334634 

17       311768 

8357675 

2      438927      1378527 

16       216958 

8674534 

1      473061      1425833 

16      321908 

8996542 

0      611600      1486983 

14       326895 

9323437 

13       331856 

9655293 

12       337076 

9992370 

U       342446 

9 

1033482 

58 
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TABLE  II.  continued. 


For  the  Expectation  of  Ttvo  Joint  Lives. 
Part  3. — Difference  of  Age  1 1  Years. 


Yo" 

Column. 

» 

Colnmns. 

Yo«^ 

1 
Column. 

Column. 

Age. 

O'. 

a. 

.r. 

35. 

Age. 

S. 

9. 

^-   15. 

85   2   189000 

2 

1890000 

55   6   760911 

7  61630b2 

84      488000 

6770000 

54      822488 

698^0 

83   3   154500 

3 

2222000 

53      885965 

7871635 

82      422400 

6446000 

52      931566 

8823101 

8L      982800 

4 

1627400 

51   7   101848 

9841580 

80   4   184140 

3468800 

50      108534 

8  10926^ 

79      304660 

6514400 

49      114973 

120766ft 

78      460C60 

6 

1112100 

48      121109 

132877* 

77      695360 

1807460 

47      127156 

1455931 

76  6      104967 

2857130 

46      133405 

1588835 

75      166096 

4418090 

45      139733 

1729068 

74      229446 

6712550 

44      146227 

1875295 

73      330376 

6 

1001631 

43      152862 

2028158 

72      460101 

1461732 

42      159595 

2187758 

71      622848 

2084580 

41      166285 

2354039 

70      818^32 

2903112 

40      172667 

2526706 

69   6   104513 

3948246 

39      178877 

270558* 

68      129406 

5242302 

38      184781 

2890365 

67      167367 

6815976 

37      190537 

3080902 

66      189613 

8712104 

36      196329 

327r23l 

65      226690 

7 

1097901 

35      202344 

3179575 

64      267965 

• 

1365865 

34      208714 

3688289 

63      314426 

1680291 

33      215280 

3903569 

62      366663 

2046955 

32      221900 

4125469 

61      420196 

2467150 

31      228528 

4ai3997 

60      475246 

2942396 

30      234945 

4588941 

59      529947 

3472343 

29      240844 

4829785 

58      586312 

4057656 

28      246549 

5076335 

57      643034 

4700690 

27      252167 

5328509 

56      701482 
i 

5402171 

26      257752 

5586258 
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TABLE    II.   continued. 


Yo^^ 

(Column. 

Column. 

Yo«M 

Cultimn, 

Golumn. 

gf'. 

cT. 

a. 

.r. 

JJ, 

As<('.  j'-^' 

91. 

a*. 

iS. 

5^6    7   263:300 

8 

5849554 

10   7 

345497      1046795 

24       268902 

6118515 

9 

351904     1081985 

23       274706 

6393321 

8 

a')87oO     1117860 

23       280710 

6G74032 

7 

366405     1154501 

21       286568 

6960600 

6 

375053     1192006 

20       292370 

72  >2970 

5 

384782     1230484 

19       297963 

7.550933 

4 

395646     1270049 

18       303324 

7854Z57 

3 

412671     1311316 

17       308624 

8162881 

2 

436863     1354902 

16       313910 

8476791 

1 

469549     1401857 

Id       318959 

8795750 

0 

4061OO     1462467 

'4       3-23927 

9119677 

13       328988 

9448666 

12       334189 

9782854 

11       339598 

9 

1012245 

• 

60 
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TABLE     111. 

For  Annuities  on  a  Single  Life. 


1. 

Column. 

Column, 

Age. 

Column. 

Column. 

Age. 

.r. 

9. 

a\ 

IS. 

.l\ 

1   a. 

i\ 

B. 

96   0   100000   0    lOOOOOu 

95      208000       3080000 

65   3   794036   4   6598143 

94       6408(;0       8488000 

64      867192      746533^ 
63      944931      811(1265 

93   1   1-23735   1   2096150 

92      245670       4512858 

62   4   102750      9437766 

91       401496       8507808 

61       111359   5   1055135 

90      ^94700   2   1450481 

60      120245      1175389 

89      815878       2266858 

59      J  29323      13047(K) 

88   2   112223       3388585 

58      138713      144341fl 

87      155141       4939995 

57      148647      15920d 

86      213155       7071547 

56      159010      1751073 

85      290957       9981115 

55      169914      1920987 

84      390652   3   1388763 

54      181436      2102423 

83      514508       1903271 

53      193554      2295977 

82      664965       2568235 

52      206351      2502327 

81      842842       3411076 

51      219687      2722014 

60   3   104512       4456200 

50      233638      2955652 

79      126224       5718440 

49      247911      3203563 

78      150518       7223662 

48      262624      3466187 

77      178661       9010230 

47      278049      3744236 

76      211005   4   1112028 

46      294430      4038666 

75      247019       ia'>9047 

45      311824      4350490 

74      287708       1676455 

44      330293      4680789 

73      333723       1980477 

43      349740      5030529 

72      3SI676       2362153 

42      370214      5400736 

71      432399       2794552 

41      391335      5792071 

70      484905       3279457 

40      412833      6204904 

69      540055       3819512 

39      434957      6639862 

68      598841       4418353 

38      457997      7097866 

67      660530       5078883 

37      482183      7580042 

66      725224       5804107 

36      507572      8087614 
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Table  III.  contimiecl. 


Column. 

Column- 

V  «i 

1  o 

Column. 

*%  % 

Co  umn 

Age. 

.r. 

a. 

.l\ 

S. 

Au'e. 

A\ 

a. 

d\ 

35. 

35    4   bSUiSO      5   «r)2l943 

15   5   141410   6   2734468 

3t       6(52871      9:84814 

14      147988      2882447 

33       69-2841      9777(565 

13       164803      3037340 

32       624185   6   1040184 

12       162221      319(5.561 

31       C5(i83l      11068G7 

11       169872      31569634 

30       (590908      1 174C(^3 

10      178346      3547880 

29       726210      1247684 

9       187361      3735240 

28       763176      1323901 

8       197158      3932398 

27        801789      14 '4080 

7      207898      41402JJ6 

26       84 i 967      1188272 

6      219/97      4360093 

25       8837a3      1576649 

5      232918      4693('ll 

24       927603      1669409 

4      247612      4840622 

23       973011      1766701 

3      2f)68l5      5107;  37 

22    ^    102068      1868768 

2      291218      539866c; 

21        1070-U      1976819 

1       SZ3J96             5r22(}5'2 

20       112249      2088058 

0              431718      6164270 

19-       117619      2206(577 

18       123219      2328896 

17       rJ9034      2467931 

16       136118      2593049 
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TABLE   IV. 

For  Annuitits  on   Two  Joint   Lives. 
Part  1 .—  Difference  of  Age  9  Years. 


Yo^' 

Column. 

Column. 

Yo»^ 

Column. 

Coluran. 

A^e. 

JC. 

a. 

a\ 

iS. 

Age. 

X. 

a.  • 

iZ'. 

B. 

87 

2 

i 09000 

2 

109lK)00 

• 

86 

299620 

t 

4086200 

85 

3 

102211 

3 

1430632 

55   7   295105    8   208307^ 

84 

301913 

4449767 

54      330159       24\3U^7 

83 

759121 

4 

1204098 

53      368256       2781493 

82 

4 

154174 

2745841 

62      409132       3190626 

81 

278320 

5629037 

51      452242       3642807 

80 

465260 

6 

1008163 

50      497377       4140244 

79 

727203 

1735366 

49      544309       40-846^4 

78 

5 

1 16270 

2888064 

48      594142       6278698 

77 

180756 

4695620 

47      647011       592570ffl 
46      703953       6629660 

76 

280191 

7497534 

76 

423667 

6 

1173220 

45      765478       7395138 

74 

624612 

1797832 

44      831700       82^6838 

73 

900361 

2698193 

43      902786       9129623 

72 

6 

125499 

3953184 

42      978264    ^   1010789 

71 

169619 

5648376 

41    8   105744       1116533 

70 

220766 

7856032 

40      113816       1230349 

69 

281920 

7 

'1067524 

39      122146       1352495 

68 

356786 

1424309 

38      130933       148342a 

67 

146919 

1871218 

37       140355       16237^ 

66 

552333 

2423551 

36      160455       1774239 

65 

677265 

3100816 

35      161315       1935554 

64 

824962 

3926778 

34      173016       2108570 

63 

988541 

4914319 

33      185477       2294047 

62 

7 

117094 

6085255 

32      198485       2492532 

61 

136840 

7453657 

31      211866       2704398 

60 

158236 

9036018 

30      225786       2930184 

69 

181449 

8 

1085051 

29      240266       3170449 

58 

206416 

1291466 

28      255605       3426056 

b7 

233522 

1624988 

27      271805       3697860 

56 

262985 

1787973 

26      288912       6986773 
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TABLE    IV.    continued. 


Yo** 

CoTumn. 

ColuiLn. 

Yo*^ 

Columo. 

Column. 

Age, 

S. 

a. 

^•|  is. 

Age. 

*r. 

a. 

X. 

s. 

25   8   307159 

9  4293930 

10 

8 

719243   10   1182717 

24      326477 

4620408 

9 

761125      1258829 

23      346734 

4967142 

8 

806466      1339479 

22      368022 

5335165 

7 

856242      1425109 

21      390391 

5726556 

6 

910961      .  1516196 

20      413722 

6139278 

5 

971396      1613336 

19      438063 

6577341 

4 

9 

103887      1717223 

18      463594 

7040935 

3 

112776      1829999 

17      490188 

7531123 

2 

124012      1954011 

16      518044 

8049167 

* 

1 

139199      2093210 

15      517134 

8596301 

0 

187360      2280571 

14      577579 

9173881 

13      609752 

9783632 

12      543957 

10  1042759 

11      680337 

1110793 
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TABLE   IV.  continued. 
For  Annuities  od  Two  Joint  Lives. 
Part  2. — Difference  of  Age  10  Years. 


^ 

I  Co /ran. 

[7 

Column. 

Ta^^ 

Column. 

Column. 

Aie 

^- 1  a. 

3S. 

Ag^. 

X. 

a. 

X. 

IS. 

"se- 

2  144000   2  .  1440000 

as 

393120      5371200 

65   7   370210  8  1857869 

84 

3   131955   3   1856672 

54     302997   2160864 

B3 

382341      5680085 

53     838fi63   249953 

8'i 

943374   4   1511382 

52     377504   2877M2 

81 

4   187900      33903S1 

51     418820   32958SS 

80 

331843     6708807 

5o     462493   3758316 

79 

528689   5   1199569 

49     507464   4285779 

78 

833814      2033384 

48     554435   4S20215 

77 

5   131559      3348979 

47     G04845   5425059 

76 

205268      5401663 

46     658778   6083837 

75 

315397      8555635 

45     716867   6800704 

74 

474251   6   1329815 

44     779630   7580334 

73 

696643     2026468 

43     846798   8427131 

72 

990131      3016559 

42     918880   9346011 

71 

6   136709     4383678 

41     994302  9  1034031 

70 

182792      6211599 

40   8   I072G3   1141294 

69 

236417     8575774 

39      115303   1256598 

68 

300685   7   1158163 

38      123670   1380267 

67 

378404      1536566 

37      132546   1512813 

66 

471808      2008373 

36      142062   1654878 

65 

581481      2589855 

35      152295   1807171 

64 

711214      3301069 

34      163396   1970566 

63 

864341      4165410 

33      175220   2145786 

62 

7   103358      5198989 

32      187773   2333559 

61 

122023      6419218 

31      200833   2534392 

GO 

142077      7839990 

30     214301   2748693 

59 

163687     9476356 

29      228179   2976872 

58 

187138   9   1134773 

28      242784   8219656 

67 

212691      1347464 

37      258209   3477865 

S6 

240194      1587638 

26      274444   3752309 

h 

■ 
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Table  IV.  continued. 


Yo«* 

Column. 

Column. 

Yo»* 

Column. 

Column. 

Age. 

.r. 

■a. 

a,\ 

tt. 

Age. 

.r. 

a. 

X. 

B. 

25   8  291584 

9 

4043893 

10  8  686399  10  1121850 

24      309973 

4353866 

9    726535    1194504 

23      329323 

4683189 

8    770120    1271516 

22      349730 

5032920 

7    817692    1353285 

21      371109 

5404029 

6    870430    1440328 

20      393639 

5797668 

5    928213    1533149 

19      416844 

6214512 

4    992558    1632405 

18      441268 

6655780 

3    107682    1740087 

17     »  466801 

7122582 

2    118357    1858444 

16      493555 

7616137 

1    132663    1991107 

15      521314 

8137451 

0    178346    2169453 

14      550566 

8688017 

13      581277 

9269294 

12      614038 

9883333 

11 

648773 

10 

1053211 

•V 
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TABLE  IV.  continued. 

For  Annuities  on  Two  Joint  Lives. 

Part  ^.—Difference  of  Age   U    Years. 


Yo" 

CoiunlB, 

CuJuoin- 

Yo" 

1  Coluajn. 

Columo. 

Ag.. 

X. 

a. 

.r. 

s. 

Age. 

H  a.  ^• 

« 

85   2   189009   2   1890000 

S3 

7   246794  8  1618S«B| 

84      507520     6965200 

34 

277436 

926319 

83   3   167107   3   2367592 

53 

310802 

2237121 

83      475142     7110017 

52 

347167 

J58428S 

81   4   114974   4   186l6;J9 

51 

386443 

2970732 

80      224034     4101984 

50 

428285 

339901J 

79      3853G6     7955640 

49 

471842 

i870859 

78      606197   5   1401761 

48 

516905  -  4387761 

77      951648     2333409 

47 

564423   4952187 

76   5   149401      3847417 

46 

615844  5568031 

75      231060      6158019 

45 

670862  6238893 

74      353222      9690235 

44 

730120  6969013 

73      528943   6   1497966 

43 

793782 

762795 

73      766102      2264068 

42 

861825 

624690 

71    0   107857      3342639 

41 

933943  9558634 

70      147413     4816769 

40 

8   100858  9  1056721 

69      195752      6T74285 

39 

108665 

165386 

68      252069     9294977 

38 

116741 

282 12S 

67      318797   7   1218295 

37 

125193 

407321 

66      309486      1047781 

36 

134159 

541479 

65      496706     2144487 

35 

143799 

6852TS 

64      610630     2755117 

34 

154259 

839538 

63      745164     3500281 

33 

165477 

2005014 

62      903720     4404001 

32 

177388 

il8240a 

61    7   107709     5481091 

31 

189994  2372396 

60      126693     6748019 

30 

203142   2575538 

59      146926     8217281 

29 

216572 

2792110 

58      16B767     9904953 

23 

230571   3022681 

^7      192827   8   1183322 

27 

245257   3207938 

56      218768     1402090 

26 

,  260716   3528655 
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Table  IV.   continued 


St 


Age, 


iT. 


Colurxm. 

n. 


X. 


St 


Ooluauu  1  Yo 


X. 


25  8  27>(^82  9   3805637  10 

24  294255  4099892   9 

23  312675  4412567  8 

22  332169  4744736  7 

21  352664  5097400   6 


Calumn 


X. 


Column. 


8  654554  10  1063632 
693368  1132968 
735121  1206480 
780840  1284564 
831241    1367688 


20 

374197 

5471597 

5 

686914 

1456380 

19 

396610 

5868207 

4 

948434 

1551223 

18 

419894 

6288101 

3 

9  102881 

1654105 

17 

444321 

6732422 

2 

113010 

1767115 

U 

470008 

7202431 

1 

126614 

1893729 

15 
14 
13 
12 
11 


496671 
524685 
554090 
685363 
6  8631 


7699101 
8223685 
8777776 
9363139 
9981771 


0 


169972    2063701 
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ERRATA^ 

It    lie  Doctrine  of  Life  Annuities  and  Assurances^  in  addition  to 

those  pointed  out  in  pBge  622. 

Hage.    Line         For  Mead 

^'      22,      |x-i^irioo    ....    -|x:j|=100 

36,      last,      -4407142     [in  the  last  col.]     -4407132 

42,       13,       (1+      0     - i^+s) 

174,  2,       1402-171 1032-097 

175,  2,       1402-171 X -05 1032-097  x -05 

70-109,  or  £70:2:2      .     .     .  51-605  or  £51:12:1 

179,       25,       340-656,  or  £340:13:1     .     .  338-581,  or  £338:11:7 

26,      40-656 38-581 

190,     13,     -^q:j/~ -±^-^ 

286,        2,       {a a') (a' a') 

^HBC  g.HBC 

2o«/,        Id,  oy»         ........^ 

423,  17,  XVI XVIII. 

428,  11,  11-035 11-038 

43fr,  4,  XXVIII XXVII. 

491,  23,  London  Annuity   ....  London  Annuitant 

613,  last,  5049       .......  5047 

In  p^e  516,  line  23,  for  "60  and  8l,"  read  "50  and  81  ;"  Govern- 
ment having  extended  their  plan,  by  a  subsequent  act,  since  that  note  was 
written. 

In  page  482,  line  13,  for  "  £180,"  read  ^  £200 ; "  the  Amicable  Society 
having  increased  the  sum  which  they  guaranty  to  the  shareholders,  since 
that  passage  was  written.  I  wonld  also  observe,  in  explanation  to  what  1 
have  said  in  the  first  note  in  page  483,  that  the  Amicable  Society  have 
since  published  a  table  of  the  rates  by  which  they  effect  assurances  on  single 
lives.  These  rates  are  much  lower  (particularly  when  the  assurance  is  for 
a  term  of  years  only)  than  those  of  any  other  office ;  and  it  the  first  instance 
of  any  reduced  rates  being  offered  to  the  public. 

In  this  Appendix,  page  9,  line  2  from  the  bottom,  for  ^  London  Life 
Assurance,"  read  ^  London  Life  Association." 
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